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Abstract: This paper presents the observation results for the internal wave bore in the coastal
region of the Sea of Japan with the use of vertical thermistor chains. The data obtained is interpreted
by the mathematical models of shallow water in which the effect of nonlinearity and dispersion on
the propagation of internal wave trains is taken into account. Within the framework of the theory
of multilayer shallow water, the problem of transformation of a solitary wave into an internal bore
is solved, and the possibility of recovery of a space-time picture of the flow during the passage of an
internal bore in the section between adjacent experimental bottom stations is demonstrated.
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INTRODUCTION

One of the most pronounced manifestations of wave processes in the ocean is an internal bore often observed
in density-stratified coastal waters in the form of sharp vertical displacement of pycnocline with generation at the
disturbance front of the train of internal waves of large amplitude. These waves are near-surface internal waves that
reduce the pycnocline level and the bottom waves that increase it [1, 2]. At the internal bore front, intense internal
waves corresponding to higher modes are generated. The process of decomposition of a smooth internal bore and
its transformation into a train of solitary waves of large amplitude at the arrival to the shelf zone are studied both
experimentally and theoretically [3, 7]. The hydrodynamic analysis of this phenomenon with the use of various
modifications of Korteweg — de Vries equation and Gardner — Ostrovsky equations was carried out in [1, 3, 8, 9].

Most mathematical models describe nonlinear wave processes over a shelf only qualitatively. At the same
time, the use of modern methods for measuring and processing of field data allows obtaining a large amount of
experimental information which could be used to formulate the problem of mathematical description of nonlinear
wave phenomena.

In this paper, the mathematical models of multilayer shallow water with account for nonlinear dispersion
effects are used to interpret field data on the evolution of internal wave bore in the coastal zone of the Sea of Japan,
obtained in 2012–2013.
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Fig. 1. Schematic map of the experimental hydrological polygon: (1) thermistor chain sites, (2) hy-
drological profiling sites; S1–S7 denotes the denotation hydrological buoys, and A1 is the cable
station.

FIELD STUDIES

The study of internal waves in the coastal zone revealed a characteristic set of wave configurations signifi-
cantly determined by nonlinear processes. Among these configurations are internal bores occurring as a result of a
sharp change in the depth of pycnocline. These processes can be observed in September and October during field
measurements at the hydrophysical polygon of the V. I. Il’ichev Pacific Oceanological Institute of the Far Eastern
Branch of the Russian Academy of Sciences (POI FEB RAS) (Vladivostok).

Along with the traditional mechanisms of the occurrence of sharp wave fronts formed in downward currents
under the action of wind, there is also a lesser studied mechanism of generation of internal bores at the arrival of
internal waves of large amplitude into the shelf zone. The interpretation of field data requires the construction of
fairly simple mathematical models corresponding to this or that scenario of internal wave distribution.

The description of nonstationary internal wave bores in the Posyet Bay of the Sea of Japan and their
mathematical simulation are carried out with the use of the data of field measurements of temperature field at the
hydrophysical polygon of the POI FEB RAS at a depth of 20 to 80 m. The study of sufficiently long internal waves
propagating over a shelf in the direction to the coastline can be carried out with the use of quasi-two-dimensional
formulation of the problem if the measurement system is arranged along the section perpendicular to isobaths and
oriented along the main direction of the wave propagation (Fig. 1).

The experimental data used in this paper are obtained on the above-mentioned polygon in 2012–2013. The
experimental technique and corresponding measurement systems are described in detail in [5, 8, 10, 11]. The analysis
of wave processes is reduced to the data obtained from the S1 (a depth of 39 m) and S2 (a depth of 42 m) stations
in October, 2012, as well as the data obtained from the A1 (a depth of 30 m) station in October, 2013. The S1 and
S2 stand-alone stations were equipped with chains of 12 thermistors placed vertically with a step of 3 m. The first
thermistor was located at 1 m from the bottom. The A1 cable station was located at the exit from the Vityaz bay
and equipped with a chain of 40 thermistors placed similarly with a step of 0.5 m. The data from this station were
transferred to the coast computer online.
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Fig. 2. Internal bore in the coastal zone of the Posyet Bay: (a) data received from the S1 station
(October 19, 2012), (b) data received from the A1 station (October 21, 2013).

The structure of the internal bore was described on the basis of the data obtained in the passage of the bore
through the S1 station on October 19, 2012 (Fig. 2a) and in the process of the formation of a top-table wave in the
vicinity of the A1 station on October 21, 2013 (Fig. 2b).

