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Detonation in a Two-Layer Bubbly Medium
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The formation dynamics and structural features of the two-dimensional reaction zone
of a detonation wave propagating in a two-layer bubbly medium is numerically studied
within the framework of the Iordanskii–Kogarko one-velocity model.

An experimental and theoretical analysis of one-
dimensional detonation waves (DW) in reacting bub-
bly media [1–10] shows that the structure of a one-
dimensional wave moving with a constant velocity lower
than the frozen velocity of sound in the mixture is a
soliton. The question whether a self-sustained wave
can propagate (and with which velocity) in a two-layer
bubbly medium if one layer contains inert gas bubbles
remains open.

The dynamics and structure of the two-dimensional
reaction zone of a heterogeneous DW in a two-layer bub-
bly medium are considered in the present work.

FORMULATION OF THE PROBLEM

Let a plane channel of width l be filled by a two-
layer bubbly liquid with a uniform volume concentra-
tion α20 (α20 � 1) and identical radii r0 of spherical
bubbles. A layer of width l1 contains reacting (active)
bubbles, and a layer of width l − l1 consists of inert
(passive) bubbles. At the time t = 0, the pressure at
the left boundary (x = 0) increases instantaneously. We
have to determine the process dynamics for t > 0 as a
function of the scale parameters of the problem l, l1,
and r0.

The two-dimensional unsteady motion of a two-
layer bubbly medium can be described within the
framework of the one-velocity model by the Iordanskii–
Kogarko equations:

~At + ~Bx + ~Cy = ~F , (1)
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f5 = ρ((p̄− p)/ρ0 − 3s2/2)/r, p = p(ρ, r),

p̄ = p2(r) + rs/c0dp2/dr.

Here u and v are the components of the velocity vec-
tor ~u, ρ = ρ1(1−α2) is the mean density of the medium,
ρ1 is the liquid density, ρ0 is the initial density of the
liquid phase, p is the pressure in the liquid, p2 and α2

are the pressure and volume concentration of the gas
phase, r and s are the current radius of the bubble and
its radial surface velocity, and c0 is the speed of sound
in the liquid.

The liquid is assumed to be compressible and sat-
isfy the Tait equation of state

p = p0 + ρ0c
2
0[(ρ1/ρ0)n − 1]/n, (2)

where p0 is the initial pressure in the medium and n is
the polytropic index. The heat transfer between the
gas and the liquid is ignored. Then the condition of
adiabaticity is valid for the bubbles, and the equation
of state of the gas phase in passive bubbles is written
in the form

p2 = p0(ρ2/ρ
0
2)γ0 , (3)

where ρ2 and ρ0
2 are the current and initial gas densities,

respectively, and γ0 is the ratio of specific heats.
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When the critical radius of ignition r∗ < r0 is
reached, instantaneous release of energy occurs in active
bubbles (explosion in constant volume). The equation
of state of combustion products is

p2 = p1(ρ2/ρ
0
2)γ1 , p1 > p0. (4)

The applicability of Eq. (4) with an effective ratio of
specific heats of the products γ1 for the description of
the process of adiabatic expansion of chemically equi-
librium gaseous reaction products under conditions of
bubble detonation is justified below.

The model of bubble detonation considered for
given thermophysical properties of the liquid is char-
acterized by the following dimensionless parameters [8]:
γ0, γ1, R∗ = r∗/r0, and B = p1/p0.

Initial and Boundary Conditions. The initial
conditions for x > 0 are:

ρ = ρ0(1− α20), p = p0, u = v = 0,
(5)p2 = p0, r = r0, s = 0, α2 = α20.

The boundary conditions are the no-slip conditions of
the bubbly liquid (un = 0) at the lower (Y = 0) and
upper (Y = l) boundaries, the condition on the piston

pw(t) =
{
pw = const, 0 < t < tw,

p0, t > tw
(6)

at the left movable boundary, and the jump relations
[ρ]Dn − [ρun] = 0, [ρun]Dn − [p+ ρu2

n] = 0,
(7)[r] = 0, [s] = 0, [~ut] = 0

at the right boundary (shock front). Here un = (~u, ~n)
is the normal component and ~ut = ~u − un~n is the tan-
gent component of the velocity vector relative to the
boundary; Dn is the wave-front velocity in the normal
direction. The square brackets denote the difference in
the values of the bracketed quantity on both sides of the
discontinuity. The condition on the left boundary (6) is
an analog of the condition of detonation initiation by in-
creasing pressure at the boundary of the bubbly liquid,
which was performed in the experiments of [1, 2].

