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Introduction

Nonlinear internal waves generated by internal tides play the important role in the

energy transfer in shelf zones of seas. In coastal zones, shoreward propagation of

surface and internal waves generally leads to breaking. The turbulence, generated by

breaking and mixing processes at the wave fronts, induces the very effective mecha-

nism of energy dissipation and momentum exchange, leading to intensive sediments

suspension and transport in the shelf zone. Such high-energetic mechanisms of the

shelf ventilation can effectively intensify the biological and hydrological processes

in coastal waters. In particular, they can redistribute the waste waters and influence

the water quality in near shore area. The run up of internal waves in near shore waters

is very similar to the run up of surface long waves, but the process of internal wave

breaking and dissipation is not quite understood. The main difference between inter-

nal and surface waves is that large internal waves can propagate for a long distance

without breaking. In contrast to the energy dissipation mechanism for surface soli-

tary waves in a homogeneous fluid, the energy dissipation in internal waves is closely

connected with the entrainment and mixing in stratified shear flows. Very often, the

wave fronts take the form of solitary wave trains with the large ratio of the wave

amplitude to the upper layer depth [14]. Propagating to shore, they transform into

the large amplitude internal waves of elevation. The large amplitude internal waves

can be identified by their ability to carry trapped fluid horizontally for long distances

[4, 15, 22, 24, 26, 27]. The transition from wave-like motion to the separate moving
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soliton-like waves (“solibores”) containing trapped dense core is the common feature

of the run-up process of internal waves. It can be observed in any shelf zone with high

internal wave activity as well as in laboratory experiments. Breaking of internal soli-

tary waves is closely connected with shear-induced instability at interfaces, which is

an object of recent intense investigations in laboratory and field observations [1, 6,

16, 20, 23].

In the paper the multi-layer shallow water model describing the nonstationary

interaction and decaying of large internal solitary waves is presented. The equations

are the direct extension of the Green–Naghdi equations developed for open channel

flows of multi-layer stratified fluids. It is shown that the two- and three-layer shal-

low water equations taking into account the dispersion effects, can describe large

amplitude internal wave evolution for different types of flows (intrusions, bottom

and subsurface internal waves in field and laboratory conditions).

Laboratory Experiments

Here we describe briefly the laboratory experiments performed in the Lavrentyev

Institute of Hydrodynamics, which will be used in next sections to validate the

mathematical models. More detailed description of the experiments can be found in

[7–11].

Experiments were carried out in a test tank of length 3.2 m, width 0.2 m and

depth 0.35 m, the walls of the test tank were made of Perspex. The test tank was

divided by a vertical removable wall in two parts as it is shown in Fig. 1. The geo-

metrical set-up of the experiments is clear from the sketches shown in the figure.

Figure 1a illustrates the experiments on the symmetric solitary wave evolution along

the interface. It shows the special installation (inclined bottom and lid in the flume)

to provide the shoaling of symmetric solitary waves of the second mode over a shelf

(𝛼 = 𝛽) or the shoaling of the subsurface waves of depression (𝛼 > 0, 𝛽 = 0). Var-

ious applications of solitary wave dynamics revealed in laboratory experiments to

the shoaling of large internal waves in a shelf zone have been discussed in [11, 12].

Here we focus our attention mostly on the special features of internal solitary wave

propagation over the flat bottom (𝛼 = 𝛽 = 0). Figure 1b sketches the nonsymmetric

solitary wave generation in the lock-exchange problem.

The experimental setup is shown in Fig. 2. For visualization of the flow pattern

LIF-technique (Laser Induced Fluorescence) is used. The method is based on the

fact that at low concentrations of fluorescein its luminosity during laser irradiation

is directly proportional to the concentration. This allows not only to get qualitative

information (for example, about mixing processes), but also quantitative information

about the density of the liquid in any part of the investigated area. To create the light

sheet, the diode-pumped solid-state laser “Mozart” is used, it provides a powerful

continuous radiation at a wavelength of 532 nm. By changing thermostat temperature

the radiation power could be varied from a few mW up to 5 W. The control system

allows to change the width of the sheet and the direction of the light, also the mirror
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Fig. 1 Sketch of the lock problem: a symmetric solitary wave at the interface; b nonsymmetric

solitary wave generation

vibration frequency can be varied in a wide range of parameters. In combination with

laser power control it allows to get a uniform illumination of investigated area.

A weak solution of sugar or NaCl in water was used to create the stratification.

