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In this paper we study two-dimensional flows of incompressible viscoelastic Maxwell media
with Jaumann corotational derivative in the rheological constitutive law. In the general case,
due to the incompressibility condition, the equations of motion have both real and complex
characteristics. Group properties of this system are studied. On this basis, two submodels of the
Maxwell model are selected, which can be reduced to hyperbolic ones. More precisely, we
consider plane shear flow between two parallel planes and Couette type flow caused by the
inertial cylinder rotation. As a result, we obtain the closed systems of three equations of mixed
type, which describe nonlinear transverse waves in an incompressible Maxwell fluid. It is
demonstrated that discontinuities can develop in elastic media even from smooth initial data.
Stability of shocks in the Maxwell fluid with and without retardation time is discussed.

© 2011 Elsevier B.V. All rights reserved.
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1. Introduction

Historically, the model of an elastic Maxwell fluid [1] was the first mathematical model of viscoelastic media. Despite a long
history, this model remains the subject of extensive mathematical studies up to now (see [2–4] and bibliography in these books).
Recently, C.I. Christov [5] found and developed the deep connection between electrodynamics and dynamics of viscoelastic
continuum. The Maxwell model is used to describe the behavior of metals under pulsing loading and the motion of melts and
solutions of polymers. However, whereas in the first case, it is necessary to take into account the compressibility of themedium, in
polymer flow, the compressibility factor does not play a significant role and the flow velocity field can therefore be considered
solenoidal. The present paper deals with the model of incompressible viscoelastic Maxwell continuum. Moreover, we restrict our
consideration to two-dimensional motions. Ourmain goal is to study nonlinearwaves in this medium. Due to its incompressibility,
this is clear that such waves can be only transverse ones.

2. Equations of motion

The incompressible Maxwell medium is characterized by the followingmaterial parameters: density ρ, dynamic viscosity μ and
relaxation time τ. Further we suppose that these parameters are positive constants.We denote the velocity, pressure, stress tensor,
and strain rate tensor by v=(v1, v2), p, P, and D, respectively. Next, it is assumed that medium is not acted upon by volume forces
or is acted upon by external forces, which have a potential.

The continuity equation of an incompressible continuous medium has the form

div v = 0: ð1Þ
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The momentum equation for any continuous medium satisfying the Cauchy stress principle is written as

ρ vt + v⋅∇vð Þ = div P: ð2Þ

To formulate the closing rheological relation, we write the stress tensor as

P = −pI + S; ð3Þ

where I is unit tensor. From the assumption of incompressibility of the medium, it follows that the pressure is no longer a
thermodynamic variable but arises as a constraint relation of the mechanical system subjected to the kinematic constraint —
solenoidality of the velocity field. The physical meaning of the quantity p in an incompressible fluid is discussed in detail by Serrin
[6], who used the notion of the mean pressure

p = − 1= 3ð Þtr P ð4Þ

and showed that the mean pressure p coincides with the usual pressure p only in the case of a linear relationship between tensors
D and P. Below, it is assumed that a linear relationship between these tensors also exists for relaxing media, in particular, for
Maxwell continuum. In this case, by analogy with Newtonian incompressible viscous fluid, we will identify the mean pressure
with the usual pressure. (More detailed justification of the validity of this assumption is performed in [7]). Then, Eqs. (3) and (4)
and the equality p = p lead to

tr S = 0: ð5Þ

In other words, the tensor S is the deviator of the stress tensor P. Unlike the case of a compressible Maxwell medium, where the
relaxation relation is written by the entire tensor P [3,8], we will assume that this relation is satisfied only by the deviator part S of
tensor P:

τ
d̃S
dt

+ S = 2μD: ð6Þ

Here d̃ = dt is one of the invariant or objective derivatives of the tensor [2,8].
The choice of this derivative is ambiguous: it can be the upper or lower convective derivative, the corotational Jaumann

derivative or their linear combination. It is important that with this choice relation (6) is invariant under rotationwith an arbitrary
angular velocity. However, as it is showed in [7], only the choice of the corotational Jaumann derivative leads to compatibility of
relations (5) and (6). Making this choice, we can rewrite the rheological constitutive law (6) in the following form:

