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u. C6ODHHK Math. USSR Sbornik
TOM 120(162) (1983), Bun. 2 Vol. 48(1984), No. 1

A MIXED PROBLEM FOR A NONHOMOGENEOUS
QUASILINEAR HYPERBOLIC SYSTEM OF EQUATIONS

UDC 517.945

V. YU. LYAPIDEVSKII

ABSTRACT. A generalized solution in the large is constructed for a mixed problem for a
system of equations describing the one-dimensional motions of an ideal isothermal gas with
cylindrical and spherical waves.

Bibliography: 9 titles.

1. We study the possibility of constructing solutions in the large for initial-boundary

value problems for nonhomogeneous quasilinear hyperbolic systems by using the example

of a certain mixed problem encountered in gas dynamics. Consider the system

dx"p dx"pu dx'pu dx"p(u2 + 1) _ , . ,

dt dx ' dt dx P' l ;

which describes the one-dimensional motion of an ideal isothermal gas with plane {v = 0),

cylindrical (v = 1), and spherical {v = 2) waves in the Euler system of coordinates. Here u

is the velocity and ρ is the density of the gas, and the isothermal speed of sound is set

equal to 1.

For the system (1.1) in the region t > 0, χ > a > 0 we construct a generalized solution

of the mixed problem with the following initial conditions and boundary conditions:

p ( 0 , x ) = p o ( j c ) > 0 , u ( O , x ) = u o ( x ) , x > a , u ( t , a ) = 0, t > 0 . ( 1 . 2 )

As initial functions we allow functions uo{x) and vo(x) = In po(x) of bounded variation

such that l i m ^ ^ uo(x) = 0. For »> = 0 a solution of problem (1.1), (1.2) was constructed

in [1] by the method of Glimm [2], which is based on solving the problem of decay of an

arbitrary discontinuity. This method has also been used to construct a solution in the large

for a number of initial-boundary value problems for more general homogeneous hyper-

bolic quasilinear systems of equations with two independent variables (see [3]-[6]), but

under very restrictive requirements on the initial conditions. Other ways of constructing

solutions of nonlinear hyperbolic systems, based also on a self-similar solution of the

problem of decay of an arbitrary discontinuity, are presented in [7] and [8]. These methods

of constructing solutions are not suitable for nonhomogeneous systems, because the

1980 Mathematics Subject Classification. Primary 35DO5, 35L6O; Secondary 35A3O, 35A35, 35L67, 76N15,
76L05.

©1984 American Mathematical Society

0025-5734/84 $1.00 + $.25 per page

201



202 V. YU. LYAPIDEVSKII

solution of the problem of decay of an arbitrary discontinuity is of a general nature and
cannot be found explicitly.

In this article we construct an approximate solution of the nonhomogeneous problem
(1.1), (1.2), derive a uniform estimate of the variations of our solution over sections
t = const, and justify obtaining an exact solution of our problem by passing to the limit.

2. We consider the problem of decay of an arbitrary discontinuity for the system (1.1)
with ν = 0, i.e., the Cauchy problem with the special data

χ > 0 (2-1)

The solution of this problem is self-similar, i.e., depends only on the variable x/t and
contains shock waves and centered rarefication waves [9].

DEFINITION 2.1. The two states (p*, M1) in the solution of (1.1), (2.1) are connected by
a shock wave if the Hugoniot conditions

- ρ ) = ρ' w - ρ u ,

and the stability condition u+ < u~ hold on the line of discontinuity χ = ξί of the solution,
where u±= u(t,£t ± 0).

The relations (2.2) give us a formula for the speed of propagation of the shock wave:

+ - « - ) 2 + 4. (2.3)

We remark that the shock wave is directed to the right in the case of the plus sign, and to
the left in the case of the minus sign.

In the (r, s)-plane of the Riemann invariants r = u + In ρ and s = u - \n ρ the
relations (2.2) take the form (see [9])

s"- i + = / ( / - - r+), r~>r+, (2.4)

for a shock wave directed to the right. Here the state " + " is the state in front of the wave.
For a shock wave directed to the left the state " - " is the state in front of the wave, and

r-- r+=f{s--s+). (2.5)

The function f(y) is odd and satisfies the following conditions:

/(0)=/'(0)=/"(0) = 0, 0</ ' (>0<1 f o r ^ O . (2.6)

A rarefication wave centered at the point (0,0) is understood to be a continuous
self-similar solution of (1.1) in the sector λ* < x/t < λ*, t > 0, in which one of the
Riemann invariants is constant. To simplify the structure of the approximate solution we
replace the centered rarefication wave in the solution of the problem of decay of an
arbitrary discontinuity by an ε-fan of rarefication shock waves (see [7]).

