
Combus$ion, Explosion, and Shock Waves, Vol. 33, No. 3, 1997 

D E T O N A T I O N - W A V E  S T R U C T U R E  I N  M U L T I C O M P O N E N T  B U B B L Y  L I Q U I D S  

V. Yu. Liapidevskii UDC 534.222.2 

Specific features of the formation and propagation of self-sustaining waves in a liquid containing 
bubbles of a chemically active and inert gas are studied within the framework of the Iordanskii- 
Kogarko model with instantaneous energy release at the detonation front. We have formulated 
a rule of selection of the detonation velocity in a bubbly liquid with a discrete bubble-size 
distribution. 

I N T R O D U C T I O N  

The bubble detonation phenomenon, i.e., self-sustaining wave generation and propagation upon ignition 
of chemically active gas bubbles in an inert liquid medium, has been studied experimentally by Pinaev and 
Sychev [1, 2] and Gfilhan and Beylich [3]. An interesting feature of the process, which was noted in [1, 2], 
is the increase in the detonation velocity with increasing viscosity of the carrying phase. The formation and 
propagation of a self-sustaining wave in a bubbly liquid is associated with various physical processes in the 
wave front, including chemical reactions, heat transfer, the effect of viscosity, and bubble fragmentation. This 
circumstance complicates the development of an adequate mathematical model of bubble detonation that 
describes the structure of a self-sustaining wave, because it is, first of all, necessary to answer the basic 
question: which of the above processes determines the velocity of a detonation wave? 

Mathematical models of bubble detonation [4-10] incorporates to a different extent the effect of one or 
another mechanism of formation of self-sustaining waves. For example, dissipative processes are simulated by 
the effective viscosity in [4, 6] and by heat transfer in [5]. To describe energy release in bubbles, use is made 
of both the simplest hypotheses of instantaneous burn-up of a reacting mixture with subsequent adiabatic 
expansion of a bubble [9, 10] and also a more complicated system of equations that takes into account the 
shift of chemical equilibrium and the variation in the molecular mass of reacting substances [8]. 

As the author has shown in [10], one of the basic mechanisms of formation of self-sustaining soliton-like 
detonation waves is pressure nonequilibrium in the liquid and gaseous phases. If the energy release during 
compression of a bubble with a combustible mixture occurs rather rapidly and the time of heat and viscous 
relaxation is considerably larger than the time of bubble collapse in a detonation wave (DW), the pressure 
equilibrium state in the phases is attained immediately behind the wave front. Within the framework of the 
equilibrium model, this state is supersonic relative to the front. Therefore, complicated relaxation processes 
behind the DW front no longer affect wave propagation. To establish the internal parameters of a DW such 
as velocity, amplitude, and duration, there is no need to use models with complicated kinetics, since the wave 
parameters depend weakly on the chemical composition of a reacting mixture and are mainly determined by 
the total energy release during combustion of the g.as in bubbles and also by the conditions of initiation of 
the reaction. 

Lavrent'ev Institute of Hydrodynamics, Siberian Division, Russian Academy of Sciences, Novosibirsk 
630090. Translated from Fizika Goreniya i Vzryva, Vol. 33, No. 3, pp. 104-113, May-June, 1997. Original 
article submitted December 15, 1995; revision submitted December 20, 1996. 

0010-5082/97/3303-0331 $18.00 Q 1998 Plenum Publishing Corporation 331 



The relative simplicity of the Iordanskii-Kogarko model employed in [10] allowed one to formulate 
the rule of selection of the bubble-detonation velocity for a monodisperse mixture. For a polydisp.erse bubbly 
liquid, the wave structure is more complicated. Izergin has shown in [11] that even for the simplest polydisperse 
medium containing bubbles of two sizes, steady-state soliton-like structures exist only for discrete values of 
the wave velocity. Therefore, quasi-stationary multisolitons are formed from an arbitrary perturbation, and 
the DW in a polydisperse bubbly liquid can contain several pressure peaks. 

In the present paper, we study the structure of a DW in a two-component bubbly liquid which contains 
bubbles of chemically active and inert gases. The specific features of bubble detonation in such media have 
been investigated experimentally in [12]. 