τ
∂S
∂t + v∇S−W⋅S + S⋅W

� �
+ S = 2μD: ð7Þ

Here W is the antisymmetric part of tensor ∇v .
An important property of the system (1)-(3), (5) and (7) is the energy identity [7]. Let Ω be a flow domain and Σ be its

boundary. If Σ is a solid impermeable and immovable surface, it is subject to the no-slip condition v=0, x∈Σ, tN0. In this case, the
energy identity has a form

d
dt ∫

Ω

ρ
2
jv j2 +

τ
4μ

S : S
� �

dΩ = ∫
Ω

1
2μ

S : SdΩ:

It means that the total energy is a decreasing function of time. The same behavior of the total energy takes place for a free
boundary problem.

3. Characteristics

Let us introduce the individual notations

x = x1; y = x2; u = v1; v = v2; A = S11 = −S22; B = S12 = S21
and rewrite equations (1)–(3), (5) and (7) in new terms. We obtain the following system of first-order quasilinear equations:

ux + vy = 0;

ρ ut + uux + vuy

� �
+ px−Ax−By = 0;

ρ vt + uvx + vvy
� �

+ py−Bx + Ay = 0;

τ At + uAx + vAy + B vx−uy

� �h i
−2μux + A = 0;

τ Bt + uBx + vBy−A vx−uy

� �h i
−μ uy + vx
� �

+ B = 0:

ð8Þ
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Let us assume that the equality φ(x, y, t)=0 defines the characteristic surface of system (8). The differential equations of
characteristics have the form

φt + uφx + vφy = Fρ−1=2½ð μτ + AÞφ2
x + 2Bφxφy + ð μτ−AÞφ2

y �1=2;
φt + uφx + vφy = 0; φx = Fiφy:

ð9Þ

It is reasonable to draw an analogy between the characteristics of system (8) and the characteristics of the system of equations
of plane-parallel motion for an ideal incompressible fluid. The latter contains three first-order equations and has two complex
characteristics and one real trajectory characteristic. The equations of these characteristics coincide with the last three equations
in Eq. (9). The presence of complex Cauchy-Riemann characteristics for both systems is provided by incompressibility of the
medium. The first two characteristics (9) should be called sound characteristics because they have a form, which reminds us of the
sound characteristics form in gas dynamics.

First two characteristics (9) are real if the inequality

τ A2 + B2
� �1=2≤ μ ð10Þ

providingnonnegativity of the radicand is fulfilled. In otherwords, tensor μτ−1I+S does not deviate significantly froma diagonal one.
Physically, it means that the maximal shear stress in the medium with stress tensor deviator S does not exceed the quantity μ/τ
(remark byA.G. Kulikovskii). If the opposite to inequality (10) is satisfied, thedevelopment of short-waveHadamard type instability is
possible. Even if the inequality (10) is fulfilled at the initial time, this does not guarantee that it will be satisfied during motion. The
open problem is how to prevent the appearance of complex “sound” characteristics in the process of motion under natural boundary
conditions (say, no slip conditions) in terms of initial data.

In addition, we note that the equation of characteristics for the system of equations describing the two-dimensional motion of
an incompressible viscoelastic Maxwell medium without the assumption tr S=0 are given in [9]. In this paper, the upper-
convected derivative was taken as an objective derivative of tensor P. It turned out that the corresponding system has two sound
characteristics, two complex Cauchy-Riemann characteristics and a double trajectory characteristic. In the same paper, the
formulation of initial-boundary value problems for this system is discussed.

The presence of complex characteristics in system (8) means, in the general case, that this system has an infinite dependence
domainwhichmakes it difficult to study its wave properties. Using themethods of group analysis of differential equations [10], we
can find a number of submodels of the initial model (8) containing two sound and one trajectory characteristics. More precisely,
we will study shear motions, rotationally symmetric motions (the Couette type problem) and introduce a new class of motions
having more complicated group theoretic nature.