For given physicochemical properties of the phases,
model parameters (γ0, γ1, R∗, andB), and initiation pa-
rameters (pw and tw), the solution of Eqs. (1)–(4) with
the initial and boundary conditions (5)–(7) depends on
three dimensionless quantities:

δ = l1/l, L = l/r0, α20. (8)
Note that this formulation includes a one-

dimensional problem of decay of a plane shock wave in a
bubbly liquid for δ = 0 and a one-dimensional problem
of bubble detonation [8] for δ = 1; the solution of these
problems depends on α20 only.

Problem (1)–(7) was solved numerically. For in-
tegration of system (1), we used the Godunov–Kolgan
scheme of the second-order approximation in movable
grids with capturing of the shock front and bubble-
ignition front.

Fig. 1. Isentrope of gaseous products of explosion
in active bubbles: the points refer to the thermo-
dynamic calculation with exact equations of chem-
ical equilibrium; the solid and dashed curves refer
to the calculations by Eq. (4) with the parameters
B = p1/p0 = 10.97 and γ1 = 1.136 and by the equa-
tion of state (3), respectively.

CALCULATION RESULTS

The numerical study was performed for water with
bubbles of C2H2 + 2.5O2 for the following constants:
p0 = 1 atm, ρ0 = 1000 kg/m3, c0 = 1500 m/sec,
n = 7.15, ρ0

2 = 1.238 kg/m3, γ0 = 1.33, γ1 = 1.136,
R∗ = 0.25, B = 10.97, pw/p0 = 100, and tw =
0.1r0/

√
p0/ρ0.

First, we analyzed the applicability of Eq. (4) with
an effective ratio of specific heats γ1 for the descrip-
tion of the process of adiabatic expansion of the gas
phase under conditions of bubble detonation. A thermo-
dynamic calculation of adiabatic expansion of gaseous
combustion products of a stoichiometric acetylene–
oxygen mixture up to the initial density ρ0

2 was per-
formed using the “Astra-4” program with exact equa-
tions of chemical equilibrium.

The calculated results for the pressure of gaseous
products P2 = p2/p0 versus their density ρ0

2/ρ2

= (r/r0)3 are plotted in Fig. 1 (points). The same fig-
ure shows the isentrope of the products calculated by
Eq. (4) with the parameters B = 10.97 and γ1 = 1.136
(the solid curve, which is a straight line in the loga-
rithmic scale). A comparative analysis with the ther-
modynamic calculation data shows that Eq. (4), within
2%, approximates the pressure of a chemically equilib-
rium adiabat of unloading within the entire range of gas-
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Fig. 2. Detonation-wave velocity versus time for
r0 = 2 mm and α20 = 0.02, Y = 0 and δ = 1
(curve 1) and 1/2 (curve 2).

phase densities, which is of interest for bubble detona-
tion waves. Since, from all parameters of the gas phase,
the equation of bubble oscillation contains only the gas
pressure as a function of the bubble radius, the lat-
ter statement allows us to argue that the DW parame-
ters calculated by model (1)–(4) will coincide within the
above-mentioned accuracy with calculations by models
that take into account the whole set of chemical equilib-
rium equations or their approximate analogs [9] for the
description of combustion products of the adiabatically
expanding gas phase. Clearly, the application of Eq. (4)
significantly reduces the volume of computations, which
is important in solving two-dimensional unsteady prob-
lems of bubble detonation.

