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Abstract—The concepts of sub- and supercritical flows are introduced for the longwave approximation
model describing the steady-state horizontal-shear motions of an ideal incompressible fluid with a free
boundary in a channel of variable cross-section. Fluid layer flows developed in a local channel contrac-
tion or expansion are analyzed. Continuous and discontinuous exact solutions describing different flow
regimes are constructed and their properties are studied. Flows with the formation of recirculation zones
are considered.

DOI: 10.1134/S0015462809060143

Keywords: long waves, horizontal-shear streams, sub- and supercritical flows, recirculation zone.

1. EQUATIONS OF MOTION

We will consider the three-dimensional motions of an ideal incompressible fluid with a free boundary
z = h(t, x, y) in an open channel with an even bottom z = 0 and lateral walls y = Y1(x) and y = Y2(x) in
the gravity force field (Fig. 1). The characteristic scale l of the channel width and the fluid layer depth is
assumed to be much less than the typical length of a wave propagating along the channel so that the ratio
l/L is much less than unity. In this case the longwave approximation model [1, 2] can be used. Within the
framework of this model the equations of motion of the fluid (in dimensionless variables) take the form:

ρ(ut + uux + vuy + wuz) + px = 0, (1.1)

py = 0, pz = −gρ , ux + vy + wz = 0.

Here, x, y, z are Cartesian coordinates, t is time, p is the pressure, u, v, and w are the horizontal and
vertical components of the velocity vector, respectively; and the constants ρ and g = 1 are the dimensionless
fluid density and the acceleration of free fall. We require that the kinematic and dynamic conditions be
satisfied on the free boundary z = h(t, x, y) and that the no-flow conditions be satisfied on the even bottom
z = 0 and lateral boundaries y = Yi(x) (i = 1, 2):

ht + uhx + vhy = w, p = p0, (1.2)

w = 0, uY ′
i (x) = v. (1.3)

From the third equation of system (1.1) there follows the hydrostatic law of pressure distribution over
depth p = gρ(h − z) + p0, where the constant p0 is the pressure on the free boundary.

In what follows, we will consider the class of flows in which the horizontal velocity components are
independent of the vertical coordinate z. As a result of simple algebraic transformations of Eqs. (1.1) with
allowance for the equalities uz = vz = 0 and conditions (1.2) and (1.3), we obtain the following system of

903



904 LYAPIDEVSKII, CHESNOKOV

Fig. 1. Fluid flow in an open channel. Channel cross-sections cut by a plane z = const (a) and a plane y = const (b).

equations [3]:

ut + uux + vuy + ghx = 0, hy = 0, (1.4)

ht + (uh)x + (vh)y = 0, uY ′
i (x) − v|y=Yi

= 0.

which describes the motion of an ideal fluid in a narrow open channel in the longwave approximation. A
consequence of Eqs. (1.4) is the conservation of the potential vorticity Ω = uy/h along the trajectories. By
virtue of the third of equations (1.4) for analyzing steady-state flows we can introduce the stream function ψ

ψx = −hv, ψy = hu.

In the case of a channel of constant cross-section (Y2 − Y1 = const) when there is no velocity shear in the
transverse direction (uy = 0) model (1.4) reduces to the classical one-dimensional shallow water equations
[1]

(uh)t + (u2h + gh2/2)x = 0, ht + (uh)x = 0. (1.5)

The mathematical properties of Eqs. (1.4) can conveniently be studied in the semi-Lagrangian coordi-
nates to which we can switch by means of the change of variable y = Φ(t, x, λ ), where the function Φ is
the solution of the Cauchy problem [4]

Φt + u(t, x, Φ)Φx = v(t, x,Phi), Φ|t=0 = λY2(x) + (1 − λ )Y1(x).

The Lagrangian variable λ ∈ [0, 1]; the values λ = 0 and λ = 1 correspond to the lateral channel bound-
aries y =Y1(x) and y =Y2(x). The equations y = Φ(t, x, λ0), λ0 = const specify material surfaces consisting
of the same particles. In the new variables we have the integrodifferential system of equations

ut + uux + ghx = 0, Ht + (uH)x = 0, h =
1
Y

1∫

0

H dλ , (1.6)

for determining the functions u(t, x, λ ) and H(t, x, λ ) = hΦλ . Here, Y (x) = Y2(x) − Y1(x) > 0 is the
given channel width. The derivation of Eqs. (1.6), which are a consequence of the longwave model (1.4),
is given in [3]. In that study the characteristic properties of the integrodifferential equations (1.6) were
investigated on the basis of the method proposed in [5] and the conditions of their generalized hyperbolicity
were formulated.

The transition to semi-Lagrangian coordinates is a reversible change of variables if Φλ �= 0. In fact, let
the functions u(t, x, λ ) and H(t, x, λ ) be found. Then the fluid layer depth h(t, x) is known and using the
formulas

y = Φ(t, x, λ ) = Y1(x) +
1
h

λ∫

0

H dλ , v = Φt + uΦx, (1.7)
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we can determine the Euler coordinate y and the velocity component v. In the case of a channel of con-
stant width model (1.6) coincides with the vortex shallow water equations which describe the vertical-shear
motions of an ideal fluid with a free boundary [5, 6].

