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Abstract—A two-dimensional motion of an incompressible viscoelastic Maxwell continuum
is considered. The system of quasilinear equations describing this motion has both real and
complex characteristics. A class of effectively one-dimensional motions is analyzed for which the
original system of equations is decomposed into a hyperbolic subsystem and a quadrature. The
properties of the hyperbolic submodels obtained depend on the choice of the invariant derivative
in the rheological relation. When one chooses the Jaumann corotational derivative as the
invariant derivative, the equations of the submodel remain quasilinear. They can be represented
in the form of conservation laws, which allows one to analyze discontinuous solutions to these
equations. When one chooses the upper or lower convected derivative, the equations of one-
dimensional hyperbolic submodels turn out to be linear. The problem of shear motion between
parallel plates and the problem of interaction between the stress field that does not depend on
one of the coordinates and a transverse shear flow with initially constant vorticity are studied in
detail. It is established that a plane Couette flow in the model with the corotational derivative
is unstable in the linear approximation in the class of shear flows if the Weissenberg number
is greater than one. The development of small perturbations gives rise to discontinuities in
tangential velocities and stresses. The hysteresis phenomenon is observed when the Weissenberg
number successively increases and decreases while passing through a critical value. The Couette
flow in models with the upper and lower convected derivative remains stable with respect to
one-dimensional perturbations.

DOI: 10.1134/S0081543813040081

1. INTRODUCTION

The behavior models of a viscoelastic Maxwell medium have been the subject of numerous
mathematical studies (see monographs [1–3], survey [4], papers [5–8], and references cited therein).
The mathematical nature of these models depends on the extent to which the compressibility of a
medium manifests itself. This factor plays a key role when blast loads are exerted on a continuum;
however, this factor can be neglected when studying flows in a boundary layer. Under natural
constraints of thermodynamic character, the equations of motion of a compressible viscoelastic
medium are of hyperbolic type [3]. The important hyperbolicity property is lost when the medium
is incompressible. In the latter case, under an additional assumption that the parameters of the
medium are independent of temperature, the behavior of the medium is described in terms of the
velocity vector v, pressure p, and stress tensor P = −pI + S, where I is the unit tensor and S is the
viscoelastic component of the tensor P . The material characteristics of a viscoelastic medium are its
density ρ, dynamic viscosity μ, and relaxation time τ . Below, these parameters are assumed to be
constant. In addition, it is assumed that no external volume forces are exerted on the medium. The
case when external forces are potential reduces to the previous case by a standard transformation
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of pressure. Under the assumptions made, the equations of motion of an incompressible viscoelastic
Maxwell medium have the form

divv = 0, ρ(vt + v · ∇v) = −∇p + div S, τ
d̃S

dt
+ S = 2μD. (1.1)

Here D is the tensor of deformation rates of the vector field v, and the symbol d̃/dt denotes one of
invariant, or objective, derivatives of the tensor S [1, 2]. The choice of this derivative is ambiguous;
this may be the upper or lower convected derivative, the Jaumann corotational derivative, or a
combination of them. It is important that under such a choice the last relation in (1.1) is invariant
with respect to rotation with an arbitrary angular velocity.

Consider the last equation of system (1.1) and choose the invariant derivative to be the Jaumann
corotational derivative:

τ

(
∂S

∂t
+ v · ∇S − W · S + S · W

)
+ S = 2μD, (1.2)

where W is the antisymmetric part of the tensor ∇v. Then it turns out that the system of equa-
tions (1.1) is consistent with the additional relation

Tr S = 0, (1.3)

provided that this relation holds at the instant t = 0 [7]. In this paper, we also discuss the
thermodynamic meaning of relation (1.3). If we take the upper convected derivative as d̃S/dt,

τ

(
∂S

∂t
+ v · ∇S −∇v · S − S · ∇vT

)
+ S = 2μD, (1.4)

then system (1.1), (1.3), (1.4) becomes overdetermined. In the general case, it has no solution. The
same occurs if we take the lower convected derivative as d̃S/dt in the third relation in (1.1),

τ

(
∂S

∂t
+ v · ∇S + S · ∇v + ∇vT · S

)
+ S = 2μD.