In calculations of the two-dimensional two-layer
problem with δ = 1/2, the governing parameters var-
ied within the following ranges: L ∈ [5–20] and α20 ∈
[0.01–0.04]. Typical dependences of the longitudinal
(along Y = 0) velocity of the ignition front of the
bubbles D on the time t for r0 = 2 mm, L = 20,
and α20 = 0.02 are plotted in Fig. 2 (curve 2). In-
creasing at the initial stage of the process, the ignition-
front velocity at t > 0.3 msec reaches a constant value
D = 0.54 km/sec, i.e., the wave in a two-layer system
propagates in a self-sustained regime. For comparison,
the same figure shows the dependence D(t) (curve 1)
for the one-dimensional problem (δ = 1). The wave-
velocity oscillations are caused by the “stiffness” of the
boundary condition (6).

The dynamics of pressure profiles of the liquid
(P = p/p0) and bubble radii (R = r/r0) in a two-

Fig. 3. Dynamics of pressure profiles of the liq-
uid (a) and bubble radii (b) in a two-layer bubbly
medium for Y = 0 (solid curves) and Y = L (dashed
curves) for the times t = 0.1 (1), 0.3 (2), 0.5 (3), and
0.7 msec (4).

layer bubbly medium for Y = 0 and Y = L for the
times t = 0.1, 0.3, 0.5, and 0.7 msec is illustrated in
Fig. 3. It is seen from Fig. 3a that the DW has the form
of a soliton with a characteristic length ∆L ≈ 50r0,
and the “precursor” formed due to the “stiff” bound-
ary condition (6) at the initial unsteady stage of the
process (curve 1) decays with time. The fact that the
pressure profiles at different walls are not identical in-
dicates the presence of a pressure gradient in the liq-
uid across the channel and shows that the flow in the
two-layer bubbly medium is two-dimensional. By the
time t = 0.7 msec (curve 4) the pressure profile has one
maximum (pmax = 75 atm) in the active layer and two
maxima in the passive layer: pmax,1 = 50.5 atm and
pmax,2 = 23.3 atm. As is seen from Fig. 3b, the second
pressure maximum is caused by repeated oscillations of
passive bubbles. A more detailed structure of a steady
two-dimensional DW is shown in Fig. 4 as isobars in the
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Fig. 4. Two-dimensional pattern of isobars (P =
p/p0) in a two-layer bubbly liquid for t = 0.7 msec.

liquid at the time, when the bubble-ignition front passed
a distance of 187r0. Note that variation of the channel
width within L ∈ [5–20] has almost no effect (within
2% of the wave velocity) on the detonation-process dy-
namics.

VELOCITY OF BUBBLE DETONATION

One of the important parameters characterizing the
process of formation of a self-sustained wave in a two-
layer bubbly medium is the velocity of the steady DW.
For an essentially two-dimensional flow in a vicinity of
the wave front in a finite-width channel, the problem
of choosing the DW velocity on the basis of structural
analysis of travelling waves has not been solved. Nev-
ertheless, in rather narrow channels, where the chan-
nel width is smaller than the characteristic DW length
(l < ∆L), the DW velocity may be determined using
a criterion formulated in [10] for one-dimensional flows
of a two-component bubbly liquid containing bubbles of
both active and passive gases. It is sufficient to consider
a medium, where the active and passive gas bubbles are
uniformly distributed over the entire channel, and their
number and initial size are the same as those in a two-
layer bubbly mixture.

For an incompressible carrier phase, the energy
equation for waves travelling with the velocity D yields
an integral, which can be used to determine the specific
kinetic energy of motion of the reacted mixture [10, for-
mula (8)]:

e = H1(z, w) =
1
2
θ2((y − 1)2 − (y1 − 1)2)− y + y1

− 1− β
γ0 − 1

(z1−γ0 − z1−γ0
1 )− βB

γ1 − 1
(w1−γ1 − w1−γ1

1 ),

(9)
θ2 = D2(τ0 − λτf )/p0τ

2
0 .

Here τ0 and τf are the specific volumes of the mixture
and pure liquid, respectively, λ is the mass concentra-
tion of the liquid phase, β is the ratio of the number of
bubbles of the active gas to the total number of bub-
bles in the mixture, y = (1 − β)z + βw, z = (rp/r0)3,
w = (ra/r0)3 (rp and ra are the radii of passive and
active bubbles, respectively). Note, the equality β = δ
always holds for a uniform mixture of active and passive
bubbles, which was obtained by mixing the two-layer
liquid considered above. The subscript 1 indicates the
pressure equilibrium state of the phases, in which

y1 = β
( p1

Bp0

)−1/γ1

+(1−β)
(p1

p0

)−1/γ0

= 1− 1
θ2

(p1

p0
−1
)
,

H1(z1, w1) = 0,
∂H1

∂z
(z1, w1) = 0,

∂H1

∂w
(z1, w1) = 0.

