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We considered the flow of a thin layer of a viscous
Newtonian fluid along a vertical wall. In the long�wave
approximation, the set of equations describing the
influence of the combined effects of nonlinearity and
viscosity on the development of the wave mode of flow
is of the hyperbolic type. For the two�parametrical
family of periodic wave flows (roll waves), we investi�
gated modulation equations and formulated the crite�
rion of nonlinear stability of wave packets. The self�
similar solutions of the modulation equations are used
for explaining the features of the evolution of nonlin�
ear wave packets at the forced mode of development of
perturbations in the fluid film.

1. We consider the set of equations describing the
wave motion of a thin fluid film during its flow down
a vertical wall:

(1)

Eqs. (1) are written in dimensionless variables, h is the
film thickness, u is the average velocity of the flowing
fluid, t is the time, and x is the coordinate directed ver�
tically downwards. The coefficient k is related to the
self�similar profile of velocity in a fluid film. Further,
it is assumed that k = 1, 2, which corresponds to the
parabolic velocity profile satisfying the sticking condi�
tions for a fluid on a solid wall and the condition of no
stress at the free boundary. Model (1) is derived by
integrating the boundary�layer equations [1] and is a
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h
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special case of the Shkadov model disregarding the
capillary effects [2, 3] and also the models of flow of
power fluids [4]. The interest in model (1) is caused by
the fact that it describes the influence of nonlinear
effects on the development of long�wave perturbations
in thin fluid layers.

Equations (1) represent the hyperbolic set of equa�
tions with real characteristics

(2)

An arbitrary stationary solution of Eqs. (1) h ≡ h0,

u ≡ u0 =  is unstable with respect to small perturba�
tions. Similar to flows in open channels for the high
Reynolds numbers, almost periodic wave flow modes
(roll waves) can be formed in thin films. In [3, 4], it is
shown that the roll waves form a two�parametrical
family of periodic solutions for Eqs. (1) containing
discontinuities as in the Dressler theory [5] for turbu�
lent flows in open channels. At the fixed average flow
rate of a fluid, the free parameter determining the peri�
odic solutions is the wavelength, which can vary from
zero to infinity. The experiments and numerical calcu�
lations show [1, 4, 6] that the periodic small�ampli�
tude perturbations during the evolution are trans�
formed into roll waves of finite amplitude, and the fur�
ther increase of waves stops when achieving a certain
“saturation” condition. One of the unsolved problems
of the theory of roll waves consists in determining the
boundaries of nonlinear stability of wave packets. In [4],
the condition of stability of discontinuous solution (1)
based on the nondecrease in the energy of flow behind
the discontinuity was introduced, and, on its basis, the
amplitude of the minimum allowable roll wave, for
which the total energy does not decrease when passing
through the discontinuity, is determined. It should be
noted that the equation of energy used for determining
the allowable roll waves, contrary to the classical the�
ory of shallow water, is not the differential conse�
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quence of the equations of motion. Therefore, the
concept of stability of discontinuity is “external”
for (1) and can contradict the “internal” properties of
the discontinuous solutions determined by the Lax
stability conditions [7]. Another approach to the prob�
lem of stability of nonlinear wave packets consists in
determining the type of the modulation equations for
governing parameters of the wave motion. In this case,
the set of parameters from the region of hyperbolicity
of averaged equations corresponds to the stable flow
mode [8]. The modulation equations for flows in open
channels are constructed and analyzed in [9, 10]. It
was shown that the small�amplitude waves are unsta�
ble, and the equations become hyperbolic for finite�
amplitude waves.

Below, we present the analysis of stability of nonlin�
ear wave packets by means of the modulation equa�
tions for roll waves of model (1). In spite of the fact
that (1) substantially differs from the shallow water
equations for inclined channels, the modulation equa�
tions for these systems have much in common.

2. We consider a solution of Eqs. (1) dependent on
the variable ξ = x – Dt (D > 0). Equations (1) for the
functions h = h(ξ) and u = u(ξ) become the following:

(3)

(4)

The quantities y and uc represent the critical depth and
critical velocity determined by the relation Δ(y) = 0.
Here

(5)

(6)

Using Eqs. (3)–(6), we can present Eqs. (1) as

(7)

For the existence of the roll wave, the simultaneous
fulfillment of the conditions F(y) = 0 and Δ(y) = 0
[3, 4] is necessary from which the following relation
follows:

(8)
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From now on, we consider the waves moving to the
right (m > 0). The wave profile can be found in quadra�
tures from the equations

(9)

It should be noted that the following inequalities
are fulfilled for the roots zm and zn of the equations s2 +
s + 1 – θ = (s – zm)(s – zn) = 0:

(10)

Therefore, hm is the minimum depth of the roll wave,
which is achieved when the wavelength tends to infin�
ity. The periodic solution representing the roll wave of
a finite length is constructed if the solution of Eq. (9)
is found at the interval (h–, h+): hm < h– < y < h+ such

that the depths h± are conjugated, i.e., satisfy the con�
ditions on discontinuity for (1). In variables z = h–/y,
w = h+/y, the conditions on discontinuity for z and w
take the form

(11)

Thus, for an arbitrary y > 0 and z (zm < z < 1), there
is the roll wave determined by Eq. (9) on the interval
z < s < z–1. The modulation equations obtained in the
following section enable us to single out the subregion
corresponding to stable roll waves from the region of
admissible parameters.

3. Let the quantities y and z be slowly varying func�
tions of variables (t, x) and belong to the region of
existence of roll waves. Equations (1) for average val�
ues take the form

(12)

The averaging is carried out over the spatial variable,
the fixed scale of averaging substantially exceeding the
period of roll waves. In this case, the average values of
the corresponding values coincide with the values
averaged over the period [8]. The dependence of the
average values on y and z is found from relations
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(13)

Due to the monotonicity of the function ϕ(z),
Eqs. (12) are rewritten in the variables (y, ) as fol�
lows:

(14)

where ψ( ) = θ  + 1 – θ, χ( ) = k(θ2  + (θ –

1)2 ( ) – 2(θ – 1)θ), and ( ) = μ(ϕ–1( )).

The characteristics of Eqs. (14) can be presented as

(15)

where the coefficients a, b, c, and, hence, τ depend
only on :

(16)

Equations (14) are of hyperbolic type for b2 – 4ac > 0;
i.e., the region of hyperbolicity is determined by the
value of z (zm < z < 1) or  (zm <  < 1). It should be
noted that we have z → zm, λ(z) → ∞ for  → zm. From
Eq. (16), it follows that the values of z for k = 1, 2, for
which characteristics (15) are real, belong to the inter�
val (zm, z1), where zm = 0.4695 and z1 = 0.4697. There�
fore, for efficient determination of hyperbolicity�
region boundaries (14), the following approximation
of the function (z) for long waves (  – zm � zm) can
be used:

(17)

The approximate values of characteristics are
obtained from Eqs. (15) and (16) by substituting  for

L = dξ
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μ∗ and  for . In the indicated approximation,

Eq. (14) is substantially simplified because, in this
case, the functions ψ( ) and χ( ) are linear in :

(18)

The dependence τ = τ( ) for Eqs. (14) and (18) is
shown in Fig. 1 for real roots of Eqs. (15). We note that
the corresponding plot for the initial modulation
equations practically coincides with that shown in
Fig. 1, which indicates the efficiency of the approxi�
mation under consideration. From Fig. 1, it follows

that the hyperbolicity interval ( , ) for Eqs. (14)
and (18) is located strictly within the interval of allowed

values (zm <  <  < 1), i.e., short (1 –  � 1) and long
(  – zm � zm) roll waves are unstable.

4. As was noted above, the modulation equations
describe a smooth variation of parameters of periodic
stable wave packets in time and space. The simplest
family of solutions of (14), (18), is the centered simple
waves, i.e., the self�similar solutions dependent on the
variable ξ = x/t. Equations (14) and (18) for simple
waves take the form

(19)

In the centered simple wave, the characteristics of
one of the families are rectilinear, and the correspond�
ing Riemann invariant [7] is constant. The integration
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Fig. 1. Dependence τ = τ( ) for Eqs. (14) and (18).z
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of Eqs. (19) gives the following representation for the
simple waves:

(20)

Here τ( ) is the solution of Eq. (15) specifying one of
the families of characteristics. Solution (20) is used
below for the explanation of features of evolution of
the monochromatic wave packets implemented in
unsteady numerical calculations within the framework
of model (1).

5. Hyperbolic model (1) is derived for film flows
with using restrictive hypotheses: the parabolic profile
of velocity and no capillary effects. For the flows with
moderate Reynolds numbers, the first condition is
violated in the vicinity of finite�amplitude wave crests
and fulfilled with a good accuracy in the basic part of

ξ y2
τ z( ), y y0 ζ s( ) s,d

z0

z

∫exp= =

ζ z( )
τ z( ) θ–

3ψ τ z( )z–
��������������������� .=

z

flow [11]. The dependence of the wave�flow structure
on the Weber number We (or the Kapitsa numbers Ka)
reflecting the effect of the tension on generation and
propagation of waves is taken into account in the
majority of models of thin�film flow [1, 6]. Therefore,
the problem arises: how much does taking into
account the influence of only nonlinear and viscous
effects reflect the qualitative pattern of evolution of
quasi�periodic wave packets during the fluid�film flow
on a vertical wall within the framework of the long�
wave approximation?