Figure 2a illustrates the temperature variations recorded by 12 thermistors on the S1 station. The data
recording interval was 60 s. Because the temperature stratification is stable (as the depth increases, the temperature
decreases), it is not difficult to compare the readings of each temperature sensor with its position. The reference point
is chosen so as to show the period of gradual variation of temperature in the 7-m thick bottom layer and practically
uniform distribution of temperature above this layer until the arrival of the nonlinear train of waves. In the 12-m
thick bottom layer, the internal bore temperature changed by 10–12 ◦C with an average period approximately equal
to 300 s. At the same time, the average level at which a layer of colder water (less than 10 ◦C) was placed gradually
increased.

Another example of the passage of a cold water front in a middle layer is shown in Fig. 2b (A1 station). A
large number of thermistors measuring the temperature (40 thermistors in the 20-m thick bottom layer) made it
difficult to compare their readings with the corresponding curves in Fig. 2. However, as the stability of temperature
stratification is not violated in the passage of the wave front and the curves corresponding to the readings of various
thermistors do not intersect, this method of information representation allows showing a thin wave structure of
the front. One of the features of the temperature field perturbation in the passage of the internal bore shown in
Fig. 2b is the presence of two clearly pronounced fronts, while the structure of the closing bore contains practically
no oscillations of the main thermocline and can be associated with the structure of the so-called smooth bore in the
stratified fluid [12].

This paper presents the construction of the mathematical model that describes the internal wave bore in the
shelf zone within the framework of the theory of multilayer shallow water with account for nonlinear and dispersion
effects.
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MATHEMATICAL MODEL

The class of flows of stratified fluid is considered in the assumption that the length of internal waves signifi-
cantly exceeds the depth of the channel, and the influence of the vertical acceleration of the fluid particles on the
position and shape of the wave front in the model is taken into account. Within the framework of the three-layer
flow model where two homogeneous fluid layers having densities ρ+ and ρ− (ρ+ < ρ−) are separated by an interlayer
with the average density ρ̄, it is assumed that pressure in the interlayer is distributed according to the hydrostatic
law. This hypothesis accounts for the interlayer thickness that is smaller as compared with the thickness of homo-
geneous layers and the process of generation of short waves in the interlayer and their collapse during the passage
of longer waves [13–15]. The equations of multilayer shallow water in the second approximation are derived in [16].
In the Boussinesq approximation [17] and taking into account the hydrostatic nature of the pressure distribution in
the interlayer, the equations take the following form:

ht + (hu)x = 0, ζt + (ζw)x = 0, ηt + (ηv)x = 0,
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(1

2
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)
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,

b = (ρ− − ρ+)g/ρ+, b̄ = (ρ̄− ρ+)g/ρ+.

Here h, η, and ζ denote the thickness of the lower, intermediate, and upper layers; u, v, and w denote the mean
velocities in these layers; p is the modified pressure at the upper boundary of the flow region; g is the acceleration
of gravity; z = z(x) is the function determining the bottom shape. The equations were derived with the use
of an additional hypothesis on the smooth bottom shape and, accordingly, the terms depending on the vertical
accelerations of the fluid particles due to a sharp decrease in the bottom profile were omitted [18, 19].

In the Boussinesq approximation, it is possible to use the additional condition

h + η + ζ + z = H ≡ const. (2)

Due to Eq. (2), it follows from system (1) that the average flow rate is determined by the expression

Q = hu + ηv + ζw = Q(t). (3)

In the long-wave approximation, β = H2/L2 (L is the characteristic wavelength) is assumed to be small.
For β = 0, Eqs. (1) coincide with the equations of three-layer shallow water (first-order approximation) considered
in [13].

Just as in [15], Eqs. (1) can be represented in divergent form:

ht + (hu)x = 0, ζt + (ζw)x = 0,
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2
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Here

K = u− β

3h
(h3ux)x, R = w − β

3ζ
(ζ3wx)x. (5)

The flow parameters in the interlayer are determined from Eqs. (2) and (3):

η = H − z − h− ζ, v =
Q(t)− hu− ζw

η
. (6)
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The choice of β in Eq. (1) corresponds to the extension of independent variables and can be used to adjust the
characteristic width of nonlinear internal waves in the comparison with field and laboratory experiments. It is further
assumed that β = 1, which corresponds to the model [16, 20]. The value of β = 0 can be used for comparison with
the results of calculations according to the hydrostatic model (first-order approximation).