Irrespective of the choice of the invariant derivative in the system of quasilinear equations (1.1),
this system has a composite form. For this reason, the general theory of initial–boundary value prob-
lems for the indicated system has not been constructed even in the two-dimensional case, although
the form of boundary conditions was discussed in monograph [2], survey [4], and papers [5–12].
In [9], the problem of solvability of the initial–boundary value problem for two-parameter models
of a viscoelastic medium considered in the present paper is associated with the concept of evolu-
tionarity of flows. In particular, it is shown that the requirement of the evolutionary character
of one-dimensional flows leads to the hyperbolicity of the systems of equations (1.1), (1.2), (1.4).
In [9], Rutkevich also considered discontinuous solutions of these systems and gave a classification of
possible discontinuities. For the semilinear system (1.1), (1.4), he analyzed the evolution of strong
discontinuities in one-dimensional flows with rectilinear trajectories. In [13, 14], analogs of the
Poiseuille flow were studied and their stability for a four-parameter Oldroyd model of a viscoelastic
medium was examined with allowance for the processes of relaxation and retardation of stresses. The
weak discontinuities in such flows were analyzed. The obtained solutions with weak discontinuities
were used to explain the so-called spurt effect (development of instability of smooth solutions in
supercritical flow regimes in a cylindrical channel) and the associated hysteresis phenomenon. The
subject of the present study is effectively one-dimensional solutions of system (1.1) that are selected
by the methods of group analysis of differential equations [15].
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HYPERBOLIC SUBMODELS OF AN INCOMPRESSIBLE MEDIUM 79

Denote by u and v the projections of the velocity vector onto the axes of the Cartesian coordinate
system x, y on the plane and introduce the following notations for the elements of the tensor S:

Sxx = A, Sxy = Syx = B, Syy = C.

In the case of plane-parallel motion, the number of sought functions in system (1.1) decreases from
ten to six: these are the functions u, v, p, A, B, and C. When considering the model with the
Jaumann corotational derivative, we can pass to the invariant manifold defined by relation (1.3);
then C = −A. The functions u, v, p, A, and B satisfy the following system of equations:

ux + vy = 0,

ρ(ut + uux + vuy) + px − Ax − By = 0,

ρ(vt + uvx + vvy) + py − Bx + Ay = 0,

τ
[
At + uAx + vAy + B(vx − uy)

]
− 2μux + A = 0,

τ
[
Bt + uBx + vBy − A(vx − uy)

]
− μ(uy + vx) + B = 0.

(1.5)

In the next three sections, we study the type of system (1.5) and the group properties of this system,
construct its exacts solutions, and carry out the stability analysis of the simplest of these solutions,
the Couette flow.

2. HYPERBOLIC SUBMODELS

Suppose that the equality ϕ(x, y, t) = 0 defines a characteristic surface of system (1.5). The
differential equations of the characteristics are

ϕt + uϕx + vϕy = ±ρ−1/2
[(μ

τ
+ A

)
ϕ2

x − 2Bϕxϕy +
(μ

τ
− A

)
ϕ2

y

]1/2
,

ϕt + uϕx + vϕy = 0, ϕx = ±iϕy.

(2.1)

It is relevant to draw an analogy between the characteristics of system (1.5) and those of the
system of equations of plane-parallel motion of an ideal incompressible fluid. The latter system
contains three first-order equations and has two complex and one trajectory characteristics. The
equations of these characteristics coincide with the last three equations in (2.1). For both of these
systems, the presence of complex characteristics is associated with the incompressibility of the
medium. The first two characteristics (2.1) of a viscoelastic medium can be naturally called sound
characteristics. However, the fact that the inequality A2 + B2 ≤ μ2τ−2 holds at t = 0, which
provides the nonnegativity of the radicand in the first two equations in (2.1), does not guarantee
that this inequality will hold during the motion. When the opposite inequality A2 + B2 > μ2τ−2

holds, a short-wavelength Hadamard instability may develop.
A specific feature of system (1.5) is that it is not evolutionary with respect to pressure. Therefore,

it is inappropriate to consider the Cauchy problem with initial data at t = 0 for this system. The
question of solvability of initial–boundary value problems for this system in the general case remains
open. Our goal is to select a class of solutions to system (1.5) for which one can formulate well-posed
problems. To this end, we apply the methods of group analysis of differential equations [15]. In [16],
an infinite-dimensional pseudogroup admitted by system (2.1) is calculated. The basis operators
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of this pseudogroup are
X1 = ∂t,

X2 = y∂x − x∂y + v∂u − u∂v + 2B∂A − 2A∂B ,

〈α(t)〉3 = α(t)∂x + α̇(t)∂u − ρxα̈(t)∂p,

〈β(t)〉4 = β(t)∂y + β̇(t)∂v − ρyβ̈(t)∂p,

〈γ(t)〉5 = γ(t)∂p.