DEFINITION 2.2. An ε-fan for ν = 0 is defined to be a piecewise constant solution of
(1.1) on whose lines of discontinuity the relation (2.3) holds, the invariant r (the /--wave) is
continuous when " - " is in (2.3), or the invariant s (the s-wave) is continuous when (2.3) is
valid with " + ", and the inequality

0 «ξ w+- M"< e
holds.

We replace problem (1.1), (2.1) by the problem of finding a self-similar solution
containing only shock waves and ε-fans. As in the problem of decay of an arbitrary
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discontinuity, we can construct an approximate solution with the data (2.1) which

contains at most one line of discontinuity of a rarefication ε-fan of each type. Namely,

LEMMA 2.1. For any ε > 0 there exists a state (p*, w*) connected with the states (p^, UQ)

by a shock wave or an ε-fan.

PROOF. Construction of the state (p*, M») is analogous to determination of an inter-

mediate value in the problem of decay of an arbitrary discontinuity for the system (1.1)

(see [9]).

3. To simplify the following presentation we reduce problem (1.1), (1.2) to a Cauchy

problem by extending the function p{t, x) with respect to χ in an even way, and the

functions u(x, t) and g(x) = vx~l in an odd way relative to the point χ = a. By a solution

of the Cauchy problem for system (1.1) with the initial data po(x), uo(x) we understand

functions p(t, x) and u(t, x) which are locally integrable for t > 0 and satisfy the integral

identity

G(q>, ψ) = / χ"(ρφ, + ρηψχ + puxp, + p(u2 + 1)ψν + vx"~1p\p) dy dt

+ fV(po<Po + Ρο"οΨο) dy = 0 (3.1)
•'-00

for arbitrary smooth functions φ(ί, χ) and ψ(ί, χ) having compact supports for t > 0,

where <po(y) = φ(0, y), \po(y) = ψ(0, y), and

* < » - { ; • - 2 . . ' < " <3-2)

It is not hard to see that a solution of the Cauchy problem with the property

p(t, x) = p(t,2a - x), u(t, x) = -u(t,2a - x)

gives a solution of problem (1.1), (1.2) in the region χ > a, t > 0. Appropriate changes

must be made in the arguments for a nonhomogeneous boundary condition (see [1]).

The system (1.1) can be written in Riemann invariants as follows in the region t > 0:

dr , ,dr _x ds , , ds _j , . ,
3- +{u + 1)"3— = -vx lu, -5- +(u - l)-r- = vx lu. (3.3)
at ay at dj'

Here u = (r + i)/2, and the function χ = x(y) is given by (3.2). The nature of the

singularities of a solution of (1.1) with ν = 1,2 can also be established from a solution of

the problem of decay of an arbitrary discontinuity; however, unlike the case ν = 0, it is

not possible to construct this solution explicitly. In order to apply the approximate

solution constructed in the preceding section for problem (1.1), (2.1) to the various cases

of symmetry we approximate the function g(y) = vx~l{y) in (3.3) by the step function

given by gh(y) = v(a + nh)'1 for a + nh < y < a + (n + l)h, η = 0,1,.. ., and we

extend gh(y) in an odd way relative io y = α ίοτy ^ a. Consider the class Λ of piecewise

smooth solutions of the system

3/· , ι . 1 λ or ds , ,ds ,„ •.

+ ( + 1 ) + ( 1 ) (3.4)+ ( l ( + 1 ) a i < f + ( l l 1 )

with the property rx = 0, sx = 0. It is clear that in regions of smoothness such solutions

satisfy the equations (lnp), = ~ghu, u = const, and in a whole region between lines of

discontinuity a solution of (3.4) in the class Λ can be reproduced from a value at a single

point. Along with the discontinuities χ = a + nh (n = 0, +1, . . . ) in solutions in the class
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Λ we allow discontinuities corresponding to the singularities of the approximate solution
of the problem (1.1), (2.1) of decay of a discontinuity. We require that the speed of
propagation of such lines of discontinuity be determined by (2.3). The function u{t, x) is a
constant on both sides of a line of discontinuity; therefore, broken lines are lines of
discontinuity in solutions in the class Λ, and to determine a solution in a region between
lines of discontinuity it suffices to give the values of the functions r and s at a point of
intersection of these curves.