This state is found as the intersection of the equilibrium
adiabat (the pressures in the gas and liquid phases are
assumed to be identical) with the Michelson line in the
plane (y, p). Out of two intersection points, the equilib-
rium state (y1, p1) is chosen, which is supersonic with
respect to the DW front. For one-dimensional flows of a
two-component medium, the criterion for choosing the
DW velocity formulated in [10] is the determination of
the minimum velocity Dmin for which the kinetic energy
e = H1(z, w) of the reacted mixture [Eq. (9)] imme-
diately after ignition is positive. For the polydisperse
mixture considered, the velocity is found from the con-
dition

H1(R3
∗, R

3
∗) = 0. (10)

Figure 5 shows the calculated velocity of a steady
DW in a two-layer bubbly medium as a function of the
initial volume concentration (curve 1). For compari-
son, the same figure shows (curve 2) the wave velocity
obtained by unsteady calculations for one-dimensional
bubble detonation in a mixture of active and passive
bubbles, which was obtained by mixing of the two-layer
liquid (β = δ = 1/2). The close location of curves 2
and 1 in the considered range of the volume concentra-
tion of gaseous inclusions gives an answer to the natural
question: Is it possible to evaluate rather accurately the
DW velocity in a two-layer bubbly liquid, avoiding two-
dimensional calculations? The transition to the one-
dimensional model, where the bubbles of the active and
passive gases are uniformly premixed, is a good approx-
imation of two-layer detonation if the channel width is
smaller than the characteristic DW length (l < ∆L).

Note that the DW velocity in a polydisperse mix-
ture can be determined using criterion (10) for Dmin.
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Fig. 5. Calculated velocity of a steady DW ver-
sus the initial volume concentration for a two-layer
bubbly medium at δ = 1/2 (curve 1) and a mixture
of active and passive bubbles obtained by mixing the
two-layer liquid at β = δ = 1/2 (curve 2), velocity by
criterion (10) (curve 3), and one-dimensional bubble
detonation at δ = 1 (curve 4).

In this case, determination of the DW velocity reduces
to solving an algebraic system of equations. Curve 3 in
Fig. 5 shows the velocity Dmin as a function of the vol-
ume concentration of the initially uniform distribution
of active and passive bubbles, corresponding to curve 2.
The close location of curves 2 and 3 verifies the effec-
tiveness of criterion (10). It should be noted that it is
sufficient to find only one point to construct curve 3,
since the value of θ in (9) is independent of the volume
concentration of the mixture; as a consequence, the ve-
locity Dmin is inversely proportional to the square root
of the volume concentration of the gas phase.

Figure 5 also shows (curve 4) the wave velocity for
one-dimensional bubble detonation (δ = 1). As com-
pared to the two-layer bubbly liquid (δ = 1/2), the en-
ergy content is twice as large, whereas the DW velocity
increases only by 100–160 m/sec. Therefore, the simple
hypothesis of proportionality of the DW velocity to the
square root of the energy released in the bubbles [12] for
the two-layer and polydisperse mixtures is inapplicable
in the case, where the bubbles retain a spherical shape in
the course of compression, and the pressures in the gas
and liquid phases behind the DW front are significantly
different. Otherwise, the DW velocity should increase
by a factor of

√
2 in passing from δ = 1/2 (curve 1) or

β = 1/2 (curve 2) to δ = 1 (curve 4).
Thus, it was found by means of mathematical sim-

ulation that a self-sustained DW may propagate in a

two-layer bubbly mixture; the velocity of this DW is
smaller than that in a one-layer bubbly system. The
two-dimensional structure of two-layer bubble detona-
tion is obtained and analyzed. It is shown that the
two-layer DW velocity can be determined using the one-
dimensional model of a two-component bubbly mixture
if the channel width is smaller than the characteristic
length of the wave.
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