(2.2)

Here α, β, and γ are arbitrary C∞ functions of t and the dot denotes the derivative with respect
to t. An optimal system of one-parameter subalgebras is given by

X1 + CX2, X2 + 〈γ(t)〉5, 〈α(t)〉3 + 〈β(t)〉4, 〈γ(t)〉5, (2.3)

where C is an arbitrary constant [16].
The knowledge of the group admitted by system (1.5) allows one to construct its invariant and

partially invariant solutions. Examples of such solutions are given in [4, 6, 9, 16–20]. The solutions
corresponding to operators (2.3) are determined from systems with two independent variables. Our
concern are the cases when one of these variables is time and a hyperbolic subsystem can be split
from the reduced system. In this case, we can speak of hyperbolic submodels of the original model
of an incompressible viscoelastic Maxwell medium.

The above-formulated requirements for the invariant solutions to system (1.5) eliminate the
operators X1 + CX2 and 〈γ(t)〉5 from the family (2.3). If C �= 0, then the operator X1 + CX2

generates a steady-state flow in a rotating coordinate system. When C = 0, the invariant solution
itself is steady. As regards the operator 〈γ(t)〉5, no invariant solutions correspond to it.

The solutions constructed with the use of the operator X2 + 〈γ(t)〉5 describe rotationally sym-
metric motions. However, if γ �= 0, then pressure ceases to be a single-valued function of the polar
angle. In the case of γ = 0, we arrive at a generalization of the classical Couette flow to the case of
a Maxwell medium (see [4, 20] and references cited therein). In [8], the problem of a rotationally
symmetric motion of a Maxwell medium in the gap between two cylinders was analyzed. The outer
cylinder was fixed, while the inner cylinder moved by inertia. The widest class of invariant solutions
is constructed on the basis of the operator 〈α(t)〉3 + 〈β(t)〉4. In particular, this class includes shear
flows: they correspond to constant values of α and β. These flows were studied in [4, 6, 8]. In
Section 3 we consider a new class of exact solutions that corresponds to the values β = 1 and
α = Ωt, where Ω = const.

3. NEW FAMILY OF EXACT SOLUTIONS

Below we consider the invariant solution of system (1.5) with respect to the operator

X = ∂y + Ω(t∂x + ∂v)

admitted by the system. This solution is given by

u = Ωy + f(ξ, t), v = g(ξ, t), p = p(ξ, t), A = a(ξ, t), B = b(ξ, t),

where ξ = x − Ωyt. The reduced system has two integrals; this allows us to reduce it to a system
of three equations for the functions g, a, and b:

gt = 2ρ−1Ωt(1 + Ω2t2)−1aξ + ρ−1(1 − Ω2t2)(1 + Ω2t2)−1bξ − 2Ω2t(1 + Ω2t2)−1g,

at =
[
2μτ−1Ωt − (1 + Ω2t2)b

]
gξ − τ−1a + Ωb,

bt = (μτ−1 − a)Ω +
[
μτ−1(1 − Ω2t2) + (1 + Ω2t2)a

]
gξ − τ−1b.

(3.1)
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System (3.1) is not in the divergence form; but it can be reduced to such a form by introducing
new sought functions h, ψ, and s determined from the relations

g = (1 + Ω2t2)−1h, a = s cos ψ − μτ−1β, b = s sinψ + μτ−1α,

where α = 2Ωt(1 + Ω2t2)−1 and β = (1 − Ω2t2)(1 + Ω2t2)−1. The functions h, ψ, and s satisfy the
equations

ht = ρ−1(1 + Ω2t2)(αs cos ψ + βs sin ψ)ξ ,

ψt = hξ − Ω − μ(τs)−1(α̇ cos ψ + β̇ sinψ)

+ μΩ(τs)−1[(1 + β) cos ψ − α sin ψ] − μ(τ2s)−1(α cos ψ + β sinψ),

st = −τ−1s − μτ−1(α̇ sin ψ − β̇ cos ψ) + μΩτ−1[α cos ψ + (1 + β) sin ψ]

+ μτ−2(−α sin ψ + β cos ψ).