Gravity current propagation was recorded with a digital video camera. Often in the

field and laboratory experiments, the fixed probes are used. In this study new method

is developed, that permits to transform the spatial pattern of the flow (Fig. 3a),

obtained by video and photo records, to the temporal pattern, which could be fixed

by stationary probes. This new method can be described as follows: a narrow strips,

which consist of few pixels, are cut from each photo so that in new file containing all

such fragments we record a temporary flow pattern (Fig. 3b). It allows to compare

field data on large amplitude internal wave evolution in a coastal zone with labora-

tory experiments.
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Fig. 2 Experimental setup

Another type of the flow visualization is portrayed in Fig. 4, where we show

photographs of the generated solitary waves against the background of the lumi-

nous screen with a grid of inclined lines imposed on it. The optical inhomogeneities

visualizing the perturbation propagation are distinctly seen. In high density gradient

regions, we observed the characteristic distortion of lines, whereas the optical trans-

parency of the fluid changes in the mixing areas [5]. In addition, dense fluid, which

propagates along the interface in the form of a symmetric solitary wave, is slightly

tinted with an ink solution for visualizing the mass transfer processes. The external

wave boundaries are determined by the break and change in thickness of the inclined

lines.

Bottom friction has no effect on the propagation of subsurface internal waves in

oceans. But in laboratory experiments the bottom friction effects are replaced by

the surface tension effect and the free surface can be considered as a rigid lid in

experiments on large amplitude internal wave propagation. To avoid the bottom and

surface effects on large amplitude waves, the series of laboratory experiments were

conducted for short intrusions at the interface of two miscible fluids of different

densities (Fig. 1a). The tank geometry was symmetric relative to the plane y = H1
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Fig. 3 Bottom solitary

wave in the laboratory

experiment [12]: a spatial

patterns; b temporal patterns.

The solid lines represent the

results of calculations by the

model ULM with the

parameters: h0 =
0.3 cm, 𝜂0 = 0.8 cm, 𝜁0 =
6.9 cm, b = 5 cm∕s2, b̄ =
0.5b,Fr = 0.476

Fig. 4 Snapshot of a

symmetric solitary wave of

the second mode propagating

from left to right at the

interface. The solution of

(14) for

Frs = 0.48, h0 = 0.15 is

shown by solid curves
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with the ordinate y chosen in the vertical direction. So the bottom and the lid of the

tank had the same angles of inclination to the horizon. The length of the compartment

with the mixed fluid of density �̄� = 0.5(𝜌− + 𝜌
+) was chosen so that the only one

solitary wave at the interface was produced. It was also symmetric relative to the

undisturbed interface. Due to the flow symmetry, the corresponding component of

the Reynolds stress at y = H1 vanished. The velocities generated in the homogeneous

layers by the intrusion were small enough and the friction at the bottom could be

neglected too, but the friction between the surrounding fluid and the intrusion should

be included in the mathematical model to describe properly the decay rate of solitary

waves propagating along the interface. We do not specify in the paper all details of

the experiments on the decay of symmetric solitary waves. Some approaches to the

problem are discussed in [7] and is illustrated below.

When the symmetry of the experiment is broken (Fig. 1b), the interfacial intrusion

starts to generate intense trailing waves of the first mode and loses its energy rather

Fig. 5 Generation of intense internal waves of the first mode by the short intrusion at the interface:

background is the experimental form of the intrusion generated in the lock problem with h0 =
5∕12H, b̄ = 5∕12b; thick lines are the results of nonstationary calculations by the basic model (BM)

Fig. 6 Nonsymmetric solitary wave of the second mode generated in the lock problem with special

choice of stratification shown in Fig. 1b (h0 = H∕3, b̄ = b∕3): internal solid lines are constructed

by the exact solution of SM and correspond to the boundaries of the dark (colored) fluid carried

by the wave along the pycnocline, outer solid lines represent the steady-state solutions of the basic

model (BM)
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quickly (Fig. 5). Nevertheless, for special choice of stratification the nonsymmetric

solitary wave can be generated, which is able to propagate along the channel keeping

its permanent form (Fig. 6). Solid lines shown in Figs. 3, 4, 5 and 6 represent the

solutions of the mathematical model developed in next sections.

Mathematical Models

Basic Model

As a basic model for simulation of nonlinear internal waves, we consider the three–

layer shallow water equations for large amplitude, weakly nonhydrostatic long waves

introduced in [19]. The model is a version of multi-layer strongly nonlinear equations

derived in [2] with the following simplifications:

1. Boussinesq approximation |𝜌 − 𝜌0| ≪ 𝜌0 is used, where 𝜌, 𝜌0 are the density and

reference density, correspondingly [14].

2. The pressure distribution in the intermediate layer is supposed to be hydrostatic.

The first condition is well justified due to small density variation in the ocean.

The second one will be used in two cases:

(i) to describe large amplitude internal waves of the first mode with relative small

thickness of the interlayer

(ii) to simulate interface solitary waves of the second mode, in which wave velocity

and particle velocity differ only slightly.