In order to simulate hydraulic jumps within framework of the model considered it is necessary to for-
mulate a correct system of conservation laws. Using the analogy with the classical shallow water equations
[1] and the longwave model of vertical-shear motions [7, 8], for determining the discontinuous solutions we
will use the following system of conservation laws:

(u − u0)t + 2−1(u2 − u2
0)x = 0, Ht + (uH)x = 0,

∂
∂ t

( 1∫

0

uH dλ
)

+
∂
∂x

( 1∫

0

u2H dλ +
g

2Y

( 1∫

0

H dλ
)2)

=
gY ′(x)

2Y 2

( 1∫

0

H dλ
)2

.
(1.8)

Here, u0(t, x) = u(t, x, 0) is the velocity component u on the lateral channel boundary y =Y1(x). The first
of equations (1.8) expresses the conservation law for the relative local momentum, the second corresponds
to the local mass conservation law, and the third is the balance relation for the total momentum of the layer.
The smooth solutions of system (1.6) or (1.8) must also satisfy the conservation law for the total energy of
the fluid layer

∂
∂ t

( 1∫

0

u2H dλ + gY h2
)

+
∂
∂x

( 1∫

0

u3H dλ + 2gh

1∫

0

uH dλ
)

= 0, h =
1
Y

1∫

0

H dλ . (1.9)

In the case of a channel od constant cross-section and the absence of a transverse shear velocity the
conservation laws (1.8) reduces to the classical model (1.5).

The system of equations (1.8) follows obviously from (1.6). We will demonstrate that model (1.6) is a
consequence of (1.8). From the first two equations of system (1.8) we have

(uH)t + (u2H)x − H(u0t + u0u0x) = 0.

Integrating this equation with respect to λ , we obtain

∂
∂ t

( 1∫

0

uH dλ
)

+
∂
∂x

( 1∫

0

u2H dλ
)

− (u0t + u0u0x)

1∫

0

H dλ = 0. (1.10)

Combining the third of equations (1.8) with Eq. (1.10), we arrive at the equality

∂u0

∂ t
+

∂
∂x

(
u2

0

2
+

g
Y

1∫

0

H dλ
)

= 0,

which ensures the equivalence of (1.6) and (1.8) for the smooth solutions.
In [2, 7] the relations on a discontinuity were analyzed and the conditions of definiteness of the discon-

tinuity were formulated for a model of the vertical-shear motions of a fluid. This analysis can be extended
in full to the model considered and will therefore be omitted. Below, we will use the Hugoniot relations
following from conservation laws (1.8) (for a zero velocity of propagation of the discontinuity D = 0) for
constructing the steady-state discontinuous solutions developing in the flow past a local channel contraction.
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2. CONSTANT POTENTIAL VORTICITY FLOWS

Before proceeding to analyze the steady-state solutions of the model proposed above, we will consider a
special class of solutions of Eqs. (1.4) characterized by a constant potential vorticity Ω = const and described
by a hyperbolic system of equations analogous to (1.5). In this case the components of the velocity vector
have the form:

u(t, x, y) = Ωh(t, x)(y − Y1(x)) + u0(t, x),

v(t, x, y) = u0Y
′

1 − (ht + (u0h)x − Ωh2Y ′
1)(y − Y1)/h − Ωhx(y − Y1)

2,

and we have the system of equations

u0t + u0u0x + ghx = 0,

ht + hu0x + (u0 + ΩhY )hx + (u0 + ΩhY )hY ′/Y = 0.

for determining the functions u0(t, x) and h(t, x).
Using the notation m(t, x) = h(t, x)Y (x) and ū(t, x) = (u1 + u0)/2 (here, u0(t, x) and u1(t, x) are

the velocity u on the lateral channel walls), we will write the previous equations in the form of mass and
momentum conservation laws of the gasdynamic type:

mt + (mū)x = 0, (mū)t + (mū2 + P(m))x = gh2Y ′/2,

P(m) =
Ω2m3

12
+

gm2

2Y
.

(2.1)

When Ω = uλ /H = const these equations can be obtained from the system of conservation laws (1.8).
Equations (2.1) form a hyperbolic system whose characteristics can be determined from the solution of the
equation x′(t) = k(t, x), where

k = ū ± c, c2 =
∂P
∂m

=
gm
Y

+
Ω2m2

4
.

In describing time-dependent wave processes in channels of finite length one of the important problems
concerns the possibility of controlling the flow by means of a local channel contraction. A channel contrac-
tion determines the upstream flow if it ensures transition from the sub- to supercritical flow regime. When
the free-stream parameters vary, for example, when the fluid flow rate in the channel increases sharply, the
flow is restructured, i.e., a new steady-state regime of transcritical flow is established in the neighborhood
of the channel contraction and a perturbation in the form of a bore propagates upstream.