(3.2)

Here the dot over a letter denotes the time differentiation. The eigenvalues of the characteristic
equation for system (3.2) are

λ1 = 0, λ2,3 = ±ρ−1/2
[
μτ−1(1 + Ω2t2) + (1 − Ω2t2)a − 2Ωtb

]1/2
. (3.3)

System (3.1) is hyperbolic if the radicand in (3.3) is positive. This condition can be violated during
evolution. System (3.3) turns into a system of equations of a shear flow if we set Ω = 0.

Consider the following Cauchy problem for system (3.1):

g(ξ, 0) = g0(ξ), a(ξ, 0) = a0(ξ), b(ξ, 0) = b0(ξ), ξ ∈ R. (3.4)

If the functions g0, a0, and b0 are sufficiently smooth and the hyperbolicity condition holds at the
initial instant, then problem (3.1), (3.4) has a unique classical solution for sufficiently small t > 0.
However, discontinuities can develop with time in the solution. Below, we give an example of an
exact solution to system (3.1) that preserves regularity for all t > 0.

One can easily verify that system (3.1) has a class of polynomial solutions

g = g(1)ξ + g(0), a = a(2)ξ2 + a(1)ξ + a(0), b = b(2)ξ2 + b(1)ξ + b(0), (3.5)

where g(1), g(0), . . . , b(0) are functions of time. The functions g(1), a(2), . . . , b(2) satisfy the system of
nonlinear equations

ġ(1) = 4ρ−1Ωt(1 + Ω2t2)−1a(2) + 2ρ−1(1 − Ω2t2)(1 + Ω2t2)−1b(2) − 2Ω2t(1 + Ω2t2)−1g(1),

ȧ(2) = −(1 + Ω2t2)b(2)g(1) − τ−1a(2) + Ωb(2),

ḃ(2) = −Ωa(2) + (1 + Ω2t2)a(2)g(1) − τ−1b(2).

(3.6)

If the functions g(1), a(2), . . . , b(2) are known, then the remaining functions g(0), a(1), . . . , b(0) can be
found as solutions to linear systems, which are not written out here. A solution to system (3.6)
satisfies the a priori estimate

[a(2)(t)]2 + [b(2)(t)]2 ≤
{
[a(2)(0)]2 + [b(2)(0)]2

}
exp

(
− 2t

τ

)
,

which guarantees the solvability of the Cauchy problem for this system for all t > 0.
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A physical interpretation of the solution (3.5) is difficult, because the elements of the stress
tensor grow quadratically in the coordinates x and y. However, we can consider the Cauchy prob-
lem (3.1), (3.4) with the initial data

g(ξ, 0) = g(1)(0)ξ + g(0)(0), a(ξ, 0) = a(2)(0)ξ2 + a(1)(0)ξ + a(0)(0),

b(ξ, 0) = b(2)(0)ξ2 + b(1)(0)ξ + b(0)(0), 0 ≤ ξ ≤ l,

and extend these data beyond the interval [0, l] by appropriate constants. As a result, we obtain a
solution that is bounded but has weak discontinuities along the corresponding characteristics. The
study of the structure of such a solution for small t > 0 reduces to the analysis of a nonstandard
Goursat problem for a system of three hyperbolic equations, which are not presented here.

To conclude this section, we consider the simplest solution to system (3.1), which is independent
of ξ. This solution is given by the formulas

g =
c0

1 + Ω2t2
, a =

ω2μ

τ(ω2 + 1)
+ c1 exp

(
− t

τ

)
cos Ωt + c2 exp

(
− t

τ

)
sin Ωt,

b =
ωμ

τ(ω2 + 1)
+ c2 exp

(
− t

τ

)
cos Ωt − c1 exp

(
− t

τ

)
sin Ωt.