We say that the lines of discontinuity χ = a + nh (n = 0, ±1,. . .) for the right-hand
sides of (3.4) are lines of zeroth type. Lines of discontinuity of a solution in the class Λ
which satisfy the condition (2.3) with the sign " + " or " - " are said to be lines of the first
or second types, respectively.

Let us use the above arguments to construct an approximate solution of the Cauchy
problem for system (3.4) in the strip Π τ = {(t, x): 0 < t < τ}. Step functions will be
chosen as the initial functions po(x) and uo(x), a n ^ hence as the functions ro(x) and
so(x). The construction of an approximate solution begins with the solution of problem
(1.1), (2.1) at points of discontinuity of the initial data. Let (pk, uk) (k = 1,2,...,«) be
the constant values between the lines of discontinuity of the approximate solution of the
problem of decay of an arbitrary discontinuity for system (1.1) with ν = 0 and with the
data (p j , u£). By Lemma 2.1, such a solution exists and belongs to the class Λ. For
ν = 1,2 the lines of discontinuity of the approximate solution remain the same, and the
solution between the corresponding lines of discontinuity is constructed according to the
formulas

«('» x) = M/t> P( f . *) = P*exP(-gfc(*)"/t0·
When lines of discontinuity of a single type intersect, we assume that only one

discontinuity of the same type leaves the intersection point (i0, x0), and, thus, the solution
is completely determined in a neighborhood of the intersection point by the data at t = t0.
We require that lines of discontinuity of different types pass through each other with
preservation of the jumps in the invariants r and s. This property uniquely determines the
slopes of the lines of discontinuity leaving the intersection point, as well as the solution
between the lines of discontinuity. Thus, a solution of the Cauchy problem for system
(3.4) in the class Λ can be constructed in the strip Π τ for arbitrary initial step data.
Repeating the arguments given above, we construct the solution in the strips Π 2 τ \ Π τ ,
Π 3 τ \ Π 2 τ , and so on.

We make some remarks about the structure of the solution belonging to the class Λ in
the strip Π τ . The lines of discontinuity of a single type (/' = 1,2) form a "tree of
discontinuities" interior to the strip, i.e., they can only merge as the time increases.
Without loss of generality it can be assumed that only lines of discontinuity of a single
type arrive at the points (τ, yk) (k = 1,2,.. .,N{) of this problem which are bases of the
"tree of discontinuities". If two lines of discontinuity of a single type intersect at a point
(i 0, xQ) of the strip Π τ , then u'(tQ, x0) > u+(i0, x0) by (2.3), i.e., the stability conditions
hold on the line of discontinuity leaving this point. From this it follows, in particular, that
the unstable lines of discontinuity («"< w+) of a single type do not intersect in the interior
of the strip Π τ .

4. A uniform estimate of the variations of the solutions for increasing time is the main
estimate in the proof that the approximate solutions converge to an exact one. To get such
an estimate we introduce the concept of the amplitude of discontinuities of solutions in
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the class Λ. By the amplitude of a stable line of discontinuity of the z'th type (u~> U+) we

understand the quantity

i[r]~q[s], / - I , ( 4 1 )

Here [λ] = λ"— λ+ denotes the jump in the corresponding quantity along a line of

discontinuity, and q > 0 is chosen from the initial data to be sufficiently small. The

amplitude of the unstable lines of discontinuity ([κ] < 0) is measured by the quantity

η = 2(w+- «"). The main problem in this section is to estimate the sum of the amplitudes

of the discontinuities of a solution in Λ on the (n + l)st layer in terms of the correspond-

ing sum on the n th layer.

The Hugoniot conditions (2.2) on the lines of discontinuity of our solution are satisfied

approximately. We estimate how much the relations at hand differ from the exact

relations. Let (t, x) be a point of stable discontinuity of the first type ([«] > 0). We

introduce the collection Y+= Y+(t, x)(Y~= Y~(t, x)) of indices of stable (unstable) lines

of discontinuity leaving points of discontinuity of the initial functions and passing

through the point (t, x); let Η = Ση® be the sum of the amplitudes of the unstable lines of

discontinuity for j e Y~, let Δ = Σ|>]° be the sum of the jumps in the invariant r on

stable lines of discontinuity when t = 0 andy e Y+, and define Υ = 7 + U Y~, σ = a(t, x)

= s~- s+-f(r~- r+), and Γ = /(Δ) - E, e y +/([r]°). The quantity Η is the sum of the

amplitudes of the "vanished" unstable lines of discontinuity, while Γ characterizes the

interaction of the stable lines of discontinuity of a single family.