In dimensional variables the governing equations take the form

ht + (hu)x = 0, 𝜂t + (𝜂v)x = 0, 𝜁t + (𝜁w)x = 0,

ut + (1
2
u2 + b(h + z) + b̄𝜂 + p)x +

𝛽
−

3h
(h2

d21h
dt2

)x = f −,

vt + (1
2
v2 + b̄(h + 𝜂 + z) + p)x = f̄ ,

wt + (1
2
w2 + p)x +

𝛽
+

3𝜁
(𝜁2

d22𝜁
dt2

)x = f +,

d1
dt

= 𝜕

𝜕t
+ u 𝜕

𝜕x
,

d2
dt

= 𝜕

𝜕t
+ w 𝜕

𝜕x
,

b = (𝜌− − 𝜌
+)g∕𝜌+, b̄ = (�̄� − 𝜌

+)g∕𝜌+. (1)

Here g is the gravity acceleration, p is the modified pressure, 𝜌
+
, �̄�, 𝜌

−
are the densi-

ties, 𝜁, 𝜂, h are the thicknesses, w, v, u are the mean horizontal velocities in the upper,

intermediate and lower layers, correspondingly. The function z = z(x) describes the

bottom profile. We suppose that the bottom changes very smoothly, so we don’t



94 V. Liapidevskii and N. Gavrilov

include in (1) the terms containing the first and the second derivatives of the function

z [13, 25]. The friction terms f ± and f̄ will be discussed later.

In Boussinesq approximation we also have

h + 𝜂 + 𝜁 + z = H ≡ const. (2)

In view of (1) the total flow rate

Q = Q(t) = hu + 𝜂v + 𝜁w (3)

can be found from boundary conditions. Finally, Eqs. (1)–(3) with b ≡ const, b̄ ≡

const after excluding pressure p represent the closed system of equations for unknown

variables h, 𝜁 , u,w.

The small shallow water parameter 𝛽 = (H∕L)2, where H is the channel depth and

L is a typical wave length, in dimensional variables is taken equal to one, so the coef-

ficients 𝛽
±

in (1) are chosen equal to 1 or 0 depending on the model consideration.

Below we will use the following notations

∙ Basic Model (BM) for 𝛽
+ = 𝛽

− = 1.

∙ Upper Layer Model (ULM) for 𝛽
+ = 1, 𝛽− = 0.

∙ Bottom Layer Model (BLM) for 𝛽
+ = 0, 𝛽− = 1.

∙ Hydrostatic Model (HM) for 𝛽
+ = 𝛽

− = 0.

Remark 1 Without Boussinesq approximation and for 𝜂 ≡ 0 BM coincides with the

strong nonlinear two-layer model derived in [3].

Remark 2 The special cases of (1)–(3), namely, ULM and BLM, in which one of

the outer layers is hydrostatic, can be applied effectively to large amplitude internal

waves of elevation or depression, since in corresponding layers the mean particle

velocity approaches the wave velocity and the second derivative in the pressure term

vanishes.

Remark 3 Hydrostatic Model (HM) represents well-known three-layer shallow

water equations in Boussinesq approximation [17].

Symmetric Model (SM)

Consider flows symmetric about the central line y = H1 = H∕2 with �̄� = (𝜌+ +
𝜌
−)∕2, 𝜁 ≡ h,w ≡ u (Fig. 1a). In this case, it is sufficient to consider flows only in

low part of the channel (0 < y < H1) and use the two-layer flow scheme. The gov-

erning equations for SM take the form

ht + (hu)x = 0,

ut + uux + b̄hx + px +
1
3h

(h2
d21h
dt2

)x = f −,

vt + vvx + px = f̄ ,
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hu + (H1 − h)v = Q1(t). (4)

Note that SM describes an important class of symmetric intrusions at the interface

and, in particular, the symmetric solitary waves [7].

Travelling Waves

For the models BM, ULM, BLM, SM we construct travelling waves, i.e., solutions of

Eqs. (1)–(3) or Eq. (4), which depend on the variable 𝜉 = x − Dt(D ≡ const). Such

solutions exist for nondissipative models over a flat bottom (f ± = 0, f̄ = 0, z ≡ 0).

All considered models are invariant under the Galilean transformation, therefore we

can consider steady-state solutions as a representatives of travelling waves.

Steady-State Solutions of (1)–(3)

The following relations can easily be drawn for steady-state solutions of (1)–(3)

hu = Q−
, 𝜂v = Q̄, 𝜁w = Q+

,

1
2
v2 + b̄(h + 𝜂) + p = J̄, h + 𝜂 + 𝜁 = H (5)

and two more integrals can be derived after some calculations

1
2
u2 + bh + b̄𝜂 + p − 𝛽

−

3
u(h2u′)′ − 𝛽

−

6
h2(u′)2 = J−,

1
2
w2 + p − 𝛽

+

3
w(𝜁2w′)′ − 𝛽

+

6
𝜁
2(w′)2 = J+. (6)

We express the unknown variables h, 𝜂, 𝜁 , p, v as functions of u and w and reduce

(1)–(3) to the system of ordinary differential equations

𝛽
−

3
h2uu′′ = 1

2
u2 + bh + b̄𝜂 + p + 𝛽

−

2
h2(u′)2 − J−,

𝛽
+

3
𝜁
2ww′′ = 1

2
w2 + p + 𝛽

+

3
𝜁
2(w′)2 − J+, (7)

where

h = Q−∕u, 𝜁 = Q+∕w, 𝜂 = H − h − 𝜁, v = Q̄∕𝜂,

p = J̄ − 1
2
v2 − b̄(h + 𝜂).
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By choosing the corresponding values 𝛽
±

, Eq. (7) describe steady-state flows for all

mentioned above models BM, ULM, BLM and HM.