(3.7)

Here ω = Ωτ and c0, c1, and c2 are arbitrary constants. The corresponding velocity field has
the form

u = Ωy +
c0Ωt

1 + Ω2t2
, v =

c0

1 + Ω2t2
,

while the elements of the tensor S, Sxx = −Syy = −a and Sxy = Syx = b, are independent of
x and y. In spite of its simplicity, solution (3.7) exhibits an interesting phenomenon. At the
initial time instant, the elements S11 and S12 are constant. However, if these constants are dif-
ferent from ω2μ/τ(μ2 + 1) and ωμ/τ(μ2 + 1), respectively, then oscillations with frequency Ω and
decrement τ−1 arise in the system. The source of oscillations is a shear flow with constant vorticity.

4. INSTABILITY OF THE COUETTE FLOW

Consider a class of solutions to system (1.1)–(1.3) with u = 0 and the other sought functions
being independent of the variable y. These solutions describe shear flows. The corresponding
hyperbolic submodel contains three equations:

ρvt = Bx, τ(At + Bvx) + A = 0, τ(Bt − Avx) + B = μvx. (4.1)

The hyperbolicity condition for system (4.1) is given by the inequality τA + μ > 0. As shown in [8],
this system can be transformed into a system of gas-dynamic equations with a special equation of
state and additional terms. This is achieved by introducing new sought functions

q =
[
(A + κ)2 + B2

]1/2
, ϕ = arctan

[
B(A + κ)−1

]
,

where κ = μ/τ . The functions v, q, and ϕ satisfy the following quasilinear system:

ϕt = vx − δκq−1 sin ϕ, vt = ρ−1(q sin ϕ)x, qt = δ(κ cos ϕ − q). (4.2)

Here δ = τ−1 is the inverse relaxation time.
Denote by V the characteristic velocity and by L the characteristic length and introduce dimen-

sionless parameters

We =
τV

L
(Weissenberg number) and Re =

ρV L

μ
(Reynolds number).
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An exact steady-state solution to (4.2) is given by

ϕ = ϕ0 = const, v = Ωx, q = q0 = κ cos ϕ0, (4.3)

where Ω = tan ϕ0. It is natural to call this solution the Couette solution for a Maxwell medium
because it satisfies the no-slip conditions

v(0, t) = 0, v(L, t) = V (4.4)

on the fixed plate x = 0 and on the plate x = L that moves with velocity ΩL. The Weissenberg
number corresponding to this solution is We = Ωτ .

It is known that in the case of a viscous incompressible fluid, the Couette flow between plates
is stable in the linear approximation for any Reynolds numbers [21]. In [22], it is shown that a
similar flow of a viscoelastic fluid is unstable with respect to short-wavelength two-dimensional
perturbations for small Reynolds numbers. In that study, the rheological relation was chosen in the
form (1.4), i.e., with the upper convected derivative. The stability analysis of the Couette flow in
the model (1.1), (1.4) was continued in papers [23, 24] (see also the references therein). It turns
out that when the equation of state is chosen in the form (1.2), i.e., with the Jaumann corotational
derivative, instability occurs even within one-dimensional shear flows.

For the perturbations of the flow ϕ = ϕ0 + ϕ̃, q = q0 + q̃, v = Ωx + ṽ, the linearization on the
solution (4.3) to system (4.2) leads to the equations

ϕ̃t − ṽx = −δϕ̃ + Ωq−1
0 q̃, ṽt − q0ϕ̃x cos ϕ0 − q̃x sin ϕ0 = 0, q̃t = −δ(q̃ + κϕ̃ sin ϕ0). (4.5)

The question of the stability of solutions to system (4.5) with the boundary conditions

ṽ(0, t) = ṽ(L, t) = 0 (4.6)

can be analyzed in the class of solutions of special form

ṽ(t, x) = eλtv̂(x), q̃(t, x) = eλtq̂(x), ϕ̃(t, x) = eλtϕ̂(x).