For one-dimensional hyperbolic models of the motion of the medium the class of solutions considered
can be represented by self-similar solutions of the generalized problem of breakdown of an arbitrary dis-
continuity (Riemann problem) [2]. With reference to system (2.1) the solution of the problem of a sudden
increase in the level or flow rate ahead of a channel contraction is a combination of a hydraulic jump mov-
ing upstream with a constant velocity and a steady-state flow in the channel contraction which converts the
subcritical flow into a supercritical flow. For certain free-stream parameters the obstacle ceases to control
the flow, i.e., a completely sub- or supercritical flow which does not affect the outer flow region is realized
in the channel contraction.

This flow pattern is general for various variants of topographic open-channel flow control, in particular
for plane flows above a threshold. In this case the generalized problem of breakdown of an arbitrary dis-
continuity (Riemann problem) has been thoroughly studied for the classical shallow-water equations (1.5)
[2, 9]. In what follows, with reference to constant potential vorticity flows we will show that a horizontal
velocity shear significantly affects the flow regime diagram in the neighborhood of a local channel contrac-
tion. In order to construct the flow regime map for system (2.1) it is sufficient to study steady-state flows in
a variable-width channel.
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SUB- AND SUPERCRITICAL HORIZONTAL-SHEAR FLOWS 907

Fig. 2. Diagram of the flow regimes in the neighborhood of a local channel contraction, curves (1) and (2) correspond to
a = 0 and a = 1, respectively.

Let Ym be the minimum channel width at x = 0; for |x| > d we will assume that Y = Y0 = 1. At a
fairly large distance from an obstacle (in the free stream as x →−∞) we will assume that m = m0 = 1 and
u = Fr > 0 (h0 = 1, g = 1, and Fr is the free-stream Froude number). The steady-state flows m = m(x),
u = u(x) can be specified by the following integrals of Eqs. (2.1)

mu = Fr,
u2

2
+

3am2

2
+

m
Y

= J,

a =
Ω2

12
, J = Fr2 +

3a
2

+ 1.

(2.2)

At Y = Ym the flow criticality condition can be specified by the equation u∗ − c∗ = 0 which can conve-
niently be rewritten in the form:

−Fr2

m3
∗

+ 3am∗ +
1

Ym
= 0. (2.3)

Here, u∗ and m∗ are the flow parameters at Y = Ym. Solving system (2.2), (2.3) at Y = Ym with respect to
m∗ and Ym, we obtain

Ym =
m3
∗

Fr2 − 3am4
∗
, m∗ =

√
3Fr2

J +
√

J2 + 9aFr2
. (2.4)

Relations (2.4) specify the dependence Ym = f1(Fr, a), corresponding to the curves Γ1 in Fig. 2 for a = 0
(broken curves) and a = 1 (continuous curve). When Ym > f1(Fr, a) either a completely subcritical flow (u <
c) or a completely supercritical continuous flow (u > c) is realized in the channel. A continuous transition
from the subcritical flow for x < 0 to the supercritical flow for x > 0 is possible when Ym = f1(Fr, a).
For a given free-stream shear parameter a ≥ 0 the determining parameters (Fr, Ym) corresponding to the
completely supercritical flow lie to the right of curve Γ1.

Steady-state discontinuous solutions of Eqs. (2.1) can be realized as the limiting case of the supercritical
flow in the neighborhood of a local channel contraction (Fr2 > 1 + 3a) for which a steady-state hydraulic
jump is formed ahead of the obstacle. By virtue of the conservation laws (2.1) at the jump the following
relation must be satisfied:

msus = Fr, Fr2/ms + am3
s + m2

s/2 = Fr2 + a + 1/2. (2.5)

Here, (ms, us) is the state of the flow immediately beyond the jump. The conjugate value of ms can be
determined from (2.5) as the unique root ms > 1 of the cubic equation

am3 + (a + 1/2)m2 + (a + 1/2)m − Fr2 = 0.
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Beyond the jump the quantity j changes

J = Js =
Fr2

2m2
s

+
3am2

s

2
+ ms, (2.6)

and the dependence Ym = f2(Fr, a) is determined by the flow criticality conditions in the minimum channel
cross-section, i.e., by relations (2.4) with allowance for (2.6). For a fixed a ≥ 0 the dependence Ym =
f2(Fr, a) determines the curve Γ2 in the plane (Fr, Ym). In Fig. 2 we have shown the relative location
of curves Γ1 and Γ2 for a = 0 (broken curves) and a = 1 (continuous curves). As for plane flows in the
neighborhood of a local obstacle within the framework of the classical shallow-water equations [2, 9], there
is a domain of the determining parameters between the curves Γ1 and Γ2 in which the structure of the
flow depends on the prehistory of its development. Depending on the mode of realization of the flow,
both a completely supercritical locally-disturbed flow and a time-dependent flow with a bore propagating
upstream (hysteresis) can exist for the same free-stream parameters and channel geometry. The situation
with conditions of flow control by means of a local channel contraction is qualitatively the same as for flows
with an arbitrary monotonic horizontal velocity shear.