The flow of density-stratified fluid is an essentially dissipative process. Moreover, in the flows with a velocity
shift, along with friction against the bottom of the channel, the decisive role in the transition of the energy of the
mean flow into that of small-scale flows generated in the interlayer could be played by mixing of the layers. The
process of entrainment of the fluid from homogeneous layers into the interlayer is not described in this paper, but it
can be taken into account by adding the terms that describe the turbulent friction of layers into the model similarly
to how it was done in [21].

We note that the equations of the three-layer flow model (1) for η → 0 pass into the equations of the two-
layer flow model (with account for the Boussinesq approximation), investigated in [20]. Further simplification of
the model of the two-layer flow consists in replacing the total derivatives d±/dt along the corresponding trajectories
by the partial derivative ∂/∂t. This technique corresponds to the transition to the weakly nonlinear model [20].

The version of the weakly nonlinear two-layer model used below to calculate the evolution of nonlinear wave
packets can be obtained from Eqs. (5) for η = 0 by replacing the total derivatives along the corresponding trajectories
by partial time derivatives in the terms containing the highest derivatives with the help of the approximations
(variation in the bottom shape is not taken into account here)

h + ζ ≈ H, hux + ζwx ≈ −(h + ζ)t = 0. (7)
Here

M = K −R ≈ u− w − β

3h
(h3ux)− β

3ζ
((H − h)2hux)x,

Ku−Rw = K(u− w) + Mw, (8)
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1
H

(
Mh + (H − h)u + hw − 2

3
βHhhxux

)
.

Excluding the pressure p from system (4) with account for Eqs. (6)–(8), we obtain system of equations
ht + (hu)x = 0,

Mt +
(
K(u− w) + Mw − 1

2
u2 +

1
2

w2 + b(h + z)
)

x
= f, (9)

ζ = H − h− z, w =
Q− hu

ζ
, f = −cH(u− w) |u− w|

hζ
, c = const.

Note 1. With β = 0 , Eqs. (9) coincide with the equations of two-layer shallow water in the Boussinesq
approximation. The structure of the solution of this system, including the Riemann problem was studied in detail
in [13].

Note 2. The equations of the second-order approximation in the shallow water theory can be significantly
different, depending on which higher-order terms are retained in the equations. In weakly linear models, the
coefficients of the highest derivatives are usually “frozen”. This approach that simplifies the structure of equations
is applied in the simulation of the wave processes weakly perturbing the original stratification of the fluid layer, for
example, in the passage of solitary waves. In the problem of the internal bore propagation, the average parameters
of the flow change drastically. Therefore, model (9) accounts for the relationship between the coefficients of the
highest derivatives and the variables h and u.

When it comes to the numerical calculation of internal waves with the use of Eqs. (4) and (9), we used
the approach developed in [22] for the Green — Naghdi equations and applied in [14, 23] for determining two-
and three-layer flows of stratified fluid. The formally numerical scheme is a version of the Godunov scheme in
which the role of evolution variables is played by K, R, and M and the fluxes through the side boundaries of cells
are determined on the basis of the Riemann problem for the equilibrium (β = 0) model (4) or (9). In this case,
the equations degenerate into the known equations of multilayer shallow water (first-order approximation), and
the velocities in the layers are determined from the solution of the boundary-value problem for the corresponding
system of second-order equations (5) and (6). This system is solved by using the tridiagonal matrix algorithm.
The obtained numerical scheme is of the first order, but quite accurately describes the features of the evolution of
finite-amplitude internal waves.
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TRANSFORMATION OF AN SOLITARY WAVE OVER A SLOPE

Model (4) is used below for the numerical calculation of the evolution of the internal solitary wave that reduces
the thermocline level over a slope and for comparison of the solution obtained with the laboratory observation results.
Moreover, this model describes the features of the generation of internal bores shown in Fig. 2 with the arrival of a
sufficiently long solitary wave at the shelf zone.

The laboratory experiment is described in [24]. The specificity of the experiment is that the effect of
surface tension on the near-surface solitary wave manifested in the flows simulated in the laboratory experiments
is removed by choosing the geometry of the channel. For this purpose, there is symmetric flow with respect to the
central plane of the channel in the experiment, which makes it possible to replace the free surface by the symmetry
plane and eliminate the surface effects (see Figs. 1 and 6 in [24]). In [24], the obtained results are compared with the
numerical solution of the equations of two-layer shallow water. The used model is a partial case of model (4) under
the condition ζ ≡ 0, i.e., it is assumed that there is two-layer flow and the pressure in the upper layer is distributed
according to the hydrostatic law. With the use of this model, the interface above the slope is deformed to a great
extent than in the experiment (see Fig. 6 in [24]). Moreover, within the framework of the two-layer model, it is not
difficult to construct an exact solution defining the shape of the solitary wave. This is the solution chosen in [24]
as initial data in the numerical calculation.