For the function ϕ̂, one obtains the spectral problem

ϕ̂′′ + γ2ϕ̂ = 0, 0 < x < L, ϕ̂(0) = ϕ̂(L) = 0, (4.7)

where

γ2 =
λ[(λ + δ)2 + Ωδ tan ϕ0]

δκ sin2 ϕ0 − (λ + δ)κ cos2 ϕ0
. (4.8)

In view of (4.7), we have γ = γn = πnL−1, n = ±1,±2, . . . , and for every n the spectral parameter
λ = λn is a solution of the cubic equation obtained from (4.8):

P (λ) ≡ λ3 + 2δλ2 +
(
δ2 + Ωδ tan ϕ0 + κγ2

n cos ϕ0

)
λ + γ2

nδκ(cos2 ϕ0 − sin2 ϕ0) = 0. (4.9)

Since the polynomial P (λ) is positive for λ ≥ 0 if cos2 ϕ0 > sin2 ϕ0 and P (0) < 0 if the reverse
inequality for ϕ0 holds, it follows that under the condition

We = τV L−1 = tan ϕ0 > 1 (4.10)

equation (4.9) has a real positive root; i.e., the corresponding solution (4.3) is unstable.
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Note that the original system (4.2) is substantially nonlinear and, moreover, inhomogeneous.
Therefore, the solutions of this system can not only grow exponentially with time, but also be
destroyed in finite time. However, on the other hand, system (4.2) represents a model of a dissipative
medium in which the growth of local perturbations should be suppressed by both viscous dissipation
and effective relaxation processes. Therefore, it is of interest to consider a nonlinear restructuring
mechanism for the unstable steady-state solution to problem (4.2), (4.4). Below we illustrate this
mechanism by an example of the evolution of the numerical solution of the corresponding initial–
boundary value problem. However, first we should discuss the possibility of implementing the
boundary conditions (4.4) for equations (4.2) in the case of a self-similar solution to the problem of
abrupt motion of one of the walls of a channel in an initially quiescent viscoelastic fluid.

Suppose that for x > 0 the initial state of the medium is homogeneous, i.e.,

v = 0, ϕ = ϕ0, q = q0, (4.11)

and the velocity of the wall is specified at x = 0,

v(0, t) = V = const > 0. (4.12)

Problem (4.2), (4.11), (4.12) in the domain (x > 0, t > 0) for δ = 0 reduces to the problem of
the decay of an arbitrary discontinuity, or, in view of the analogy between (4.2) and gas-dynamic
equations [8], it can be considered as a variant of the problem of a piston that is pushed with constant
velocity into a quiescent gas. Note that discontinuous flows in a viscoelastic medium were observed
experimentally [25]. Since the “equation of state” p(ϕ) = −ρ−1q0 sin ϕ is nonconvex, the solution of
problem (4.2), (4.12), (4.13) depends on the variable ξ = x/t and in the general case consists of a
shock wave propagating to the right and a centered wave following the shock wave. This solution
was analyzed in [8], and we will not dwell on it here. We just note that as the velocity V increases,
the left boundary of the centered wave moves toward the wall x = 0 and, for ϕ → π/2, coincides
with the left wall of the channel. In this case, the solution constructed reaches the boundary of
the hyperbolicity domain −π/2 < ϕ < π/2 of system (4.2). The question of the applicability of
system (4.2) to flows that leave the hyperbolicity domain will not be discussed here. We just note
that in this case some equilibrium conditions used in the derivation of the model are usually violated
(see [26, Ch. 5]). However, within the model (4.2), a further increase in the velocity V cannot affect
any longer the constructed solution, because the velocity of the characteristics in a simple wave
tends to zero as |ϕ| → π/2. Therefore, condition (4.12) does not hold in the neighborhood of the
left wall, and the fluid is detached from the wall. In the numerical simulation of such a flow, a
boundary layer with large gradients is developed in the neighborhood of x = 0, and the character
of the flow in the region x > 0 changes sharply.