1. FORMULATION OF THE P R O B L E M  

We shall consider one-dimensional motions of a bubbly liquid in a tube of constant cross section. 
Let, for t = O, the medium be at rest, and the pressures in the liquid and gas phases coincide. The liquid 
with density pi =cons t  is considered ideal and incompressible. The volumetric gas concentration a is small 
(a << 1). The bubbles are shaped like spheres with initial equilibrium radius Re and are uniformly distributed 
over the volume. The equation of state of the gas in the bubbles is written as pg = po(pJpg,o)'~o, where V0 > 1, 
pg,0 is the initial density, and p0 is the initial pressure of the gas phase. In the system, there are two types of 
bubbles - -  active and passive ones. In active bubbles, when the critical ignition radius R. < Re is reached, an 
instantaneous reaction accompanied by heat release occurs, and the equation of state of the reaction products 
has the form 

Pg = Pl(Pg/pg,o) "rl, Pl > Po. 

The equation of state of passive bubbles does not change. Let ~ be the relative content of active bubbles in 
a mixture, i.e., ~ = nl /n .  Here and below, n is the number of all bubbles and no and nl are the number of 
passive and active bubbles per unit mass, respectively. For/~ = 0, we have a bub.bly liquid with the inert gas 
phase. The structure of shock waves in such a medium has been analyzed in [13]. For fl = 1, the monodisperse 
bubbly liquid contains only the active gas phase. In [12], the phenomenon of bubble detonation has been 
studied experimentally at 0 < fl < 1. 

Unsteady motions of a two-component liquid can be described within the framework of a one-velocity 
model by the Iordanskii-Kogarko equations in the Lagrangian coordinates: 

Ov Ou Ou Op 
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Here u is the velocity and p is the pressure in the liquid. The subscript i -- 0 corresponds to the unreacted 
gas phase, and i = 1 corresponds to the reacted one. The specific volume of the mixture is 

1 4 1 
v = vI -b "~:'0 ~ "~ zrnil~ii' vI = --" 

= PI 

If in a wave that propagates in a medium at rest, the critical radius of a bubble is not reached, 
R0 = R1, and the medium can be considered monodisperse. The properties of a two-component mixture 
that are associated with energy release in combustion of chemically active bubbles and also with the bubble- 
size distribution behind the reaction front manifest themselves only upon propagation of perturbations with 
sufficiently large amplitude. As in the monodisperse case of [13], the consequence of Eqs. (1) and of the 
Rayleigh equations (2) is the law of conservation of energy: 

( 2  i=01 ,=01 7 , - 1  (R~)  u2 + Pl ~_, ni2rrn~(ni') 2 + E n.j_ -3"r,4.3 3\ Pi 7rRi / ~t + (pu)z = 0. (3) 
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Equations that are similar to system (1)-(3) can be written also for a weakly compressible carrying phase. 
With p = g(Pl) and g' > 0, the corresponding system (1) and (2) is hyperbolic, which simplifies numerical 
calculations for unsteady motions. The role of compressibility manifests itself only in media with a very 
small value of a when the self-sustaining wave velocity exceeds the sound velocity in the liquid. In this case, 
the DW leading front is no longer continuous, as is shown in [8, 13], but consists of a shock wave and a 
continuous relaxation zone adjacent to this wave. However, for experimentally realizable concentrations a at 
which bubble detonation is observed [1-3, 8], the DW velocity does not exceed the sound velocity in the liquid, 
and taking into account the compressibility exerts no effect on the pattern of self-sustaining wave formation 
and propagation. 

The model of bubble detonation considered is characterized by the following dimensionless parameters: 
3'0, 7x, a, ~, B = Pl/PO, and r .  = R./Re. The model does not incorporate important physical processes like 
viscosity, heat exchange, bubble-generated radiation of shock waves upon bubble expansion, variation in the 
chemical composition of a gas during combustion, etc. Nevertheless, we shall show that this simple model 
describes qualitatively and quantitatively the detonation phenomenon for bubbly liquids in which the duration 
of the reaction is considerably smaller than the period of bubble pulsations, and relaxation processes show up 
behind the wave front where the pressure-equilibrium flow is supersonic relative to the front. 

In the experiments of [1-3, 8], bubble detonation was initiated by increasing the pressure at the 
boundary of a bubbly liquid. Therefore, an adequate formulation for system (1) and (2) is the gas piston 
problem: for t > 0, the function pw(t) is specified: 

p (0, t) = (4) 

Problem (1), (2), and (4) is considered in the domain (x > 0, t > 0). The simplest function 

[ Pw--const ,  0<t<t,~,  
(0, t) pw(t) I p0, t > (5) P 

ensures the generation of a self-sustaining wave only at rather large values of pw and tw. However, if the 
DW is already formed, its profile and velocity are no longer dependent on the boundary conditions. In the 
model considered, the question on the rule of selection of the bubble-detonation velocity that is similar to the 
Chapman-Jouguet condition is the most interesting. For a monodisperse medium, the appropriate principle 
of selection was formulated in [10]. The author has shown that the necessary existence condition of a self- 
sustaining wave is bubble compression to the critical radius of ignition of a combustible mixture. In this case, 
the wave with minimum admissible velocity that transforms the reacted medium to a new equilibrium state 
is realized. 