3. STEADY-STATE FLOWS

In order to analyze the steady-state solutions of the model of horizontal-shear motion of fluid in an open
channel with an arbitrary distribution of the velocity u over the channel width it is convenient to use the semi-
Lagrangian formulation of the equations. In this case we will take the stream function as the Lagrangian
coordinate λ , so that H = hyλ = h/λy = 1/u.

Initially, we will consider flows in which the function u does not change sign. To be specific, let u > 0.
Then, as a result of integrating Eqs. (1.6) we obtain

u =
√

2(C(λ ) − gh), H = 1/
√

2(C(λ ) − gh). (3.1)

Here, C(λ ) > 0 is an arbitrary function and the fluid layer depth h(x) can be found from the closing
relation

K(h) = Y (x)h, K(h) =

1∫

0

dλ√
2(C(λ ) − gh)

. (3.2)

The function K(h) is defined on the interval h ∈ [0, hb) and is positive on this interval. Here, hb =
g−1min{C(λ )} > 0 is the maximum possible depth of the steady-state stream (3.1). It can readily be seen
that K(h) increases monotonically and is convex downward since

K′(h) = g

1∫

0

H dλ
u2 > 0, K′′(h) = 3g2

1∫

0

H dλ
u4 > 0.

As h → 0, the function K(h) tends to a finite value K0 > 0. As h → hb, the function K(h) can have both a
finite and an infinite limit Kb. The requirement C′(λb) �= 0, where λ = λb is the value at which the function
C(λ ) reaches a minimum, is a sufficient condition of Kb < +∞. In particular, the limiting value Kb is finite
for all flows (3.1) with a velocity profile strictly monotonous over the channel width. Clearly, by virtue of
the monotonicity and convexity of the function K(h) there exist unique values h = h∗ < hb and Y = Ym > 0
which can be determined from the conditions

K(h∗) = Ymh∗, K′(h∗) = Ym. (3.3)

The characteristic form of the function K(h) is obtained for C(λ ) = λ/2 + 1 and g = 1 (Fig. 3). In this
case K0 ≈ 0.636, Kb = 2, hb = 1, h∗ ≈ 0.785, and Ym ≈ 1.376. We have a straight line with the minimum
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Fig. 3. Characteristic form of the dependence K = K(h) (curve (1); straight lines with slopes Ym and Yb (2) and (3).

slope Y = Ym (2) for which the equation K(h) = Y h has the solution h = h∗ and a straight line with the slope
Yb = Kb/Hb (3). Thus, when Y ∈ (Ym, Yb) equation (3.2) has two roots on the interval h ∈ (0, hb), namely,
h = h1 < h∗ and h = h2 > h∗; when Y > Yb there is only a single root; and when Kb < ∞ h = h1 < h∗. If
Kb = +∞, then for all Y > Ym there exist two roots of Eq. (3.2). In the case min{Y (x)} < Ym there is no
continuous steady-state solution of (3.1), (3.2).

The steady-state flow for which the following inequality holds

1 − K′(h)
Y

= 1 − g
Y

1∫

0

H dλ
u2 < 0, (3.4)

will be called subcritical and the flow for which the inverse inequality holds will be called supercritical.
The critical flow corresponds to the equality sign in (3.4). In accordance with this definition, the solution
h = h1 < h∗ of Eq. (3.2) is supercritical and the solution h = h2 > h∗ is subcritical. In the case of a con-
stant channel cross-section and the absence of a horizontal velocity shear these conditions coincide with
the classical flow subcriticality and supercriticality conditions |u| <

√
gh and |u| >

√
gh, respectively [1].

Moreover, conditions (3.4) are analogous to the subcriticality and supercriticality conditions for vertical-
shear fluid flows over a rough bottom in the longwave approximation [10].

For determining the velocities of propagation of perturbations in the fluid k(x, t) the characteristic equation

χ(k) = 1 − g
Y

1∫

0

H dλ
(u − k)2 = 0, (3.5)

was obtained [3] for the system of equations (1.6) describing the propagation of long waves in a variable-
cross-section channel. From formulas (3.4) and (3.5) it follows that if a steady-state flow becomes critical
for a certain value of x, then one of the perturbation propagation velocities vanishes at this point. When
Ω = uλ /H = const, the roots of Eq. (3.5) coincide with the velocities of the characteristics of the system of
equations (2.1).

Differentiating Eq. (3.2) with respect to the variable x, we obtain the relation

h′(x) = −Y ′(x)h(x)
Y (x)

(
1 − K′(h)

Y (x)

)−1

. (3.6)

By virtue of formulas (3.4) and (3.6), in the subcritical flow regime the fluid layer depth h(x) increases
(decreases) with increase (decrease) in the channel cross-section Y (x), while in the supercritical regime h(x)
decreases (increases) with increase (decrease) in Y (x).
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4. FLOW IN A LOCAL CHANNEL CONTRACTION OR EXPANSION

We will consider the steady-state flows that develop when the channel cross-section varies locally. Let
the function Y (x), which specifies the channel width, have the following properties: Y (x) = Y0 = const for
|x| > d; Y (x) �= const for |x| < d, and Y ′(x) = 0 is satisfied at a single point x = 0. We will assume that the
fluid flows from left to right and in the region x < −d the steady-state flow is specified by the relations

u =
√

2(C(λ ) − ghl), H =
1√

2(C(λ ) − ghl)
, (4.1)

where C(λ ) is a given positive function and hl is a positive root of the equation

Y0hl −
1∫

0

dλ√
2(C(λ ) − ghl)

= 0.