If δ > 0, then the solution to problem (4.2), (4.11), (4.12) ceases to be self-similar, but the
problem of satisfying the boundary condition (4.12) remains. In the numerical simulation of this
problem, when the fluid is detached from the walls, the structure of the boundary layer depends on
how the boundary conditions are defined, and the question arises as to whether the slip conditions
and the global variation of the solution due to this phenomenon in the original model are adequate.
The possibility of a wall slipping is taken into account in some mathematical models of the flow of a
viscoelastic fluid. For example, in [27], a nonlinear relation was introduced that connects the velocity
of a wall with the velocity of the adjoining fluid. It was shown that in the case of nonmonotonic
dependence, the steady plane Couette flow for a wide class of viscoelastic media (Oldroyd-B fluids)
is defined ambiguously, and the nonlinear boundary condition that defines the slipping of the fluid
leads to periodic oscillations of the fluid in the neighborhood of the wall. However, below we will
show that contact surfaces on which the velocity discontinuity arises in the viscoelastic fluid layers
may also arise away from the walls. The formation of such discontinuities depends on the instability
conditions (4.10) of the steady-state solution (4.3).
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Numerical calculations for the model (4.2) were based on S.K. Godunov’s scheme. It is shown
in [8] that this method exactly reproduces the structure of self-similar solutions in the problem of
the decay of an arbitrary discontinuity for δ = 0. In the calculations, when the numerical solution
reached the boundary of the hyperbolicity domain and went outside it, it was assumed that the
velocity of the characteristics was close to zero but real. It is known that such a method enables
one to effectively determine the wave structure in flows with anomalous thermodynamic properties,
both with nonconvex and nonmonotonic equations of state [26, Ch. 4].

Consider a numerical solution to the initial–boundary value problem for (4.2) in the strip
0 < x < L = 1. For the plane Couette flow shown in Figs. 1 and 2, the following parameters
of the model are chosen: δ = 1 and κ = 2. The initial data are piecewise constant and consistent
with the boundary conditions (4.4):

v(x, 0) =

⎧⎪⎨
⎪⎩

0, x <
1
2
,

V, x >
1
2
,

ϕ(x, 0) = 0, q(x, 0) = q0 = κ. (4.13)

Figure 1 illustrates the evolution of the velocity profile v = v(x, t) (solid line) and the ratio
q(x, t)/q0 (dashed line) for different constant velocities V of the right boundary of the flow that
correspond to different Weissenberg numbers We = V/Lδ = V1: We = 0.9 (left column) and
We = 1.1 (right column). The initial stages of evolution of the flow for the subcritical value We = 0.9
and slightly supercritical value We = 1.1 coincide up to the (dimensionless) value of time t = 5.
First, a solution to the problem of the decay of an arbitrary discontinuity is formed which is close to
a self-similar solution (t = 0.1); then (t = 5) the velocity profile becomes linear and the numerical
solution represents a steady-state solution (4.3). At later stages (t = 15), the solution (4.3) does not
change for We = 0.9 and again turns into the piecewise constant solution (4.13) for We = 1.1. In
this case, in the neighborhood of the point x = 0.5, a thin boundary layer is formed that guarantees
the stationarity of the arising slipping layer. We should specially emphasize that the return of the
flow to the original discontinuous regime for We = 1.1 is attributed not to the “memory” effect of
the initial state but rather to the conditions of formation of a perturbation in the solution when
it reaches a steady-state regime (t = 5 in Fig. 1). If the initial velocity distribution in (4.13) is an
odd function with respect to the point x = 0.5, v = 0.5, then the resulting flow coincides with that
shown in Fig. 1 (t = 15) for the corresponding Weissenberg numbers. If we consider an asymmetric
initial perturbation, then the discontinuity of the fluid for supercritical values of We can occur near
one of the walls.

Figure 2 demonstrates the results of numerical simulation of the initial–boundary value problem
for (4.2) with variable velocity V = V (t). The law of motion of the wall is chosen as follows:

V (t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

v1, 0 < t < t1,

v1 + (v2 − v1)
(t − t1)
(t2 − t1)

, t1 ≤ t ≤ t2,

v2, t > t2.