Similarly to the experiment described above, this paper describes the problem of generation and propagation
of a near-surface solitary wave after the partition from the fluid at rest is removed for various positions of the
pycnocline. Figure 3 illustrates the wave profile above the slope at various times and the external and internal
boundaries of the perturbed surface layer visualized as a result of processing the experimental data.

(a)

(b)

(c)

Fig. 3. Evolution of an solitary wave over a slope (laboratory experiment [24]): the solid lines
denote the pycnocline boundaries obtained in the numerical calculation according to model (4) at
different times from the beginning of the experiment; (a) t = 44 s, (b) t = 51 s, (c) t = 58 s.
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Fig. 4. Transformation of the solitary wave over a shelf (model (4)): (a) current solitary wave
profile on different sections of the channel, (b) pycnocline position versus time at fixed points of the
channel; (1) L1 = 1000 m, (2) L2 = 4000 m, (3) L3 = 6500 m; the solid curves denote the upper
boundary of the pycnocline, the dashed curves denote the bottom boundary of the pycnocline, and
the dot-and-dash curve denotes the bottom shape.

The calculations were carried out by using the values of b = 0.022 m/s2, b̄ = 0.5b. Figure 3 also shows
that the choice of β = 1 cause the width of the propagating wave to be somewhat increased as compared with the
experimental data. Note that, for the considered geometry of the channel, the substantial distortion of the wave
profile resulting in its decomposition into smaller waves is not observed in the experiment.

As the flow scales change, the wave pattern is substantially different. Figure 4 illustrates the shape of the
channel outlined by a dot-and-dash curve and approximated to the conditions of a field experiment. The channel
length is 10 000 m, and the depth ranges from 80 to 35 m. For the calculations according to model (4), we choose
the three-layer initial stratification with b = 0.02 m/s2, b̄ = 0.5b, η0 = 1.6 m. The depth of the thermocline in
the originally quiescent fluid is about 30 m. As in the case considered above, the solitary wave that reduces the
thermocline level is formed by removing the partition at the initial moment. In this case, the wave is symmetric
at the initial propagation stage. As the wave arrives at the coast, the slope of its trailing front increases. With
the chosen numerical scale (the number of nodes is N = 1000)), the solution is determined by nonlinear effects
with hydrostatic pressure distribution (β = 0). With the arrival at the shallow water, the wave length significantly
increases (see Fig. 4a). The relationship between the location depth of the thermocline and the time at various
distances from the left boundary of the channel (L1 = 1000 m, L2 = 4000 m, and L3 = 6500 m) is shown in Fig. 4b.
In particular, it is seen that, as the wave propagates in the direction to the coast, the internal bore is formed in
front of which the nonstationary wave that reduces the thermocline level propagates (see Fig. 2a).

This flow pattern is also observed in other field experiments and numerical calculations [25, 26]. In the
case of propagation at long distances and corresponding reduction of the amplitude, the “smooth” internal bore
transforms into a “wave” bore consisting of a train of finite-amplitude internal waves (Fig. 2a) in which the effect
of nonlinearity and dispersion is decisive.

The calculation of the dynamics of solitary waves that both increase and decrease the thermocline level can
be carried out with the use of the three-layer model (4). In this case, the solitary wave is initially symmetric, but
can eventually change its shape to a great extent during transformation above a slope. In particular, with a certain
initial position of the pycnocline, there are clearly manifested leading and trailing fronts in the wave, i.e., the wave
becomes top-table-shaped (Fig. 2b). Figure 5 shows the calculation results for the evolution of the positive solitary
symmetric wave above a slope with the use of model (4). The fluid is initially at rest, and the channel length is
L0 = 12 000 m, b = 0.016 m/s2, b̄ = 0.5b. As in the above-mentioned case, the positive solitary symmetric wave is
formed in the calculations as a result of removing the partition from the stationary three-layer fluid with various
positions of the thermocline.
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Fig. 5. Top-table wave structure (numerical calculation of model (4)): (a) deformation of the
upper and lower boundaries of the pycnocline occurring as the solitary wave passes over a slope,
(b) position of the pycnocline boundaries versus time at a fixed point of the channel (L = 7000 m);
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Figure 5a illustrates the wave profile at a given moment, and Figure 5b shows the relationship between the
position of the boundaries of the pycnocline and time at a given point of the channel (L = 7000 m). The similar two-
front structure occurring in the transformation of the solitary wave above the Australian shelf is described in [27].
Within the framework of the theory of shallow water (first-order approximation), the structure of nonlinear waves
in the two-layer fluid, in particular wave structure in the Riemann proble for two-layer model in the Boussinesq
approximation is investigated in [13].