We will consider the case of sub- and transcritical flow past a local channel contraction. In the region
x <−d the flow is specified by formulas (4.1), the fluid depth being h = hl > h∗. If on the interval |x|< d the
function Y (x) satisfies the inequalities Ym < Y (x) < Yb = Kb/hb, then the depth h = h(x) can be determined
as the subcritical (h2 > h∗) root of Eq. (3.2). In this case the fluid depth decreases on the interval x∈ (−d, 0),
where the channel converges, and increases on the interval x ∈ (0, d), where the channel diverges. The fluid
flow remains subcritical and the flow parameters for x = −d and x = d coincide.

If at the point x = 0 the equality Y = Ym is achieved, then the solution can be continued to the region
x > 0 along both the sub- and supercritical branches of the solution of Eq. (3.2). If the supercritical branch
is chosen, then the fluid layer depth decreases on the interval x ∈ (0, d). At the outlet from the region of the
variable channel cross-section at x = d the depth is equal to h = hr, where hr < hl is a root of the equation
h−1

r K(hr) = h−1
l K(hl).

We will consider the case of super- and transcritical flow past a local channel contraction. Let flow (4.1)
in which hl < h∗ be specified for x < −d. By virtue of (3.4) and (3.6), in the supercritical flow the fluid
depth increases when the channel converges. If on the interval |x| < d the inequality Y (x) > Ym is satisfied
(the values of Ym and h∗ can be found from Eqs. (3.3)), then the flow remains supercritical and, after passing
through the narrow channel region, returns to the initial parameters. In this case on the interval |x| < d the
fluid depth can be determined as the supercritical h = h1(x) < h∗ root of Eq. (3.2) and the solution is given
by formulas (3.1). At the inlet to and outlet from the variable cross-section region the flow parameters are
the same.

Let the value of the function Y (x) at the minimum point satisfy equalities (3.3). This corresponds to
the flow criticality condition. Then the choice of solution on the interval x ∈ (0, d) is not unique. In
the first variant, as in the previous case, after passing through the region where the channel converges the
supercritical flow returns to the initial parameters. In the case of realization of the subcritical regime for
x > 0 the fluid depth h(x) continues to increase in the region where the channel diverges. If Y (x) < Kb/hb,
then the subcritical regime continues to exist up to arrival at the constant cross-section region x = d, where
the depth becomes equal to h = hr > h∗ (hr is a root of Eq. (3.2) on the subcritical branch of the solution). If
the inequality Y (x) < Kb/hb holds only on the interval x < xb < d, then the continuation of the steady-state
solution in the region x > xb includes a reverse flow zone. In what follows, we will consider these solutions.

Moreover, solutions with a strong discontinuity are also possible. Let there be a discontinuity in the flow
parameters at a point x = xs ∈ (−d, d). We will assume that the supercritical solution (3.1), (3.2) is specified
in the region −d < x < xs. For steady-state flows the Rankine–Hugoniot relations, which follow from the
conservation law (1.8), take the form:

[u2 − u2
0] = 0, [uH] = 0,

[ 1∫

0

u2H dλ +
gY h2

2

]
= 0. (4.2)
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We will denote the limiting values of the flow parameters beyond the jump as x → xs + 0 by us, Hs, and
hs; and Ys is the channel width at the point of the hydraulic jump. Then by virtue of relations (4.2) we have
the following representation for the flow beyond the jump:

us(λ ) =
√

u2(xs, λ ) − R, Hs(λ ) =
1

us(λ )
, hs =

1
Ys

1∫

0

dλ√
u2(xs, λ ) − R

, (4.3)

where R = −[u2
0] is a quantity independent of the variable λ . For determining this quantity we have the

equation
Q(R) − Q(0) = 0, (4.4)

which follows from (4.3) and the second and third of Eqs. (4.2). The function Q(R) is defined as follows:

Q(R) =

1∫

0

√
u2(xs, λ ) − Rdλ +

g
2Ys

( 1∫

0

dλ√
u2(xs, λ ) − R

)2

.

We note that formulas (4.3) are meaningful only for those values of R which satisfy the inequality R < Rb,
where Rb = min{u2(xs, λ )}.

In the case considered (as in [7, 10]) the discontinuity stability condition following from (1.9) and con-
sisting in a decrease in the total energy of the fluid layer across the discontinuity reduces to the condition
E < [u2/2 + gh] ≤ 0. Using the representations (4.3) of the flow parameters at the discontinuity front, we
can determine the dependence

E(R) = −R
2

+
g
Ys

( 1∫

0

dλ√
u2(xs, λ ) − R

−
1∫

0

dλ
u(xs, λ )

)
.