4. Group properties

The largest group admitted by system (8) is calculated in [11]. The basic operators of this group have the form

X1 = ∂t ;
X2 = y∂x−x∂y + v∂u−u∂v + 2B∂A−2A∂B;
X3 = α tð Þ∂x + α̇ tð Þ∂u−ρxα̈ tð Þ∂p;
X4 = β tð Þ∂y + β̇ tð Þ∂v−ρyβ̈ tð Þ∂p;
X5 = γ tð Þ∂p;

ð11Þ

where α, β and γ are arbitrary functions of the class C∞; dots denote differentiation with respect to the argument. Thus, the
admitted group is infinite-dimensional, and, hence, it is pertinent to speak of a Lie pseudo-group rather than a group. The operator
X1 corresponds to translation in time, and the operator X2 corresponds to coordinated rotations in the planes (x, y), (u, v), and (A,
B). The operators X3, X4, and X5 are specific to the equations of an incompressible continuous medium [12]. The first two of them
correspond to transition to a non-inertial coordinate systemmoving along the x (ory) axis with velocity α̇ or β̇

� �
. The presence of

the operator X5 among the basic operators implies that the pressure in system (8) is determined within an arbitrary function of
time.

Sequentially setting α=1, β=1, α= t, β= t, we obtain the operators of translation and Galilean translation along the x and y
axis

Y1 = ∂x; Y2 = ∂y; Y3 = t∂x + ∂u; Y4 = t∂y + ∂v: ð12Þ

The Lie pseudo-group admitted by system (8) is a source of its exact solutions, the simplest of which are shear or layered flows.
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5. Shear flows

5.1. Maxwell fluid

Below, we consider a solution of system (8), which is invariant with respect to the translation along the y axis. In this solution
all the sought functions depend only on x and t. Without loss of generality, we can set u=0. The functions v, A, and B satisfy the
closed system of equations

ρvt = Bx; τ At + Bvxð Þ + A = 0; τ Bt−Avxð Þ + B = μvx: ð13Þ

If the solution of system (13) is known, the function p can be found by means of quadrature from the first equation of system
(8), in which it is necessary to put u=0 and By=0.

Unlike the basic system (8), system (13) is evolutionary with respect to all sought functions. It is hyperbolic if the inequality τA
μN0 is satisfied. It turns out that this system can be transformed into the gas dynamics system with source terms and a special
constitutive law. To this end, we introduce new sought functions q, φ so that

q = ½ðA + κÞ2
+ B2�1=2; φ = arctan½BðA + κÞ−1�;

where κ=μ/τ. Functions v, q, and φ satisfy the following quasilinear system of equations:

φt = vx−δκq−1sinφ; vt = ρ−1 qsinφð Þx; qt = δ κcosφ−qð Þ: ð14Þ

Here δ=τ−1 is the inverse relaxation time.
We begin study of system (14) from consideration of the simplest case δ=0. This case corresponds to passage to the limit τ→∞

while μ→∞ also so that their relation κ remains a positive constant. To make clear the physical sense of made assumptions, let us
introduce dimensionless parameters

We =
τU
L

Weissenberg numberð Þ and Re =
ρU L
μ

Reynolds numberð Þ

Here U is a characteristic velocity and L is a characteristic linear scale. Since μ/τ has the dimension of pressure, let us choose ρU2

as its characteristic value. As far as μ/τ=ρU2(Re We)−1 , the finiteness μ(τρU2)−1 as τ→∞ (and hence We→∞ under U and L are
fixed) means that Re→0 preserving their product to be finite.

In the case δ=0 the system (14) turns into

φt = vx; vt = ρ−1 qsinφð Þx; qt = 0: ð15Þ

It is remarkable that system (15) coincides with the system of an inviscid gas motion written in the mass Lagrangian
coordinates [13]. In this connection, φ and q play the roles of specific volume and specific entropy, respectively, and the
corresponding gas equation of state has the form

Q = C−ρ−1qsinφ; ð16Þ

where Q is an analog of the gas pressure and C is a constant. Since q≥0 by definition, the strict hyperbolicity condition for system
(15) is |φ|bπ/2. However, in the contrast to classical gas dynamics, where function Qφφ preserves its sign, in our case function Q
defined by relation (16) has an inflection point at φ=0. This circumstance leads to significant difficulties in the study of the initial
boundary value problem for the system (15).