We remark that the class Λ approximate solution constructed in some strip Πτ- is

characterized by the three parameters ε, τ, and h, which are assumed to be sufficiently

small in the following arguments. Estimates uniform in these parameters will be derived

below for solutions in Λ. Let a, q, and Κ be constants depending only on the initial data

and a and T, but not on ε, τ, nor h.

LEMMA 4.1. There exists a value a, 0 < α < 1, such that the estimate

-α-ΗΔ + H)t < σ + Γ < αΗ + α ' ^ Δ + Η)ί

holds on stable lines of discontinuity.

PROOF. Note that 0 < £/,(*) < a'1. We consider a{t) along the line of discontinuity

χ = x(t) on an interval (tf, t") where there are no intersections with other lines of

discontinuity. The jump [u] and the function gh(x(t)) along this line are constant, and

If lines of discontinuity of different types intersect, then the jumps in the invariants [r]

and [s] along each of the lines are preserved. Consider the case of an intersection of

discontinuities of a single type. Suppose that two lines of discontinuity of the first type

intersect at the point (t0, x0) (quantities relating to these lines will be denoted by the

indices 1 and 2). It follows from the remark about the structure of the solutions under

consideration that one stable line of discontinuity leaves the point of intersection, and at

least one of the lines arriving at (i 0, x0) satisfies the stability condition [M], > 0 (/ = 1,2).

The jumps in the quantities on the line of discontinuity leaving (t0, x0) are determined by

the equalities [r] = [r]x + [r]2 and [s] = [ ί ] : + [s]2. Thus, at an arbitrary point of
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discontinuity (t, x) of the first type we have

J^Y
[s] - Σ [s)°j < a~Xt Σ |[«]°|, [r] - Σ Π < a"1* Σ |[«1?|· (4-2)

J^Y

The following relations are satisfied on lines of discontinuity for t = 0: [s]° = f([r]°) for
; e Y+ and [s]° = 0 for; e 7". Observe that

σ + Γ = [j] - Σ /([*•]?) +/(Δ) - / ( [ Γ ] ) , Δ Σ [r]? + Η. (4.3)
+ ,/er

Since Η > 0, the lemma follows from (2.6), (4.2), and (4.3).
REMARK 4.1. Lemma 4.1 is valid also for stable lines of discontinuity of the second type.

In this case σ = r~— r+- f(s~— s+). The quantities Υ, Η, Δ, and Γ can be determined in
a way similar to that for the quantities considered above.

In the strip Π τ consider a point (t, x) of unstable discontinuity («"(?, x) < u+(t, x)).
Only one unstable line of discontinuity joins this point with the straight line t = 0. We
mark the limit values of the solution along this line by the index 0 when t = 0. Let
Δ = «ο ~~ Μό> Η = Γ = 0, and σ = s~— s + - f(r~— r+) for a line of discontinuity of the
first type and σ = r— r+— f(s~— s+)fora line of the second type.

LEMMA 4.2. |σ| < (2α~ιτ + Κε)ϋ.

PROOF. Note that [w] = [M]0 along a line of discontinuity. Let / = 1. Since [s]Q = 0, by
(2.6) we have

)| < 2a-1i|[t/]0 | + K([u)0)
2 < (2a-lr + Ke)\[u]0\.

The estimate is obtained similarly for ;' = 2, and the lemma is proved.
It remains to consider the case when χ = a + nh, η an integer. Let σ = \r~— r+\ =

\s'~ s+\, Η = Γ = Δ = 0, and Mo = supnj«(i, x)\.

LEMMA 4.3. σ < M0\g;(x) -

PROOF. For t = 0 the jumps in the invariants r and s on the line χ = a + nh are equal to
0. Therefore, σ(ί, χ) < M0\[gh](x)\T, by the properties of the solutions in Λ. The lemma is
proved.

The constant q in (4.1) is chosen so as to estimate the sum of the amplitudes of the lines
of discontinuity of the solution on the new layer with respect to the time in terms of the
analogous quantity on the preceding layer. Let δ1 and δ 2 be the amplitudes of the shock
waves in the problem of decay of a discontinuity at the point (τ, yk), and let δ° be the
initial amplitudes of the shock waves of corresponding type when./ e Yk

+ = Y+.