Solitary Waves

Consider the special class of solutions for ULM, BLM, SM, which satisfy for |x| →
∞ the following conditions

h → h0, 𝜁 → 𝜁0, u → u0, w → u0,
h′ → 0, h′′ → 0, 𝜁

′ → 0, 𝜁
′′ → 0 (8)

(here and below, the prime denotes differentiation with respect to the variable x).

Solutions of the problem (7)–(8) describe solitary waves moving with the velocity

u0 in the laboratory system of coordinates.

Solitary Waves in SM

For SM the solitary waves have been investigated in [7, 8]. The soliton-like solution

for SM can be found in quadratures. To see that we rewrite (7) for SM in dimension-

less variables

h∗ = h∕H1, u∗ = u∕
√

b̄H1, p∗ = p∕b̄H1,

t∗ = t
√

b̄∕H1, x∗ = x∕H1, Frs = u0∕
√

b̄H1.

(“star” is omitted below).

The governing equations for (7)–(8) take the form

hu = h0Frs, (1 − h)v = (1 − h0)Frs,
1
2
v2 + p = 1

2
Fr2s + p0,

1
2
u2 + h + p + 1

3
hu2h′′ − 1

6
u2(h′)2 = 1

2
Fr2s + h0 + p0. (9)

Equation (9) can be reduced to ODE [9]

(h′)2 = G(h) =
3(h − h0)2(Fr2s − h + h2)

Fr2s h
2
0(1 − h)

. (10)

It follows from (10) that the solitary waves exist for
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Fr2s − h + h2 > 0.

Therefore, the admissible intervals for h are

0 < h0 ≤ h ≤ h−, h+ ≤ h ≤ h0 < 1, (11)

where

h± =
1 ±

√

1 − 4Fr2s
2

. (12)

Naturally, the necessary condition for solitary wave existence reads

Frs ≤
1
2
. (13)

The profile of the symmetric solitary wave can be found from quadratures

x = x±(h) = ±
h

∫

hm

ds
√
G(s).

(14)

Here hm = h+ for a wave of depression and hm = h− for a wave of elevation. The solu-

tion of (14) for Frs = 0.48, h0 = 0.15 is shown by solid curves in Fig. 4 (in dimen-

sional variables).

Remark 4 It is important to underline that solutions (14) can be effectively applied to

large amplitude internal wave simulation for different scales of flow not only at inter-

faces (the second mode symmetric waves), but also to subsurface waves of depression

and to bottom waves of elevation.

Solitary Waves in BLM and ULM

In similar manner, solitary wave solutions for BLM and ULM may be represented in

quadratures. Consider (7) with 𝛽
− = 1, 𝛽+ = 0. The governing equations describing

the long subsurface waves of depression (BLM) take the form

1
2
u2 + bh + b̄𝜂 + p − 1

3
h2uu′′ + 1

2
h2(u′)2 = 1

2
u20 + bh0 + b̄𝜂0 + p0 = J−,

1
2
w2 + p = 1

2
u20 + p0 = J+,

1
2
v2 + b̄(h + 𝜂) + p = 1

2
u20 + b̄(h0 + 𝜂0) + p0 = J̄,

hu = h0u0 = Q−
, 𝜁w = 𝜁0u0 = Q+

, 𝜂v = 𝜂0u0 = Q̄, h + 𝜂 + 𝜁 = H. (15)
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In view of (15) we have

P(𝜂, 𝜁 ) = Q̄2

2𝜂2
− (Q+)2

2𝜁2
+ b̄(H − 𝜁 ) = J̄ − J+ = b̄(h0 + 𝜂0)

or

𝜂
2 = Q̄2

2(J̄ − J+) + (Q+)2∕𝜁2 − 2b̄(H − 𝜁 )
. (16)

It follows from (16)

𝜂 = 𝜂(𝜁 ), h = h(𝜁 ) = H − 𝜁 − 𝜂(𝜁 ). (17)

We may find dependencies 𝜁 = 𝜁1(h), 𝜂 = 𝜂1(h) from (17) and rewrite (15) in the

form

hh′′ − 1
2
(h′)2 = 3

u2
(J− − 1

2
u2 − bh − b̄𝜂 + 1

2
w2 − J+) = 𝛷(h). (18)