For q≡const Eqs. (15) are reduced to system of two equations. For "isentropic" flowswith q≡q0N0we can use the velocity scale
U=(ρ−1q0)1/2 and arbitrary length scale L for dimensionless variables

x = x = L; v = v =U; t = tU = L; φ = φ;

therefore, we put ρ−1q0=1 in (16), when dimensionless variables are used (the bar is omitted below).
The simplest variant of an initial value problem for (15) is the Riemann problem

φ; vð Þ j t=0 =
φ−

; v−ð Þ; x b 0
φþ

; vþ
� �

; x N 0

�
ð17Þ

with constant initial states φ±, v± . The Riemann problem for isentropic flows (q≡q0N0) with a nonconvex pressure function
Q=Q(φ) having a finite number of inflection points is considered in [14] . The general approach to the problem for gas dynamic
equations and related problems can be found in [13]. It follows from [13,14] that the solution of (15), (17) with q≡q0 can be
constructed in a class of self-similar solutions depending on the variable ξ=x/t and containing a finite number of simple centered
waves and stable shocks.
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Let (r, s) be the Riemann invariants for (15), i.e.

r = u−σ φð Þ; s = u + σ φð Þ; σ φð Þ = ∫
φ

φ0

λ sð Þds; λ φð Þ =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos φð Þ

p
:

We say that a solution of (15) is r -wave if ξ=−λ(φ), r≡const for ξlbξbξrb0, and a solution of (15) is s-wave if 0bξlbξbξr,
s≡const. Note that boundaries of r-waves and s-waves are characteristics of (15), so we can construct continuous solutions of (15)
combining constant states and simple waves.

A solution of (15)–(17) may contain also shocks. They are lines such that the Rankine-Hugoniot conditions are satisfied

c v½ � = Q½ �;
c φ½ � = − v½ � ð18Þ

for the jumps of the dependent variables through the discontinuity. It is known that for correctness of the Riemann problem
shocks must satisfy additional stability conditions [13,14]. For convex functions Q(φ) stable shocks satisfy the Lax conditions,
which for Eq. (15)-(16) take the form

λ φ0ð Þ bc2 bλ φ1ð Þ; ð19Þ

where φ0, φ1 denote the states before and behind the shock, respectively: φ0=φ(c−0), φ1=φ(c+0) for cb0 and φ0=φ(c+0),
φ1=φ(c−0) for cN0. For a nonconvex pressure term Q=Q(φ) the conditions (19) must be replaced as follows:

c2 =
Q1−Q0

φ0−φ1
≥Q̃−Q0

φ0−φ̃
ð20Þ

for any values of φ̃ : φ̃−φ0

� �
φ̃−φ1

� �
b0 and Q0 = Q φ0ð Þ;Q1 = Q φ1ð Þ; Q̃ = Q φ̃

� �
[13]. Note that (20) provides the monotone

dependence c=c(φ1) for a fixed state φ0. It means that the segment of the straight line connecting the points (φ0, Q0) and (φ1, Q1)
on the (φ, Q)-plane doesn't intersect the graph of the function Q=Q(φ) between these points. Fig. 1 illustrates the stability
condition (20) for dependence (16) with C=0, ρ−1q=1. One can see that all stable shocks connect the fixed point (φ0, Q0) with
the points of the graph Q=Q(φ), which are lying between the points 0 and 1. The point 1 shown in Fig. 1 corresponds to the shock
of maximal amplitude or “sonic” shock, since

c2 =
Q1−Q0

φ0−φ1
= −Q ′ φ1ð Þ = λ2 φ1ð Þ:

The shock connecting the points 0 and 2 in Fig. 1 is not stable in view of (20). The transition 0 to 2 can be realized by the
combination of wavesmoving to the right (cN0), which consists of the shock of maximal amplitude (0–1) and of s-wave (1–2). The
transition 2–0 in a wave moving to the right consists of the stable shock (2–3) and of s-wave (3–0). Corresponding values v=v(ξ)
can be found from (18) and the definition of s-wave.