LEMMA 4.4. There exists a constant q > 0 such that

^ + δ ^ δ 2 ^ Σ δ; + 4α-1(Δ + Η)τ + Μ 0 ^ Λ ] |τ . (4.4)

PROOF. Let (r#, s*) be an intermediate state in the problem of decay of a discontinuity
with the data (r *, s *) at the point (τ, yk). We first assume that a line of discontinuity of
the first type passes through (τ, yk). Then the δ° are amplitudes of waves of the first type
for; e Y+.
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1. Suppose that [κ] > 0 at (τ, yk).

a) Consider the case when two shock waves leave the point (τ, yk) (δ1 > 0, δ 2 > 0).

Here r+ < r* < r~ and s+< s* < s~. Using Lemma 4.1 and (4.2), we get

δ1 + δ 2 - £ + δ / = σ +(1 + ? ) ( / ( / - - r+) -/(/·» - r + )) - ( 1 - q)(r-- r*)

+ r-- r + - Σ My - Η + qV + / ( Δ ) - / ( r - - r + )

< -(1 - α)Η + 2β' 1(Δ + Η)τ - ( 1 - q)T

+ qa(H + α'^Δ + Η)τ) - ( 1 - q - ( 1 + ?)«)(/--- /-*)

< -?Η - ?Γ + 4α"1(Δ + Η)τ.

The last inequality is valid when q < min{(l — α)/(1 + α), 1/2}.

b) Suppose that in the solution of the problem of decay of a discontinuity the reflected

wave is an ε-fan (σ = s~— s+- f(r~- r+) < 0). Here we set δ 2 = 0. Using (4.2) and

Lemma 4.1, we get

- L δ" = r ~ r+- Σ Vr\j - H + qo - q[[s] - Σ M y
jeY j&Y <• jeY

< (1 + 2q)a'l(A + Η)τ - ^Γ - ( Ι - qa)H,

which gives us the statement of the lemma.

c) Suppose that δ 2 > 0 and δ1 = 0, i.e., a line of discontinuity of the second type and

s-wave leaves the point (τ, yk). In this case

δ2 - Σ *? = U] - Σ [s)°j +(l+q) Σ My ~ q(r~- r.) - Δ
j<EY+ jeY JEY+

< -(1 - a(l +q))A + a'1(A + H)r. (4.5)

The stability condition [«] > 0 holds at (τ, yk). The relations

0 < [u] = J [«]? = i Σ + ([^y0 + My0) - i Ijl*-]0! < Δ - \H

imply the estimate Η < 2Δ. Moreover, Γ < Δ, and (4.4) follows from (4.5) when q <

a'1 - 1.

d) Suppose that δ1 = 0 and δ 2 = 0, i.e., all ε-waves leave the point (τ, yk). In this case

the set Y+ is empty, since [u] < 0, and Δ = Γ = 0.

2. Suppose that [u] < 0, i.e., Γ = Η = 0 and Δ = [u]0. In this case |[j]| < α~ιτΔ and

IM - [r]Q\ < α~χτΔ, and the inequality δ1 + δ 2 < max{[/-],0} + max{[j],0} gives us the

statement of the lemma.

If lines of discontinuity of the second type arrive at the point (τ, yk), then the situations

l(a)-l(d) and 2 are treated similarly. We proceed to the case when a discontinuity of

zeroth type passes through (τ, yk), i.e., yk = a + nh, η an integer, and [u] = 0. For a line

of zeroth type the quantity σ = a(t, yk) is determined by the equality σ = \r~- r+\ =

|i~— s+\. In the problem of decay of a discontinuity at the point (τ, yk) the condition

[w] = 0 implies that the solution contains a shock wave and an ε-fan. In this case

δ1 + δ 2 ^ σ, and the estimate in Lemma 4.3 concludes the proof.
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For t = τ the quantities Lk, Hk, and Γ̂ . were defined at points (τ, yk) of discontinuity
of the solution. Let

Νι "ι iV,

H°= £ H t , Δ° = £ Δ Λ , Γ°= Σ Γ,.
k=\ k=\ k=\

Denote by F ° the sum of the amplitudes of the stable lines of discontinuity of the first
and second types which leave the initial points of discontinuity (0, xk) (k = 0 ,1 , . . .,N0).
For the next layer we introduce the respective quantities Δ1, Γ1, F 1 , and so on.

REMARK 4.2. In constructing class Λ solutions we chose step function with the property
limx__±xu0(x) = 0 as initial functions. Therefore,

M o = sup«(f, x) < var«( i , y) < F ° .
nT >'

The last inequality follows from the relations [u] > 0 on stable discontinuities, [u] < 0 on
unstable discontinuities, and [u] = 0 on lines of zeroth type, and it is valid when
q < 1 - a.