Finally, (18) reduces to ODE

(h−1∕2h′)′ = h−3∕2𝛷(h)

or

(h′)2 = 2h𝛹 (h) (19)

with

𝛹 (h) =
h

∫

h0

𝛷(s)
s2

ds. (20)

The wave profile h = h(x) is calculated from (19), (20). Other unknown variables

may be found from (17)–(19). For given dimensionless parameters b̄∕b, h0∕H, 𝜂0∕H
solitary waves represent the one-parameter family depending on the Froude number

Fr =
u0

√
bH

. (21)

Remark 5 For ULM (𝛽
− = 0, 𝛽+ = 1) describing the bottom waves of elevation, the

one-parameter family of solitary waves may be constructed in a similar way or just

by “inversion” solutions of BLM relative to the midline of the channel.

Nonsymmetric Solitary Waves

In contrast to the models ULM, BLM, SM considered above, the solitary waves for

BM can be found only for special values of the dimensionless parameters b̄∕b, h0∕H,
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𝜂0∕H and Fr. The particular case of BM corresponding to the symmetric solitary

waves of the second mode (SM) is considered in section “Solitary Waves in SM”.

An interesting example of a nonsymmetric solitary wave was found experimen-

tally for special initial data in the lock problem shown in Fig. 1b, namely, for

h0 = H∕3, b̄ = b∕3, 𝜂0 ≪ H. The length of the left compartment has been chosen

so that the only one wave moving on the right was generated. The experimental

photo is shown in Fig. 6. From the symmetry consideration of the flow in the regions

0 ≤ y ≤ h0 and h0 ≤ y ≤ H, it may be concluded that the intrusion from the com-

partment (the wave core with dark fluid) consist of the wave of elevation and two

waves of depression. Such waves have been found as solutions of SM for the case

𝜂0 ≪ H in [11] (Fig. 4).

Here we consider the case 𝜂0 > 0. To construct a soliton-like solution, we must

start with the data h = h0, 𝜁 = 𝜁0, u = u0,w = u0, u′ = 0,w′ = 0 for x → −∞ and use

the asymptotics

U⃗(x) = U⃗0 + Ûexp(𝜆x), 𝜆 > 0, (22)

where U⃗(x) = (h, 𝜁 , u,w)Tr. Omitting the standard calculations connecting with the

linearization of (7), we have

𝜆 =
√

3
2A

(
√
B2 − 4AC − B), (23)

where

A = h20𝜁
2
0u

4
0,

B = h20u
2
0(b̄𝜁0 − (1 + 𝜁0∕h0)u20) + 𝜁

2
0u

2
0((b − b̄)h0 − u20) − h0𝜁20u

4
0∕𝜂0,

C = ((b − b̄)h0 − u20)(b̄𝜁0 − (1 + 𝜁0∕h0)u20) − h0u20(b̄𝜁0 − u20)∕𝜂0. (24)

The asymptotics (22)–(24) is developed for arbitrary value of the Froude number

Fr = u20∕
√
bH and the initial layer parameters h0∕H, 𝜁0∕H, b̄∕b, but the steady-state

solutions of (7) satisfying (2) would represent solitary waves with (8) only for special

combinations of the initial layer parameters. In the next section the example of the

nonsymmetric solitary wave will be considered.

Model Validation and Nonstationary Calculations

Consider first steady-state solutions of the developed models and their application

to experimental data, then nonstationary solutions of (1) will be discussed.
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Internal Solitary Waves in Laboratory and Field Experiments

Internal Waves of Depression

The constructed solutions for ULM and BLM can be compared with numerous lab-

oratory and field experimental data. We consider first the laboratory experiments on

internal solitary waves of depression performed in [6]. These results are the most

appropriate to the three-layer flow scheme of BLM, since the thickness of the inter-

mediate layer was controlled in experiments. Solitary wave profiles calculated by

(19) are shown in Fig. 7 together with the experimental data from [6] (Fig. 3c, d).

Analogously to the laboratory experiments described above in section “Laboratory

Experiments”, the solitary waves of depression were generated by removing the

vertical gate between two stratified fluids at rest (the lock-exchange problem). The

dimensional parameters determining the waves are h0 = 30 cm, 𝜂0 = 5.5 cm, 𝜁0 =
5 cm, b = 20cm∕s2, b̄ = 1

2
b, Fr = 0.485 (Fig. 7a) and h0 = 29.5 cm, 𝜂0 = 5.5 cm,

𝜁0 = 1.5 cm, b = 20 cm∕s2, b̄ = 1
2
b, Fr = 0.462 (Fig. 7b) (the runs No. 1 and No.

24 in [6]). Solid black lines on Fig. 7 are the results of calculations, solid white lines

are the experimentally found positions of pycnocline between the layers, the back-

grounds are photos of the experiment.