Compatibility of the stability conditions (20) for shocks with results of numerical calculations of unsteady flows containing
discontinuities is illustrated inFig. 2a,where anumerical solutionof the initial valueproblemwithperiodicpiecewise constantdata

φ; vð Þ j t=0 = F φ0; v0ð Þ for 2π k−:25ð ÞFπ = 2 bx = 5 b2π k + :25ð ÞFπ = 2; k = 0;F 1;F 2;… ð21Þ

is shown. Here φ0=1.03, v0=−.98 are chosen to provide the samewave configuration as it is shown in Fig. 1. The calculations are
performed by the Godunov method. The value of time t=28 is chosen so that there is no interaction between waves. The

Fig. 1. Shocks on (φ, Q) — plane.
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numerical solution contains the stable shocks 0–2 and 2–3movingwith a constant velocity and the nonstationary s-waves 1–2 and
3–0. It follows from Fig. 2a that the stability criterion (20) is in accordance with the numerical realization of shocks and the
"rarefaction" shocks can develop in the Maxwell fluid.

As it was mentioned above, the problem (14), (17) with finite relaxation time (δN0) doesn't admit self-similar solutions. The
right hand terms in (14) provide effective decay of wave amplitudes in unsteady flows. Nevertheless, the main features of shocks
in flowswith δN0 correspond to discontinuous solutions of (15) with δ=0. The numerical solution of (14), (21) with δ=.05, k=1
is shown in Fig. 2b for t=35 . In spite of more complicatedwave interaction comparing with the case δ=0 (Fig. 2a), the numerical
solution again contains the “sonic” shocks followed by smooth waves, which are analogous to s-waves.

Self-similar solutions of (15) may be applied also to solve initial-boundary value problems, which are more adequate to the
models under consideration. For example, a solution of the problem

φ; vð Þ j t=0 = φ1; v1ð Þ; x N 0;

v t;0ð Þ = vb tð Þ; t N 0
ð22Þ

for φ1(t)≡φ0, v1≡0, vb=−2v0, (φ0, v0) taken from (21), is represented by the combination of the shock of maximal amplitude (0–
1) followed by s-wave (1–2) as it is shown in Figs. 1 and 2a.

It is well-known that discontinuities or shocks can develop in solutions of nonlinear hyperbolic systems of equations even from
smooth initial and boundary data. Therefore, in a solution of the problem (15) and (22) with harmonic perturbations vb(t) applied
to the boundary of the viscoelastic fluid at rest, the sawtooth shape of waves can appear after some time of flow development. The
velocity distribution in a wave train generated by the modulated harmonic perturbation at x=0

vb tð Þ = V tð Þsin ωt;V tð Þ = V0 sin πt = Tð Þsgn T−tð Þ ð23Þ

with V0=−1.2, ω=.47, T=30 is shown in Fig. 3 for t=35.One can see that a series of the shocks of maximal amplitude has
developed in the initially smooth wave packet. Note that analogous structure of flow is reproducing in the periodic solution of the
problem (15) and (21) for tN60, when the shocks start to interact with the preceding s-waves.

a)

b)

Fig. 2. Periodic transversal waves in the Maxwell fluid:

a) Problems (15) and (21) for “isentropic” flows ;
b) Problem (14) and (21) with δ=.05, k=1.
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5.2. Structure of shocks in Maxwell fluid with retardation time

In previous section the stability criterion (20) was introduced for discontinuous solutions of Eq. (14). The stability conditions
for shocks follow from the general theory of nonlinear hyperbolic systems and are closely related to the problem of the correctness
of initial value problems [13]. There is another approach to stability of shocks, which is known in gas dynamics as the method of
vanishing viscosity. After including some dissipative processes in a model, unstable shocks can be removed from the consideration
by solution of the special boundary value problem on the structure of the shock in dissipative media. In our case such models are
represented by a class of viscoelastic fluids of Oldroyd type, more exactly for Maxwell or Jeffreys models with retardation time
[15]. For the simplest case of shear flows Eqs. (15)–(16) are replaced by the following system (q≡const)