The derivatives of the functions Q(R) and E(R) have the form:

Q′(R) = −1
2

Yshs(R)χ(R), E ′(R) = −1
2

χ(R),

χ(R) = 1 − g
Ys

1∫

0

Hs(λ )dλ
u2

s (λ )
= 1 − g

Ys

1∫

0

dλ
(
√

u2(xs, λ ) − R)3
.

The function χ(R) decreases monotonically (χ ′(R) < 0) and changes sign on the interval R ∈ (0, Rb)
since χ(0) > 0 (the free stream is supercritical) and χ(R) →−∞ as R → Rb. Consequently, there exists a
unique value R = R∗ ∈ (0, Rb) for which the equality χ(R∗) = 0 is achieved. Thus, the function Q(R) − Q(0)
decreases on the interval R ∈ (0, R∗) and reaches a minimum at R = R∗; it then increases monotonically
on the interval R ∈ (R∗, Rb). If Q(Rb) − Q(0) > 0, then there exists a unique root R = Rs ∈ (R∗, Rb) of
Eq. (4.4). The state beyond the jump is subcritical since χ(Rs) < 0. The case Q(Rb) − Q(0) < 0 needs to
be studied individually and is not considered here.

We will show that the condition of decrease in energy at the discontinuity front is satisfied for the solution
obtained, i.e., E(Rs) < 0. We will use the equality Yshs(R)E ′(R) = Q′(R) and express E(Rs) as follows:

E(Rs) =
1
Ys

Rs∫

0

Q′(R)dR
hs(R)

=
1
Ys

Rs∫

0

(Q(R) − Q(0))h′s(R)dR
h2

s (R)
. (4.5)

Taking into account the inequalities Q(R) − Q(0) < 0 and h′s(R) > 0 satisfied on the interval R∈ (0, Rs),
by virtue of (4.5) we may conclude that E(Rs) < 0.
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Beyond the discontinuity front in the region x > xs we will assume that the solution has the form:

u =
√

2(F(λ ) − gh), H =
1
u

; h =
1
Y

1∫

0

dλ√
2(F(λ ) − gh)

. (4.6)

From the condition of equality of the functions defined by formulas (4.6) and (4.3) at x = xs we can
express the function F(λ ) in terms of the given function C(λ ) and the quantity Es = E(Rs)

F(λ ) =
u2

s

2
+ ghs =

u2(xs, λ ) − Rs

2
+

g
Ys

1∫

0

dλ√
u2(xs, λ ) − Rs

= C(λ ) + Es.

With allowance for this expression the last relation in (4.6) can be represented in the form:

K(h − E1) = Y h, E1 = Es/g. (4.7)

For x > xs the function h(x) can be determined as the subcritical branch of the solutions of Eq. (4.7).
The critical flow depth h̄∗ and the minimum channel width Ȳm for which equation (4.7) has a solution can be
found from the modified relations (3.3)

K(h̄∗ − E1) = Ȳmh̄∗, K′(h̄∗ − E1)Ȳm.

Thus, a steady-state flow beyond a jump is possible if the channel width Y (x) is such that for x ∈ (xs, xb)
(xs < xb ≤ d) the following inequality holds:

Ȳm < Y <
Kb

hb + E1
.

If this inequality is satisfied on the entire interval (xs,d), then the stream flows past the channel boundary
irregularity while remaining subcritical. If the inequality Y (x) > (hb + E1)

−1Kb is satisfied for x ∈ (xs, d)
(equality is achieved at the point x = xb), then the continuation of the solution into the region x > xb includes
a recirculation flow zone.

In the present study we do not make any distinction between discontinuities in the convergent (−d ≤ xs ≤
0) and divergent (0 ≤ xs ≤ d) parts of the channel. From an analysis of the classical shallow water equations
in the neighborhood of a local obstacle [11] it follows that the steady-state discontinuity is unstable upstream
of the minimum channel cross-section (x = 0). However, in that analysis all parts of the channels were
structurally equivalent. We can only note that in the case Ω = const considered above a discontinuity can
be constructed in the convergent part of the channel only if the determining parameters (Fr, Ym) lie between
curves Γ1 and Γ2 (Fig. 2).

In the case of a subcritical flow in a local channel expansion the solution in the region with a variable
cross-section is determined by formulas (3.1) in which h = h2(x) is a subcritical root of (3.2). The fluid
depth increases on the interval of channel convergence x ∈ (−d, 0). If Y (0) < Kb/hb, then the flow remains
subcritical on the entire interval x ∈ (−d, d). In this case on the interval of convergence x ∈ (0, d) the
depth decreases and the flow parameters return to the initial values. If Y (0) > Kb/hb, then the solution with
a recirculation zone can be constructed.