Here v1 = 1.1, v2 = 0.25, t1 = 15, and t2 = 30. The parameters of the model δ = 1 and k = 2
and the initial data are the same as in the preceding calculation for We = 1.1. Figure 2 shows the
velocity profiles (solid line) and the ratios q/q0 (dashed line) for various time instants and illustrates
the hysteresis phenomenon in the transition from a supercritical (We = 1.1) to a subcritical flow
(We < 1). The initial evolution of the flow (t = 0, 5, and 15) coincides with that shown in Fig. 1
(right column). Then, the velocity of the right wall decreases to V = 0.9 (t = 20), but a transition
to a stable linear solution of system (4.2) does not occur. Moreover, for the significantly smaller
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Fig. 1. Plane Couette flow: We = 0.9 (left column) and We = 1.1 (right column).
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Fig. 2. Plane Couette flow with variable velocity of the right plate (hysteresis in the transition to
a steady-state continuous flow).

values of velocity V = 0.5 (t � 25), the discontinuity remains stable. Only when the velocity reaches
a threshold value of V = 0.25 at instant t = 30, intense restructuring of the profile starts and a
transition to a continuous solution of system (4.2) occurs. Thus, the contact discontinuity on the
line x = 0.5 contained in the flow is quite stable and leads to the elimination of the velocity shift
in adjacent layers of the viscoelastic fluid.

5. MODEL WITH THE UPPER CONVECTED DERIVATIVE

Here we consider shear flows in a Maxwell medium with rheological relation (1.4). For the
corresponding solutions of system (1.1), (1.4) we have u = 0 and the other sought functions v, A,
B, C, and p are independent of the variable y. The first four functions satisfy the following system
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of equations:

τAt + A = 0, ρvt = Bx, τ(Bt − Avx) + B = μvx, τ(Ct − 2Bvx) + C = 0; (5.1)

having solved this system, we can recover the function p by quadrature.
System (5.1) is nonlinear only formally. Indeed, its first equation determines the function A:

A = A0(x) exp(−δt). (5.2)

For known A, the functions v and B form a closed subsystem consisting of the second and third
equations in (5.1). The hyperbolicity condition for this system is given by the inequality

A + κ > 0. (5.3)

In view of (5.2), if inequality (5.3) holds at t = 0, then in holds for all t > 0. After determining v
and B, we can determine the function C by quadrature from the last equation in system (5.1).

The system of equations that hold for the functions v and B reduces to the equation

vtt + δvt = ρ−1[(A + κ)vx]x. (5.4)

This equation is similar to the equation of oscillations of an inhomogeneous string with damping.
For equation (5.4), natural boundary conditions are conditions (4.4), which correspond to the no-slip
conditions on two parallel plates one of which is fixed and the other moves with a given velocity V .
However, in contrast to the problem considered in the previous section, the exact solution v = V x/L
of (5.4), which describes a Couette flow, takes place only in the case of A0 = 0. This solution is
stable, as expected, in the class of one-dimensional flows. In the general case, the evolution of
the solutions to equation (5.4) with the boundary conditions (4.4) and the Cauchy initial data is
analyzed by standard methods. Here the starting point is the energy identity

1
2

d

dt

L∫
0

[
v2
t +

1
ρ

(A + κ)v2
x

]
dx +

L∫
0

(
δv2

t − 1
2ρ

Atvxvt

)
dx = 0.

This identity implies the stabilization of a solution to the Couette flow as t → ∞.
The linearization of the system of equations of shear flows also occurs in the model with the lower

convected derivative, as well as for the equations of a plane motion of an incompressible Maxwell
medium with circular trajectories in both models, with the upper and lower convected derivatives.

6. CONCLUSIONS

By the methods of group analysis of differential equations, we have selected classes of solutions
to the equations of an incompressible viscoelastic Maxwell medium that describe the propagation
of transverse waves, both linear and nonlinear, in such a medium.

The analysis of shear flows has shown that when the invariant derivative in the rheological
relation is chosen in the form of the Jaumann corotational derivative, the equations of these flows are
nonlinear. They can be expressed as conservation laws, which allows one to construct discontinuous
solutions to these equations.

If one chooses the upper or lower convected derivative as the invariant derivative in the behavior
law, then the equations of shear flows form a recurrent system of linear equations.

In a rather narrow class of plane-parallel flows, we have demonstrated the instability of a steady-
state flow with a linear velocity profile (an analog of the classical Couette flow in the dynamics of
a viscous incompressible fluid).
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We have numerically demonstrated that internal discontinuities can arise in a viscoelastic
Maxwell fluid, which leads to significant restructuring of the velocity profile in the flows between
moving walls.

We have detected a hysteresis phenomenon during the change of flow regimes, which shows that
internal discontinuities in a fluid are stable with respect to perturbations of finite amplitude.
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