In oceans and seas the density stratification is rather complicated. Nevertheless,

we may apply the three-layer shallow water models for large internal waves in shelf

zones. In Fig. 8a the time-dependence of isopycnal deformation during the subsur-

face solitary wave passage in the shelf zone of the South China sea is shown [20]

(Fig. 3e). Thick black lines are the result of calculation by BLM with the following

dimensional data: h0 = 395m, 𝜂0 = 100m, 𝜁0 = 30m, b = 4 × 10−2m∕s2, b̄ = 0.3b,

Fr = 0.447. The total depth is 525 m.

Internal Waves of Elevation

As was mentioned above, UBL is developed for large internal waves of elevation. In

laboratory experiments it can be used for calculations as the spatial patterns so the

temporal patterns of bottom internal waves (Fig. 3a and b). The solid black lines are

the results of calculations by ULM with the parameters: h0 = 0.3 cm, 𝜂0 = 0.8 cm,

𝜁0 = 6.9 cm, b = 5 cm∕s2, b̄ = 0.5b, Fr = 0.476. UBL also can be applied for field

data taken from [18] (Fig. 8b). The measurements of the vertical temperature dis-

tribution were performed 09.09.2011 in nearshore waters of the Sea of Japan at the

depth 18 m. In Fig. 8b the contour plot of temperature (thin lines) is shown together

with the calculations by ULM (thick lines). The upper layer was practically homo-

geneous with the temperature 18 ◦C. The “bolus” of cold water with the temperature

10–12
◦C in the wave core passed through the bottom measurement station in 5 min.

The wave amplitude reached half of the total depth. The ULM parameters of the wave

are: h0 = 0.9m, 𝜂0 = 2m, 𝜁0 = 15.1m, b = 1.2 × 10−2 m∕s2, b̄ = 0.3b, Fr = 0.47.
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Fig. 7 Solitary wave profiles calculated by (19) (black solid lines) together with the experimental

data from [6]: a h0 = 30 cm, 𝜂0 = 5.5 cm, 𝜁0 = 5 cm, b = 20 cm∕s2, b̄ = 1
2
b, Fr = 0.485 (Run 1); b

h0 = 29.5 cm, 𝜂0 = 5.5 cm, 𝜁0 = 1.5 cm, b = 20 cm∕s2, b̄ = b∕2, Fr = 0.462 (Run 24). White solid

lines are experimental boundaries of pycnocline

Nonsymmetric Solitary Waves

An interesting example of the short intrusion spreading as the nonsymmetric internal

solitary wave is shown in Fig. 6. The wave carries colored fluid from the left com-

partment after removing the vertical wall in the lock-exchange problem depicted in

Fig. 1b. The boundaries of the trapped core practically coincide with the solution of

(7) with vanishing interface thickness out of the wave. This rather simple solution

(internal solid lines in Fig. 6) has been described in [11]. Note that the mean fluid

velocity in the core is constant and equal to the wave velocity. Therefore, the wave

profile in such wave may be found in explicit form [9].

Let us consider further the steady-state solution of (7)–(8) with the asymptotics

(22)–(24). For the dimensional parameters H = 12 cm, 𝜂0 = 0.4 cm, h0 = H∕3 −
𝜂0∕2, 𝜁0 = 2H∕3 − 𝜂0∕2, b = 5 cm∕s2, b̄ = b∕3, which correspond to experimental

data, the numerical solution represent the solitary wave (outer solid lines in Fig. 6).

It is demonstrated experimentally [11] that such wave keeps its form for a long



102 V. Liapidevskii and N. Gavrilov

Fig. 8 Solitary waves in field data: a time-dependence of isopycnal deformation during the subsur-

face solitary wave passage in the shelf zone of the South China sea [20]. Thick black lines are the

result of calculation by BLM (h0 = 395m, 𝜂0 = 100m, 𝜁0 = 30m, b = 4 × 10−2m∕s2, b̄ = 0.3b,

Fr = 0.447); b bottom solitary wave in the Sea of Japan at the depth 18 m. The contour plot of tem-

perature (thin lines) is shown together with the calculations by ULM (thick lines). The ULM param-

eters of the wave are: h0 = 0.9m, 𝜂0 = 2m, 𝜁0 = 15.1m, b = 1.2 × 10−2 m∕s2, b̄ = 0.3b, Fr = 0.47

distance as it moves along the pycnocline in the flume. If the governing parameters

in the lock problem is changed, the intrusion stops to be soliton-like and it starts to

generate nonstationary internal waves of the first mode (see section “Nonsymmetric

Solitary Waves”).