NUMERICAL SIMULATION OF THE PROPAGATION
OF THE TRAIN OF INTERNAL WAVES

It is noted above that, as the internal bore arrives at the shelf zone, its front is transformed into a series of
solitary waves moving in the form of a wave packet. The possibility of numerical calculation of the propagation of
the nonlinear train of internal waves above the shelf on the basis of an evolution equation is described in [9]. In this
paper, the field data on the deformation of thermocline on the S1 and S2 stations are used to compare the results
of the experiments and numerical simulation of the evolution of the wave packet of large-amplitude near-bottom
waves at the internal bore front within the framework of the two-layer model (9). The choice of the model is due to
the maximum simplification of the formulation of the initial boundary-value problem with the replacement of the
real stratification by two-layer stratification. Moreover, the choice of internal bore propagating in the shelf zone
(see Fig. 2a) for the study makes it possible to simplify the setting of initial data.

Let us consider the following formulation of the problem for model (9). The role of the isotherm separating
two layers of homogeneous fluid is played by T = 14 ◦C. The value of b = 2 · 10−2 m/s2 corresponds to temperature
variation in the layers ∆T = 10 ◦C. Let the fluid be at rest at an initial moment and the horizontal interface
be at a distance of 4 m from the bottom (S1 station). The origin is related with the position of the S2 station
located at a depth of 42 m. The bottom shape between the stations changes monotonically according to the law
z(x) = a(1 − exp (−kx)), where k = 0.073 m−1; a = 3.5 m. On the left boundary of the computational domain
(0 6 x 6 3000 m), on the basis of the data obtained from the S2 station, the relationship h = h(0, t) shown in Fig. 6
is set. On the right boundary of the computational domain, “soft” boundary conditions are set. As the channel
length is assumed to be rather long and the main perturbation does not reach the right boundary, the choice of
boundary conditions is negligible in this case.

Figure 6b shows the isotherms (T = 14 ◦C) obtained in the numerical calculation of model (9) and in the
field experiment on the S1 station. As noted above, the scale parameter β in this paper does not vary, i.e., β = 1.
Therefore, the only parameter of the model c that characterizes the dissipative processes at the layer interface
is chosen on the basis of the results of laboratory experiments that touched upon the decay of internal solitary
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waves [23] and assumed to be c = 0.01. Figure 6 shows that the wave packet detected at the S1 and S2 stations is
substantially nonstationary, and individual waves inside the packet interact with each other, so the calculation of
the evolution of the train of waves at large distances is quite complex. However, at the distance of 10 wave lengths,
it is possible to determine the phase and amplitude characteristics of the nonlinear wave packet with the use of the
simple two-layer model.

CONCLUSION

This paper describes the conditions of the formation of internal wave bores in the transformation of long
solitary waves over a shelf. The calculation of the deformation of seasonal thermocline in the passage of internal
waves is carried out with the help of the equations of multilayer shallow water, which take into account the joint
effect of nonlinearity and dispersion on the structure of near-bottom nonstationary flows.

The three-layer model (4) makes it possible to explain the formation of clearly manifested fronts or internal
bores on the initially smooth profile of a long solitary wave as it arrives at the coast and interpret the observed wave
configurations. The thermocline oscillations with a small period in the case of the internal bore propagation are
determined by using the two-layer model (9). The agreement between the phase and amplitude characteristics of
numerical solution with the experimentally observed deformation of the main thermocline is only determined at a
small 850-m long section between the S1 and S2 sections, which is due to the fact that wave packet is substantially
nonstationary. However, the presence of correlation of the field data and the results of the numerical experiment
indicates the possibility of using the chains of thermistors to determine the additional characteristics of internal
waves above a shelf. In particular, the solution of Eqs. (9) with the temperature distribution set on the basis of
the field experiment at the boundary of the region under consideration allows for the calculation of the variation
of mean velocity in the layers, caused by the thermocline oscillations with a small period, and, consequently, the
transfer of the mass and momentum toward the coast by internal waves.
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