The detonation wave consists of two parts of solitons corresponding to flows of the unreacted and 
reacted gas-liquid mixtures. These solutions are combined at the reaction front whose width may be ignored 
in the present model. A portion of the kinetic energy of the liquid associated with bubble pulsations is lost at 
the front because of an abrupt stoppage of bubble compression upon instantaneous ignition of the combustible 
mixture. 

For a polydisperse mixture, the matching conditions of steady-state solutions at the reaction front 
become more complicated. Therefore, before formulating the rule of selection for the velocity of bubble 
detonation, we dwell upon the basic features of DW formation and propagation in bubbly liquids, which 
were clarified in numerical calculations of problem (1), (2), and (4). 

2. RESULTS OF NUMERICAL CALCULATIONS 

To find a numerical solution of problem (1), (2), and (4), it is appropriate to use the condition of weak 
compressibility of the carrying phase p = c~py, where co is the sound velocity in the liquid. If co is higher 
than the DW velocity in the bubbly liquid, the wave profile is almost not dependent on the parameter co. In 
solving system (1), we used Godunov's scheme, and Eqs. (2) were solved by the Runge-Kut ta  method. The 
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structure of Eqs. (1) and (2) is rather simple and, hence, it is easy to construct its solution for an arbitrary 
discrete initial bubble-size distribution with various gas mixtures in each kind of bubble. 

We chose condition (5) with a stepwise function pw(t) at the left boundary of the calculational domain 
as the boundary conditions. The pressure pw and the action time tw ensured the compression of the initially- 
at-rest bubbly medium to the critical radius of ignition. After that, the pressure at the boundary was decreased 
to the initial one. 

Figure 1 shows (solid curves) the pressure and bubble-radius distributions in a DW at large enough 
times when the motion of the leading edge of the wave has reached a close-to-steady-state regime [curve 0 
refers to the radius of the bubble containing art inert gas and curve 1 refers to the radius of a bubble with the 
burned gas; dashed curves indicate the stationary wave with velocity D equal to the smallest wave velocity 
D = Drain (see Sec. 3)]. As the combustible mixture, we use a stoichiometric acetylene-oxygen mixture to 
which the following values of the parameters correspond: 70 = 1.35, 3'1 = 1.15, B = 17, and r,  = 0.35. The 
initial data are as follows: p = 1 atm and Re = 2 mm. 

We first dwell on the general features of DW formation in one- and two-component bubbly liquids. 
Under the action of the boundary condition (5) on the medium at rest, a precursor that rapidly decays with 
distance from the boundary is first formed. Next, with the onset of the reaction the liquid-phase pressure 
increases and a soliton-like signal at which the pressure peak corresponds to the reaction front is generated. 
The soliton reaches a maximum amplitude sufficiently rapidly and propagates with a velocity close to a 
constant one, without variation in its shape. As the soliton moves, it generates ahead a train of short waves 
whose amplitudes are one order of magnitude smaller than the amplitude of the soliton (see Fig. 1). The 
short waves propagate with a phase velocity that is larger compared with the soliton velocity, and decay with 
distance from the source of perturbations. As the soliton velocity increases and approaches the sound velocity 
in the liquid, the perturbations in front of the DW disappear, and, for velocities larger than the frozen sound 
velocity in the medium, the shock-wave structure at the leading front is realized (see [8, 13]). 

The nonstationary character of the medium ahead of the DW substantially complicates an analysis of 
its structure. Generation of a nonstationary wave train before DW was also observed experimentally in [1, 2]. 
Nevertheless, the basic DW characteristics (velocity, amplitude, and wave profile) are close to the stationary 
ones. Moreover, immediately behind the DW, no wave motion occurs, and the flow that is pressure equilibrium 
and supersonic relative to the wave front is realized. Transition to the value P0 occurs in a nonstationary 
rarefaction wave following the DW. 

At the same time, the pressure profiles and the bubble-size distribution can be very different for one- 
and multicomponent media. At the reaction front, the compression of the bubble with the burnt mixture 
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stops, while the bubble with the inert gas continues to contract (see Fig. la). At different initial bubble sizes, 
the DW can contain several pressure peaks, but, behind the front, states that are close to pressure equilibrium 
ones are nevertheless realized again, and the downstream perturbations no longer affect DW propagation. 