Non-stationary Problem

Let us return to the basic model (1). For numerical realization of Eq. (1) it is con-

venient to rewrite the system in the form of conservation laws. Analogously to [12],

Eq. (1) can be written as follows

ht + (hu)x = 0, 𝜁t + (𝜂w)x = 0,

Kt + (Ku − 1
2
u2 + b(h + z) + b̄𝜂 + p − 𝛽

−

2
h2u2x)x = f −,

Rt + (Rw − 1
2
w2 + p − 𝛽

+

2
𝜁
2w2

x)x = f +. (25)
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Here

K = u − 𝛽
−

3h
(h3ux)x, R = w − 𝛽

+

3𝜁
(𝜁3wx)x,

𝜂 = H − h − 𝜁, v = Q(t) − hu − 𝜁w
𝜂

. (26)

We apply Eqs. (25)–(26) for numerical calculations of nonstationary problems, con-

cerning the propagation of large amplitude internal waves in the frame of mod-

els BM, ULM, BLM, SM. In all cases we consider wave generation inside of the

channel (the lock problem etc.), so we apply the “wall condition” at the left and

right boundaries of the calculation domain (Q ≡ 0). The variables h, 𝜁 ,K,R are

considered as dependent variables, describing the time evolution of the flow, and

the velocities u = u(t, x) and w = w(t, x) can be restored for given h, 𝜁 , hx, 𝜁x,K and

R from the linear system of ODE (26). This numerical scheme have been devel-

oped in [21] for open channel flows and applied in [9, 11] for internal wave cal-

culations. The numerical scheme is formally a version of Godunov’s scheme, in

which the fluxes through the lateral boundaries of the meshes are calculated by a

Riemann solver. To find the appropriate time step for SM or USM, BSM, BM mod-

els we consider the equilibrium system without dispersion (𝛽
± = 0), which coin-

cides with common two or three-layer shallow water equations, correspondingly.

In all calculations presented in the paper the boundary conditions are u = 0,w = 0
at the side walls of the simulating domain. As the initial conditions, we use the

exact solution (10) for SM or the step-wise functions h = h0(x), 𝜁 = 𝜁0(x) together

with u = u0(x) ≡ 0,w = w0(x) ≡ 0,K = K0(x) ≡ 0,R = R0(x) ≡ 0. The topography

y = z(x) is also included, when the problem on the solitary wave shoaling is

considered.

Decay of Solitary Waves

In real stratified fluids solitary waves do not propagate at a constant velocity. Friction

and entrainment of an ambient fluid result in the wave deceleration. Experiments on

the symmetric solitary wave propagation along the pycnocline together with numer-

ical calculations by SM have demonstrated the ability of the two-layer flow scheme

to simulate the dissipation processes in the flow [7, 9]. It was shown that the main

input in the energy dissipation of solitary waves was given by the interfacial friction

term in (4)

f − = −
ci(u − v)|u − v|

h
, f̄ =

ci(u − v)|u − v|
H1 − h

(27)

and the bottom friction could be neglected. The friction coefficient ci = 10−2 was

chosen considerably larger then the usual value of the bottom friction coefficient cb ∼
4 × 10−3 for turbulent flows, because the mechanisms of the bottom and interlayer
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Fig. 9 Decay of the symmetric solitary wave. Bold points and bold line represent the experimental

positions of wave crests. Thin solid lines show the calculated wave profiles through the fixed time

interval (4 s). The exact solution (10), (14) withH1 = 5 cm, h0 = 3.65 cm, b̄ = 2.5 cm∕s2,Fr = 0.48
was used as initial data

friction are quite different. If the bottom friction in turbulent flows is a rather classic

problem, the dissipation due to instability generation at the interfaces caused by the

large internal wave propagation is the object of intensive investigations in the last

decades [1, 6].

The results of the numerical calculation of the solitary wave propagation in a flat

horizontal channel is shown in Fig. 9 (the model SM). The exact solution (10), (14)

with H1 = 5 cm, h0 = 3.65 cm, b̄ = 2.5 cm∕s2, Fr = 0.48 was used as initial data.

The calculated wave profiles are plotted through the fixed time interval Δt = 4 s

(thin lines). The bold points in Fig. 9 together with the bold line passing through

them are the positions of the solitary wave crests found from experiments [9]. One

can see from Fig. 9 that the mathematical model (4), (27) with the friction coefficient

ci = 10−2 describes the decay of the solitary wave along the channel. It is important

to note that a solitary wave lost its initial symmetry during propagation due to friction

effects and the shedding rate of mass from the wave is closely related to the friction

rate.

Shoaling Solitary Waves

In the section we compare the ability of the two- and three-layer models (SM and

BM) to simulate the shoaling subsurface solitary waves up to the moment of an

internal bore formation. Transformation of the internal solitary wave of depression

in continuously stratified fluid over a slope is shown in Fig. 10. The 2D nonlinear

numerical model with continuous vertical stratification and turbulent exchange has

been developed in [28]. The model contains a number of parameters and have been

applied to different types of stratified flows. The calculated wave profiles at different

positions over the slope are taken from Fig. 2a and b in [28]. The thin lines show the
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Fig. 10 Shoaling internal

wave over a slope

(tan 𝛼 = 0.05). The wave

moves to the right.