vt + Qx = εvxx;
φt−vx = 0: ð24Þ

Here ε is the retardation parameter (ε≪1). Let (φ±, v±) be two different constant states. Travelling waves of (24) are smooth
solutions depending on the variable ξ=x−ct. We consider a travelling wave of (24) as a shock profile of (24), which connects
(φ−, v−) and (φ+, v+), if φ(ξ)ξ→±∞=φ±, v(ξ)ξ→±∞=v±. It is shown in [16] for a convex pressure term Q=Q(φ) that there
exists a shock profile (φ(ξ), v(ξ)) connecting (φ−, v−) and (φ+, v+) if and only if the states (φ±, v±) and the wave velocity satisfy
the Rankine–Hugoniot relations (18) and the Lax condition (19). Moreover, this result is true for a monotone decreasing function
Q=Q(φ) containing only one inflection point, say, φ=0. More exactly, they assumed that Q′(φ)b0 and Q″(φ)N0 or Q″(φ)b0 for
φb0 or φN0, respectively. Therefore, for the case considered in [16] there was no need for introducing the stability criterion (20).
For pressure term (16) we have φ ⋅Q″(φ)≥0 and we cannot apply the results of [16] to Eq. (24), but we can follow the
considerations outlined in [14] for a monotone nonconvex pressure function.

We put the velocity scale U=(ρ−1q0)1/2 and may choose the length scale L so that ε=1 and Eq. (24) take the form

vt− sinφð Þx = vxx;
φt−vx = 0: ð25Þ

Travelling waves of Eq. (25) with the boundary condition

φ ξð Þ; v ξð Þð Þ→ξ→−∞ φ−
; v−ð Þ ð26Þ

are described by the equations

cv + sinφ + v′ = cv− + sinφ−
;

cφ + v = cφ− + v−
ð27Þ

or

φ′ =
c2 φ−−φð Þ + sinφ−sinφ−

c
= Φ φð Þ: ð28Þ

The solution of Eqs. (26)–(27) is given by the quadrature

ξ = ∫
φ

φ−

ds
Φ sð Þ : ð29Þ

Fig. 3. The structure of the solution of the problem (15), (22) and (23).
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In view of (26) we have Φ(φ)N0 for φNφ− and Φ(φ)b0 for φbφ− in a vicinity of φ−. It means that

c2b
sinφ−sinφ−

φ−φ− : ð30Þ

Suppose there is a value φ+ such that Φ(φ+)=0 andΦ(φ)≠0 for any values of φ : (φ−−φ)(φ+−φ)b0 . It follows from Eqs.
(28)–(29) that v′(ξ)→0, φ(ξ)→φ+, v→v+ for ξ→∞ and the conditions (18) and (20) are fulfilled for the states (φ±, v±), i.e. the
existence of a shock profile of Eq. (24) is equivalent to the conditions (18) and (20). It remains to note that the existence of a shock
profile for (24) as well as the stability criterion (20) cannot be fulfilled when the function Φ(φ) changes its sign between the
values φ+ and φ−. Therefore, the method of “vanishing viscosity” gives the same stability conditions for shocks as the stability
criterion (20).

6. Couette type flows

Below r=(x12+x2
2)1/2, θ=arctan(x2/x1) denote polar coordinates in the plane x1, x2 and vr, vθ denote corresponding

components of velocity. Let us consider motion of the Maxwell fluid in the ring r1b rb r2 under the following boundary
conditions:

vr = 0; vθ = 0; r = r2; t N 0; ð31Þ

vr = 0; vθ = ω tð Þr1; r = r1; t N 0; ð32Þ

where ω(t) is angular velocity of the inner cylinder. We suppose that the outer cylinder is an immovable one while the inner
cylinder rotates by inertia. In this case, equalities (31) mean the no-slip conditions and function ω satisfies the differential
equation

J
dω
dt

= M; t N 0: ð33Þ

Here J is a moment of inertia of the inner cylinder, and M is a moment of friction forces acting on it from the environment.
Let us put the initial conditions

vr r;0ð Þ = 0; vθ r;0ð Þ = v0 rð Þ; ω 0ð Þ = ω0; r1br br2; t = 0; ð34Þ

Srr r;0ð Þ = Srr; 0 rð Þ; Srθ r;0ð Þ = Srθ; 0 rð Þ; r1br br2; t = 0; ð35Þ

where Srr=−Sθθ, Srθ=Sθr are corresponding elements of tensor S in polar coordinates. In view of independence of initial and
boundary conditions on θ , we are able to search for rotationally-symmetric solution of systems (1)–(3) and (7). We immediately
obtain vr=0, and the sought functions satisfy the system of equations