3. STATIONAttY WAVES 

Numerical calculations and experiments have shown that the DW in a bubbly liquid is not, strictly 
speaking, stationary. Nevertheless, only an analysis of the steady-state solutions of system (1) and (2) can 
give the selection rule for the DW velocity. With a known DW velocity, all basic wave parameters are also 
found from the equations of steady-state motion. An experimental distribution of the mean quantities in a 
quasi-stationary DW can be found by averaging results of several experiments with equal initial and boundary 
conditions. Figure 2 shows the DW profile obtained in [3] for a monodisperse 2H2+O2+7Ar mixture (Re = 
1.4 mm). Each point corresponds to the averaging of over 50 tests. The solid curve refers to the stationary- 
wave profile calculated by the rule of selection of the detonation velocity, which will be formulated below. We 
use the model parameters from the corresponding tables of thermodynamic quantities (3'o = 1.55, 3'1 = 1.2, 
r. = 0.35, B = 7, and /3 = 1). A comparison of the stationary-wave profile with experimental data (points) 
shows good agreement in the amplitude. In addition, the averaged experimental data show distinctly that the 
flow reaches a new equilibrium state behind the wave with a pressure exceeding the initial one severalfold. It 
is also worth noting that the DW profile obtained as a function of time at the point of location of a gauge in 
a shock tube is not dependent on the initial volumetric concentration of the gas phase. 

The structure of stationary waves in a monodisperse liquid (/3 = 1) has been investigated in [10, 13]. 
Let the solutions of system (1) and (2) depend only on the variable ~ = x - Dt .  From the energy conservation 
law (3) and Eqs. (1), it follows that for the incompressible carrying phase, the kinetic energy ei of the liquid 
motion in the vicinity of the bubbles of the unreacted (i = 0) and reacted (i = 1) gases is specified by the 
equation 

Bi 
ei = Hi (y )  = -~l @ 2 ( ( y - 1 ) 2 - ( y i - 1 ) 2 ) - y + y i  3"i'--- 1 ( y l - -%__y~-%) .  (6) 

Here Bo = 1, B1 = B ,  yo = 1, y = vg/vg,o, and 6) 2 = D2vg,o/pov2 o. For a given (9, the value of yl corresponds 
to a new equilibrium state (p = pg) for the burnt mixture, i.e., the constant in the energy integral behind 
the reaction front is chosen so that HI(Yl) = 0 and H~(yl)  = 0 [10]. Note that the choice of the point yl 
corresponds to an undercompressed detonation regime for the equilibrium model, i.e., at this point the flow 
is supersonic relative to the DW front. 

Figure 3 shows the shapes of the functions u = Hi(y)  (i = O, 1) with sufficiently large values of D. 
The value of y. = r. 3 corresponds to the critical radius of ignition of a combustible mixture in a bubble. Since 
only the values of ei = Hi (y )  >~ 0 are physically admissible, the minimum wave velocity Drain at which the gas 
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burns instantly after the critical radius is reached is realized provided that H i ( y . )  = O. This means that, as 
a result of energy release, the bubble stops instantaneously and then expands in the wave to the equilibrium 
radius. It is of interest to note that in this case, the total kinetic energy Ho(y.)  is lost (because of the hydraulic 
impact in the incompressible liquid or the radiation of shock waves by the bubble in the weakly compressible 
liquid). 

In numerical calculations of the unsteady problem, no mechanism of dissipation of the kinetic energy 
in the combustion front was incorporated, but the DW structure obtained, however, coincides with the steady 
structure with D = Drain (the dashed curve in Fig. lb). A wave profile for the reacted and unreacted bubbles 
can be found from the equation 

ei = y- , /3(y , )2  = Hi(y) .  (7) 

Here y~ is the rate of change of the bubble volume in dimensionless time ~ = t/ to and to = Re(6povo) -1/2. For 
the bubbly liquid shown in Fig. 2, to = 5.7.10 -2 msec and the DW profile (the solid curve) found from (7) 
consists of the part of the solitary wave in the unreacted medium compressing the bubbles with combustible 
gas to the critical radius of ignition and of the part of the solitary wave for the reacted mixture in which the 
bubbles expand smoothly until a new equilibrium state is reached. 

In the case of a multicomponent bubbly liquid, the structure of the steady solutions of Eqs. (1) and 
(2) is more complicated. For the reacted mixture, the energy equation (3) yields an integral at which only the 
total kinetic energy of liquid motion around bubbles of different size can be determined: 

L-" - w l  j .  ( 8 )  e = H l ( z , w ) =  0 2 ( ( y - 1 ) 2 - ( y l - 1 ) 2 ) - y §  ~-__~ 1 (wl-•, 1- 'n,  

Here y = (1 - f l)z + ~w,  z = (Ro /Re )  3, and w = (R1 /Re)  3. The subscript 1 refers to a state that is defined 
from the equilibrium condition of phase pressures: 

or, by virtue of (1), 

P = Pg,0 ~-- Pg,1 

) y = ~  + ( 1 - B ) \ ~ 0 j  = 1 -  - 1  . 