Comparison of numerical

results from [28] (thin lines,

Fig. 2a and b) with the

numerical solutions by the

basic model (BM). The outer

thick curves show the

boundaries of the layers in

BM and the internal thick

curve shows the interface in

the two-layer flow described

by SM [10]. Corresponding

wave parameters are given in

the text

deformation of the density level with the density contour interval of 0.5 kg∕m3
. The

comparison with calculations by the two-layer model SM has been performed in [10]

(Fig. 7). In both cases the calculations have started with soliton-like initial profile of

the wave. In Fig. 10 we combine these calculations with calculations by the three-

layer model BM. Note that for BM calculations the initial solitary wave profile is

constructed by the steady-state solution of BLM (19)–(20). The initial stratification

for the three-layer scheme of flow is chosen as follows: H = 300m, h0 = 230m,

𝜂0 = 30m, b = 6 × 10−2 m∕s2, b̄ = 0.25b, Fr = 0.495. The wave moves to the right

over the slope (zx ≡ 0.05). The outer thick curves show the boundaries of the layers

in BM and the internal thick curve shows the interface in the two-layer flow described

by SM. We may draw two main conclusions from Fig. 10:

1. the models derived above may be applied to simulate large internal waves in

continuously stratified fluids too;

2. shoaling large internal waves can be described adequately by the models SM,

BLM, which don’t take into account nonhydrostatic effects in the upper layer.

Nonsymmetric Solitary Waves

In section “Nonsymmetric Solitary Waves” the steady-state solution of BM describ-

ing a nonsymmetric solitary wave of the second mode was constructed and compared

with the experiment (Fig. 6). To investigate the stability of the solution, we must

calculate the corresponding nonstationary problem. In Fig. 11 the result of the non-

symmetric wave evolution calculated by the three-layer model (BM) is shown. As

the initial data for calculations, the wave of permanent form shown in Fig. 6 is cho-

sen. It may be concluded from Fig. 11 that after passing more then ten initial lengths
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Fig. 11 Evolution of the

nonsymmetric solitary wave

shown in Fig. 6. The wave

profile (solid lines) is

calculated by the three-layer

model (BM). The dark

(colored) domain is the fluid

carried by the wave along the

pycnocline in the experiment

the wave keeps its symmetry, though the amplitude of the wave slightly decreases.

Moreover, the calculated wave boundaries correspond to the boundaries of the dark

(colored) fluid carried by the wave along the pycnocline in the corresponding exper-

iment taken from [11] (Fig. 4b) and sketched in Fig. 1b.

In the same experiment shown in Fig. 1b, but with the initial depth h0 slightly

changed, the wave symmetry breaks. In Fig. 5 the experimental form of the intru-

sion generated in the lock problem shown in Fig. 1b is presented together with the

numerical calculations by the model BM. The only distinction from the previous

case of the symmetric wave is that the initial depth of the lower layer was taken

h0 = 5∕12H instead of h0 = 4 cm and, correspondingly, b̄ = 5b∕12. We can see that

the wave lost its permanent form and it is generating the trailing waves of the first

mode. It may be concluded also from Fig. 5 that BM reproduces well the main fea-

tures of the nonstationary wave interaction.

Conclusions

In the paper the hierarchy of multi-layer shallow water equations describing large

internal wave dynamics is developed. The main feature of considered models is that

the nonhydrostatic effects are taken into account, but not in all layers. Such models

allow us to find analytically soliton-like solutions representing internal waves of the

first and the second modes. Laboratory experiments as well as the field data pre-

sented in the paper show that the shallow water approximation is adequate for large

internal waves, which amplitude is comparable with the total depth of the channel.

The three-layer shallow water equations (1) with the intermediate hydrostatic layer is

chosen as the basic model (BM). The equations in the outer layers contain the addi-

tional nonhydrostatic pressure terms analogous to that in Green-Naghdi equations

developed for open channel flows. In fact, Eq. (1) are a variant of multi-layer equa-

tions derived in [2]. The basic model can be applied effectively to simulate intrusions

propagating along the interfaces (Fig. 5). Moreover, it may be used for simulation of
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shoaling internal waves and solibore formation (Fig. 10). The steady-state solution

of BM describes also the nonsymmetric solitary wave of the second mode shown in

Fig. 6.

The submodels ULM, BLM, SM of the basic model BM allow us to find the

soliton-like waves in two- or three-layer stratified fluids. One-parameter family of

solitary solutions for ULM, BLM or for SM depends on the Froude number Fr or

Frs, correspondingly. It is worth to note that BM doesn’t have such solutions for

arbitrary initial flow parameters.

Decay of internal waves due to breaking and entrainment processes is very impor-

tant for wave dynamics. It is shown for the symmetric solitary waves of the second

mode that the decay of internal waves can be simulated by the corresponding fric-

tion terms (27) (Fig. 9). Nevertheless, future development of the multi-layer shallow

water approach must include the modelling of mixing and entrainment processes at

the interfaces.
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