In the case of supercritical flows in a local channel expansion the solution in the region with a variable
cross-section has the form (3.1), where h = h1(x) is a supercritical root of Eq. (3.2). The fluid depth de-
creases on the interval of channel convergence x ∈ (−d, 0). The flow remains supercritical up to the widest
point of the channel x = 0. Then, as the channel narrows on the interval x ∈ (0, d), the depth increases and
the flow returns to the initial parameters.
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5. FLOW WITH RECIRCULATION ZONES

We will now consider a steady-state subcritical flow (3.1) past a local channel expansion with a given
function C(λ ). As shown above, in a subcritical flow when the channel diverges the solution cannot be con-
tinued into the region in which Y (x) > Kb/hb since in this case the closing equation (3.2) has no subcritical
branch of the solution h = h2(x) > h∗. As Y (x)→ Kb/hb the flow is decelerated and stops in the layer λ = λb
(C(λb) = min{C(λ )}). We will show that in this case a steady-state flow of another structure including re-
circulation zones with closed streamlines in which the fluid particles are rotated can be constructed. For
constructing this solution we will use the approach proposed in [12].

Let C(λ ) be a strictly increasing function. This ensures the existence of a finite limit Kb = K(h) as
h → hb = C(0)/g. The function Y (x) giving the channel width is such that Y (x) = Y0 = const for |x| ≥ d,
and Y ′(x) > 0 when x∈ (−d, 0) and Y ′(x) < 0 when x∈ (0, d). Moreover, let the equalities Y (x1) =Y (x2) =
K(hb)/hb be satisfied at points x = x1 and x = x2 (−d < x1 < x2 < d). On the intervals x ∈ (−d, x1) and
x ∈ (x2, d) the solution is specified by formulas (3.1), where h(x) is a subcritical root of the closing equation
(3.2). We will show that there exists a continuation of this steady-state flow into region x > x1 such that
when x1 < x < x2 a recirculation zone of width Y1(x) < y < Yr(x) occupies part of the channel while in the
region Yr(x) < y < Y2(x) the solution, as before, is given by relations (3.1).

We will assume that in the recirculation zone the function u vanishes on the curve y =Yc(x), the horizontal
velocity component being negative for y∈ (Y1, Yc) and positive for y∈ (Yc, Yr). In semi-Lagrangian variables
we have the following representation for the solution in the recirculation zone:

u = ∓
√

2(G(λ ) − gh), H = ∓ 1√
2(G(λ ) − gh)

. (5.1)

We will require that the velocity u be continuous across the boundary y = Yr(x). This condition implies
the equality C(0) = G(0). The function G(λ ) is defined for λ ∈ (λc, 0), where λc(h) < 0 is a root of the
equation G(λ ) − gh = 0. The curve λ = λc(h) defines the critical layer in which the velocity vanishes.

The boundary of the recirculation flow zone y = Yr(x) and the curve y = Yc(x) on which the flow changes
directions are given by the equations

Yr(x) = Y1(x) +
2

h(x)

0∫

λc(h)

dλ√
2(G(λ ) − gh)

, Yc(x) =
Y1(x) + Yr(x)

2
. (5.2)

On the interval of flow with a recirculation zone the fluid layer depth h(x) in the channel is connected
with the functions C(λ ), G(λ ), and Y (x) by the relation

Y h =

1∫

0

dλ√
2(G(λ ) − gh)

+ 2

0∫

λc(h)

dλ√
2(G(λ ) − gh)

. (5.3)

The set of solutions of the problem of the flow in the recirculation zone has arbitrariness in the form of
a single function of a single variable. In fact, in order to construct the solution it is necessary to specify
either the function h(x) or G(λ ). In this case the function G(λ ) (or h(x)) is determined in the course of
constructing the solution of the problem. We will consider the case in which the function h(x) is specified
on the interval x ∈ (x1, x2) so that h(x1) = h(x2) = hb, the function h(x) decreases on the interval x ∈ (x1, x0)
and increases on the interval x ∈ (x0, x2), while h(x0) > h∗ (h∗ is the critical depth of flow (3.1), (3.2)). In
order to determine the function G(λ ) we bring Eq. (5.3) into the form:

2

0∫

λc(h)

dλ√
2(G(λ ) − gh)

= Y (x)h − K(h).
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Assuming that G′(λ ) �= 0, we make the change of variables ξ = G(λ )/g in the previous formula and
introduce the notation

f (ξ ) =
1

G′(λ (ξ ))
, hb =

C(0)
g

, Ȳ (h) = Y (x(h)), ϕ(h) =
√

2g(Ȳ (h)h − K(h)).

Then for finding the function f (ξ ) we have an Abel integral equation whose solution has the form:

f (h) =
1
π

(
ϕ(hb)√
hb − h

−
hb∫

h

ϕ ′(ξ )dξ√
ξ − h

)
. (5.4)

We note that formula (5.4) can be simplified since ϕ(hb) = 0. This follows from the definition of the
function ϕ(h) and the equality Y (hb) = K(hb)/hb. Then the function G(λ ) can be found from the solution
of the differential equation

G′(λ ) =
[

f

(
G(λ )

g

)]−1

, G(0) = hb. (5.5)

Integrating (5.5), we obtain the implicit representation of the function G(λ )

M(G) = λ , M(G) = −g

hb∫

G/g

f (ξ )dξ = − g
π

hb∫

G/g

ϕ(ξ )dξ√
ξ − G/g

. (5.6)

In obtaining the expression for the function M(G) we used formula (5.4).
The derivative M′(G) does not vanish. In fact, the inequality ϕ ′(x) < 0 holds by virtue of the inequality

Y (h) − K′(h) < 0 (the function h(x) > h∗ on the interval (x1, x2)) and the decrease in the function Y (h)
(Y

′(h) = Y ′(x)/h′(x) < 0 when x �= x0). Then from formula (5.4) it follows that f (h) > 0. This means
that the functions M′(G) and G′(λ ) are also positive. Using the monotonicity of the function M(G), we can
uniquely determine the function G(λ ) from the implicit relation (5.6). Thus, the solution with a recirculation
zone is constructed. In this zone the functions u and H are determined by formulas (5.1) and the width of
the reverse flow zone and the critical curve can be found from (5.2).