ρ
∂vθ
∂t =

∂Srθ
∂r +

2Srθ
r

;
∂Srr
∂t +

Srr
τ

= −Srθ
∂vθ
∂r − vθ

r

� �
;

∂Srθ
∂t +

Srθ
τ

= Srr +
μ
τ

� � ∂vθ
∂r − vθ

r

� �
:

ð36Þ

System (36) has three families of characteristics. Their differential equations are

dr0

dt
= 0;

drF
dt

= F
1
ρ

Srr +
μ
τ

� �
 �1=2
:

Condition of hyperbolicity for the system (36) is

Srr + μτ−1≥0: ð37Þ

Under appropriate smoothness and compatibility conditions of input data, initial boundary value problems (31)–(36) has
unique smooth solution if inequality Srr, 0+μτ−1N0, r∈ [r1, r2], is fulfilled.

We notice that fulfillment of strict inequality (37) at initial time does not guarantee its fulfillment in the process of evolution.
Besides, an appearance of the solution discontinuities is possible during this process. Structure of originating shocks is very similar
to that one, which was studied in the previous section. Therefore we will not discuss this question here.

Our interest in the problem (31)–(36) is induced by experimental results of the paper [18]. Its authors studied the inertial
rotation of a vertical cylinder placed in a vessel of large diameter filled with water. The viscosity effect was responsible for a
reduction in the angular velocity of the cylinder with time, as it was observed in the experiment. However, it turned out that in the
final stage of rotation, the velocity of rotation of the cylinder changed nonmonotonically. Damping oscillations with a period of
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about half an hour were found. The inertial rotation of a solid disk placed on the free water surface in a cylindrical vessel was
investigated and a damping oscillation mode was found in [19]. Similar modes have also been observed in other working media.
This suggests that, along with viscosity, elasticity is a significant factor, which determines the behavior of water at low shear strain
rate of the order 10−3s−1 . It is reasonable to assume that the final stage of the approach of fluid to equilibrium can be described in
terms of solution of a linear model.

Let us linearize the system (36) around the rest state and set w=Srθ. Functionw is a solution to the following initial boundary
value problem:

τ
∂2w
∂t2

+
∂w
∂t =

μ
ρ

∂2w
∂r 2

+
1
r
∂w
∂r − 4

r 2
w

 !
; r1br br2; t N 0; ð38Þ

J
∂w
∂r +

2
r
w

� �
= 2πρr31w; r = r1;

∂w
∂r +

2
r
w = 0; r = r2; t N 0; ð39Þ

w = w0;
∂w
∂t = −w0

τ
+

μ
τ

dv0
dr

− v0
r

� �
; r1br br2; t = 0; ð40Þ

where w0 and v0 are given functions of r.
Solution to the problem (38)-(40) is constructed by the Fourier method. We omit this routine procedure here but discuss

briefly its spectral properties. Operator generated by relations (38) and (39) has two series of eigenvalues

λþ
k = − 1

2τ
1 + 1−4μτν2

k

ρr21

 !1=2" #
; λ−

k = − 1
2τ

1− 1−4μτν2
k

ρr21

 !1=2" #
: ð41Þ

Here νk are roots of the transcendental equation

J1 αvð Þ Y2 νð Þ−mνY1 νð Þ½ �−Y1 ανð Þ J2 νð Þ−mνJ1 νð Þ½ � = 0; ð42Þ

where Jn(ν), Yn(ν) are the first and second kind Bessel functions of order n, and

α =
r2
r1

; m =
J

2πρr41
are an aspect ratio and dimensionless cylinder moment of inertia, respectively. Eq. (42) has a countable set of real roots
0bν1bν2b…bνkb… and νk→∞ as k→∞. Dependence of first and second roots of Eq. (42) on parameters α andm are presented
on Figs. 4 and 5.

Fig. 5. The second root of dispersion Eq. (42).