In [12], the mathematical model of generation of
the high�amplitude waves for moderate Reynolds and
Weber numbers was constructed and checked experi�
mentally for fluid�film flows along a vertical wall. This
model (Eqs. (71) and (72) in [12]) has improved dis�
persion properties in comparison with the Shkadov
model and describes the development of two�dimen�
sion perturbations up to the formation of limiting�
amplitude waves. In [12], the forced modes of wave
formation were investigated numerically, when the
regular quasi�periodic flow of a fluid in a film was gen�
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Fig. 2. Flow profile during the forced mode of development of perturbations in a fluid film (Re = 3.85, We = 10, f = 0.0447, and
t = 1345): (a) model [12, Eqs. (71), (72)]; (b) model (1).
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erated by an initial monochromatic perturbation of a
certain frequency. In Fig. 2a, we present the results of
calculation of the evolution of nonlinear waves for
Re = 3.85, We = 10, and the dimensionless frequency
f = 0.0447 of perturbations (Fig. 23b in [12]). Here

Re = 4h0u0/ν, We = , h0 and u0 are the thickness

and velocity of the film in the initial portion, ν is the
kinematic viscosity, ρ is the density, and σ is the sur�
face�tension coefficient for the fluid. The amplitude of
harmonic perturbations amounted to a tenth part of
the unperturbed�flow thickness. The initial perturba�
tions quickly increase in amplitude in the left portion
of the calculation region; further, wave�package stabi�
lization takes place. However, at a relatively large dis�
tance from the initial portion of the flow (about 4000
thicknesses of unperturbed film), there is a sharp
change in the flow mode, and the package of much
longer waves (the so�called “tsunami” waves [12]) is
generated. The flow fragment presented in Fig. 1a rep�
resents the tsunami wave at the right boundary of the
calculation region in more detail.

The dimensionless variables in the film�flow model
are chosen so that h0 = 1, u0 = 1, and, hence, the aver�
age flow rate Q = h0u0 = 1. In Fig. 2b, we show the
numerical calculation of the same problem as in
Fig. 2a, but within the framework of the Shkadov
hyperbolic model (Eqs. (28), (29) in [12], We = 0). It
should be noted that this model is obtained from
Eqs. (1) with an additional expansion of independent
variables t → 12Re–1t, x → 12Re–1x. Therefore, the
self�similar solutions constructed for the modulation
equations (12) can be relatively simply adapted for
new variables.

The comparison of the wave flow pattern presented
by the various�level models in Figs. 2a and 2b solves
the formulated problem on the applicability of hyper�
bolic model (1) for describing the nonlinear waves in
viscous�fluid films. The taking into account of the sur�
face tension and internal structure of flow in the more
complete model of flow [12] affects the amplitude and
shape of individual waves, but retains the average char�
acteristics of flow. In particular, the change in the wave
mode from saturation waves of moderate amplitude to
waves of the highest amplitude (the 0–1 transition)
occurs in the same boundaries for two various models
(Fig. 2).

As was already noted above, the steady states 0 and
1 in model (1) correspond to the limiting�amplitude
waves; therefore, sharp variation of wave parameters is
related to the variation of the normal depth y in the
wave package. The dependence y = y(x/t) can be

σ

ρh0u0
2

�����������

obtained from Eqs. (20) describing the simple waves of
modulation equations (14) for model (1).

In this case, for the given frequency f0 of the wave
package 0, the governing parameters y0, , are unam�

biguously found from Eqs. (8), (13), and (17). Further,

the left boundary ξ0 = τ–( ) of the centered wave

moving to the left {τ– is the least positive root in
Eq. (15)} is found from Eqs. (20). The right boundary

ξ1 = τ–( ) is found by an additional condition

= y1  = 1.

The unsteady numerical calculations from model (1)
show that the length of the transition region 0–1 lin�
early increases in time, and its boundaries correspond
to the boundaries of a simple wave for the modulation
Eqs. (14), (18).

In conclusion, it should be noted that the modula�
tion Eqs. (12) describe the dynamics of periodic roll
waves with the governing parameters from the hyper�
bolicity region. In this case, the parameters of roll
waves (normal depth, average fluid�film thickness)
prove to be insensitive to the wave shape in the vicinity
of its crest. Therefore, the models of flow of various
levels (both with taking into account and disregarding
the capillary effects) give an identical qualitative pat�
tern of development of nonlinear wave packets in the
flowing down fluid film.
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