The estimate of the sum of the amplitudes of the discontinuities in passing from layer to
layer gives us

LEMMA 4.5. For a sufficiently small value q' > 0

q'(T° + H°) + V1 < VOexpUa-lT.

PROOF. From Lemma 4.4 and Remark 4.2,

q(T° + H°) + V1 < F° + 4α-ΗΔ° + Η°)τ + F°Tvargft(x).
X

Since \ΆΤΧ gh{x) = 2a'1 and the quantity Δ0 does not exceed 4F° for sufficiently small q,
the statement of the lemma is valid with q' = q - 4α~1τ.

REMARK 4.3. The estimate obtained in Lemma 4.5 holds for any layer with respect to
time in the constructed solution in the class Λ. Thus,

q'\ Σ (Γ1 + Η')Ι + V < ^ β χ ρ ί δ β ^ η τ (4.6)

with the constant q' chosen according to Lemma 4.5.

5. We estimate the residual of the approximate solution as ε,τ,η-* 0. To construct a
solution of problem (1.1), (1.2) we choose the initial data to be an even function po(x) and
an odd function uo(x) with respect to the point χ = a. It is not hard to see that our
solution has the same property for t > 0. Therefore, for any approximate solution the
boundary condition u = 0 at χ = a follows from the continuity of u(t, x) on lines of
zeroth type.

The Hugoniot conditions (2.2) on lines of discontinuity of a solution in the class Λ are
satisfied approximately. To estimate the deviation of the solution on the discontinuities
from the exact solution we introduce the function

Here p± and u± are the limit values from the two sides of the line of discontinuity
χ = x(t), and ξ = dx/dt is the speed of propagation of the line of discontinuity. Suppose
that the quantitites Δ, Γ, H, and σ are introduced at the point (t, χ(t)) in the same way as
in Lemmas 4.1-4.3.
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LEMMA 5.1.

PROOF. The speed of propagation of discontinuities of the first and second types is
determined from the Hugoniot conditions. Therefore, F < Κ2\σ\. The estimates in Lem-
mas 4.1-4.3 give us the required inequality with some constant Kx not dependent on ε, τ,
nor Λ.

Let φ and ψ be continuously differentiable functions with compact support in the strip
n r . We introduce the residual G(<p, ψ) of a solution in the class Λ by (3.1). Let Q be the
set of points of discontinuity of our solution. Integrating (3.1) by parts, we arrive at

= / ( ( [ ρ " Κ + [p]»t)<P

+ f (Sh~ g){<P + ut)xvpudxdt, (5.1)f h
t>0

where η = (η,, nx) = (-£, 1)/ /l + | 2 is the normal to the line of discontinuity. Let
Τ = Ντ. By Lemma 5.1 and (5.1),

\G(<p, ψ ) | « * ! Σ (Η' + Γ ' ) τ + ( τ + ε)Γ max Δ1\ + Lh, (5.2)
\ ,- = 0 i = 0,l,...,N j

where L depends on supn(|w(i, * ) | + \p{U -*)|) and on the functions φ and ψ, and does
not depend on ε, τ, nor h. By (4.6), G(q>, ψ) -> 0 as h, ε, τ -» 0.

6. We establish that the family of solutions in the class Λ is compact for h, ε, τ -» 0.
The estimate (4.6) gives us that the solutions are of uniformly bounded variation in x.
Since V" is uniformly bounded with respect to η in Π Γ , the solutions in Λ are continuous
in the following sense: for any R > 0 there exists a constant Κ not depending on h, ε, nor
τ such that

fR(\u(t\ x) - u(t, x)\ + \p(t', x) - p(t, x)\) dx < K\t' - t\

for 0 < t', t < T. These properties suffice for compactness in L^of any sequence
{u"(t, x), p"(t, x)} of solutions in the class Λ for hn, εη, τη -» 0 and η -> oo (see [2]).
Approximating the initial functions vo(x) and uo(x) of bounded variation by step
functions υζ(χ) and UQ{X) with preservation of variation, and using the compactness of
the approximate solutions of problem (1.1), (1.2) with the data VQ(X) and UQ(X), we get

THEOREM 6.1. For any functions lnpo(x) and uo(x) of bounded variation such that
u°(x) -* 0 as χ -* oo there exists a bounded generalized solution of problem (1.1), (1.2).
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