Fig. 4. The first root of dispersion Eq. (42).
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Spectrum of the problem under consideration has no more than a finite number of real eigenvalues λk
+, λk

− and two
condensation points λ⁎= i∞ and λ⁎ ⁎=− i∞. This is clear that Re(λk

+)b0, Re(λk
−)b0, for all k. Returning to the paper [17], we

observe that typical values of input data in experiments performed in the paper are the following: α∼0.02,m∼0.5, ν1∼0.08 while
r1=0.4cm, ρ=1g/cm3, μ=0.01g/cm⋅ s. It means that the principal eigenvalues λ1

+ and λ1
− of the spectral problem are complex if

only τ is about 600s and more. According to results of [18], the best correspondence between experiments with rotating disk on
the free surface of water and numerical simulation based on the Maxwell model takes place if relaxation time is 1760s. The
characteristic values of velocity strain rate in both experiments are about 10−3s−1. At this choice, the formulae (41) give value of
decrement for damping oscillations of a rotating cylinder in water as 2.84 ⋅10−4s−1. At the same time, a typical frequency of
oscillations has value about 3.83⋅10−4s−1. These values are in a satisfactory agreement with data obtained in paper [17].

7. Discussion and conclusions

a) Systems (13), (15), (36) and (43) describing effectively one-dimensional motion of an incompressible Maxwell fluid are
unified by one common property: being the hyperbolic systems originally, they can change their type with time. Belowwe give
a simple example of this situation.System (15) has the exact solution

φ = φ tð Þ; v = xχ tð Þ; q = cρ−1x2;

where c=constN0 and functionsφ,χ satisfy the equations φ̇ = χ; χ̇ = csinφ. Startingwith initial dataφ(0)=0,χ(0)=dN0, which
provide the hyperbolicity condition |φ|≤π/2 at small t, we arrive at the equation φ̇ = d2 + 2c 1−cosφð Þ� 1=2 . This is clear that the
solution (n) goes out of the hyperbolicity domain if tNπ/2d.

b) The Maxwell fluid considered in this paper belongs to the class of viscoelastic fluids of Oldroyd type studied in [15]. It is worth
to note that the equality (5) is not used for the statement of constitutive law in [15]. Nevertheless, the equations of plane shear
flows considered in [15] are reduced to the Eqs. (24) and (13) for the Maxwell model with and without retardation time,
respectively.

c) The experimental observation of shocks during transverse wave propagation in an elastic medium have been reported in [19].
The structure of the wave train generated by the moving wall (Fig. 2a in [19]) is reproduced qualitatively (and even
quantitatively after proper scaling of variables) in the solution of the problem (15) and (22) shown in Fig. 3. The wave packet,
generated by a harmonic perturbation applied to the wall, contains a series of shocks followed by smooth waves. The specific
features of shocks are explained in the frame of the Maxwell model for shear flows (Section 5).

d) There are two dissipative factors in the model of Maxwell fluid: stress relaxation and liquid viscosity. We discuss here their
influence on the example of oscillations damping in the Couette type flow. Analysis of formulae (41) shows that stress
relaxation is the main damping factor in this flow. Moreover, the growth of viscosity at fixed relaxation time leads to
appearance of oscillation in the problem (38) and (39). At the same time, if viscosity is sufficiently large, decrement of
oscillation damping is determined by relaxation time only.

e) Looking at Figs. 4 and 5, we see that dependence of the first two roots of Eq. (42) on dimensionless inertia moment of a cylinder
m is significant for small aspect ratio α only. This fact has a natural physical explanation. If we fix outer cylinder radius r2 and
tend α to infinity, it means that r1→0. If aspect ratio is large, influence of cylinder inertia moment is restricted by a small
vicinity of cylinder while eigenvalues of the spectral problem are determined by motion of the full liquid mass.

f) Above mentioned examples of the shear flow and the Couette type flow do not exhaust all situations, in which the studied
model admits a hyperbolic submodel separation. Once more example may be given by an invariant solution of the system (8)
with respect to operator

X = ∂y + Ω t∂x + ∂uð Þ

admitted by this system (here Ω=const). The system can be reduced to a third order hyperbolic system with independent
variables t, ξ=x−Ωyt. Its solutions describe interaction of stress waves with an uniform shear flow in the incompressible
Maxwell fluid.
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