We will give an example of the exact solution with reverse flow zone. Let the channel walls be given by
the equations y = Y2(x) = Y0/2 and

y = Y1(x) =

⎧⎨
⎩

−Y0/2−2
(√

1− x2 −
√

1−d2
)

, x ∈ (−d, d),

−Y0/2, |x| > d.

When x <−d a steady-state subcritical flow (3.1), (3.2) with C(λ ) = λ/2 + 1; g = 1; Y0 = 1.4, d = 0.9,
and h = h0 ≈ 0.86 is realized in the channel. In the region of the variable channel cross-section when
x ∈ (−d, x1)

⋃
(x2, d) the fluid depth h(x) can be determined as a subcritical root of Eq. (3.2) which in this

case takes the following form:

Y (x)h = K(h) = 2
(√

3 − 2h −
√

2(1 − h)
)

.

The depth h(x) reaches a maximum hb = 1 when x = x1 = −x2 ≈ −0.677. In Eulerian variables on the
intervals x < x1 and x > x2 the velocity u takes the form u = (y − Y1)h/2 +

√
2(1 − h). In Fig. 4 we have

plotted the profile of the velocity u in the flow in question for x = ±d.
The solution can be continued into the region x > x1 by constructing the reverse flow zone. Let the

function G(λ ) = λ + 1 be given in the reverse flow zone, where the solution is determined by formulas (5.1).
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Fig. 4. Velocity profile u(y) over the channel width for x < −d and x > d.

Fig. 5. Fluid layer depth for subcritical flow past a local channel expansion.

Then in this channel section the fluid layer depth h(x) can be determined from the solution of Eq. (5.3) and
has the form (Fig. 5):

h(x) =
2

Y 2(x)

(√
4+ 3Y 2(x)−2

)
. (5.7)

By virtue of (5.2) the width of the reverse flow zone and the critical curve are given by the equations

y = Yr(x) = Y1(x) +
2

h(x)

√
2(1 − h(x)), y = Yc(x) =

Y1(x) + Yr(x)
2

,

where the function h(x) is determined by formula (5.7).
Outside the recirculation zone the streamlines (lines λ = const, λ ∈ [0, 1]) can be found from the first of

equations (1.7), which in this case has the form:

y(x, λ ) = A(x) +
2
h

(√
λ + 2(1 − h) −

√
2(1 − h)

)
.

Here, A(x) = Yr(x) if x1 < x < x2; otherwise A(x) = Y1(x). In the reverse flow zone the streamlines
(λ = const, λ ∈ [λc, 0]) can be found from the relations

y∓(x, λ ) = A(x)± 1
h

0∫

λ

H dλ = Y1(x) +
1
h

(√
2(1 − h) ∓

√
2(λ + 1 − h)

)
.

In Fig. 6 we have plotted the streamlines in the steady-state solution constructed, which includes the
recirculation zone, for λ = 0, 0.1, 0.3, and 0.8 outside the recirculation zone and λ = 0, −0.1, and −0.06 in
the reverse flow zone.
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Fig. 6. Streamlines in a subcritical steady-state flow with a recirculation zone. The arrows show the direction of motion of
the particles.

Summary. As for the classical shallow water equations, the notions of sub- and supercriticality of the
stream for horizontal-shear flows in an open channel of variable cross-section are related with the longwave
propagation velocity which can be found from the corresponding characteristic equation. The presence of
a horizontal velocity shear significantly changes the stream criticality condition in the neighborhood of the
minimum channel cross-section in transcritical flows. For flows with constant potential vorticity the flow
regime map can be represented in the plane of the determining parameters by formulas (2.4), (2.6). In
the general case the problem can be reduced to an analysis of the steady-state solution (3.1), (3.2) which,
depending on the specification of the channel cross-section and the choice of monotonic velocity profile,
can describe sub-, super-, and transcritical flows. When the channel width increases sharply, the steady-
state solution can only be constructed by including the reverse flow zones (5.1), (5.2). In Fig. 6 we have
reproduced a particular example of a flow with a recirculation zone.

The work was carried out with financial support from the Russian Foundation for Basic Research (project
No. 07-01-00609) and the Ministry of Education and Science of the Russian Federation (project
No. 2.1.1/3543) and within the framework of Integration Project No. 65 of the Siberian Branch of the
Russian Academy of Sciences.
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