From two points of intersection of the equilibrium adiabat with the Michelson straight line on the plane (y, p), 
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one can choose an equilibrium state that is supersonic relative to the velocity D. The diagram of the function 
u = Hl ( z ,w) ,  u >1 O, is given in Fig. 4. At the equilibrium point A(z l ,w l ) ,  the conditions 

OH1 OH1 
H l ( z l , w l ) = O ,  "~'Z (ZI, Wl)"~ 0, -~W (Zl,Wl) -~ 0 

are satisfied, and the trajectory of the steady solution of Eqs. (1) and (2) cannot leave the surface of the "cap" 
for a finite time. Precisely as for the monodisperse bubbly liquid, combustible bubbles in the DW should reach 
the critical radius of ignition. The assumption that ~;he initial radii and the equations of state in bubbles with 
combustible and inert gases coincide makes the formulation of the problem easier. Before ignition, the bubbly 
medium hence behaves as a monodisperse one, and the DW leading front is a part of the soliton described 
by Eqs. (6) and (7) (i = 0). Thus, the ignition occurs at the point (z,, w,) with coordinates z, = w, = r, 3. 
Generally speaking, it is not evident that for the given value of D, there is a trajectory that originates from 
equilibrium state A and passes through the point [z,, w,, H~(z,, w,)], i.e., there is a steady solution that is 
similar to the monodisperse case and consists of two parts of the soliton - -  in the burnt and unburnt bubbly 
liquids. As is shown by numerical calculations of the unsteady problem along with the calculations in [11] for 
a gas-liquid system consisting of inert bubbles of two sizes, waves that are similar in structure to stationary 
ones propagate in such a medium. In this case, the corresponding trajectories in the quasi-stationary wave 
should be near the surface given by the equation u = Hi(z,  w), which was derived for the stationary wave. 
Now we can formulate the criterion of selection of the DW velocity in multicomponent bubbly liquids. Since, 
as D decreases, the size of the corresponding "cap" on which there are trajectories of the steady solution 
diminishes, the minimum possible velocity Dmin of a self-sustaining wave is realized when Hi(z, ,  w,) = 0. 

The application of the criterion of selection of Drain to find the basic DW parameters in a two- 
component bubbly liquid gave good agreement with the DW structure obtained in numerical calculations 
of the unsteady problem. Figure 1 shows a stationary-wave profile (the dashed curve) with D = Dmin. The 
leading edge of the wave is a soliton in a monodisperse bubbly liquid. To establish the trajectory behind the 
reaction front in (2), the condition H l ( z , , w , )  = 0 was used. Although for a two-component medium (Fig. 
la), the equilibrium state along the trajectory is not reached, the basic wave parameters are nevertheless 
described by the steady solution, and the nonsteady character of flow shows up in the region behind the wave 
in which the flow is almost in equilibrium. 

4. R E M A R K S  

On 
(1) 

active gas 
describing 

(2) 

the basis of the foregoing considerations, we make some remarks. 
In the general case where the equations of state and the initial radii of bubbles for the inert and 
phases are different, the critical point of ignition (z,, w,) can be found from the steady solution 
the DW leading part. 
The presence of inert gas bubbles in a mixture leads to narrowing of the existence region of self- 

sustaining waves. With constant volumetric concentration a, a decrease in the relative content 3 of active 
bubbles in the mixture gives rise to a decrease in energy release in the DW and does not allow this wave 
to reach a self-sustaining regime. For example, for the mixture parameters considered in Sec. 2 (~/0 = 1.35, 
71 = 1.15, B = 17, r, = 0.35, and a = 0.01), the limiting value of 3 ranges from 1.5 to 2%. Naturally, in 
real systems, owing to the effect of dissipation, this value is considerably greater. The presence of the inert 
admixture also affects the DW initiation conditions, in particular, the minimum value of pressure pw at the 
boundary at which the DW reaches a steady-state regime is increased. Note that this value can be found 
within the framework of the ideal detonation model (1), (2), and (4). 

(3) For any discrete bubble-size distribution, one can formulate a similar criterion for selection of the 
DW velocity in which the critical point of mixture ignition corresponds to the zero line of the level of total 
kinetic energy H1 in the corresponding multidimensional space. 

(4) One of the major postulates used in formulation of the DW-velocity selection criterion consists in 
the fact that the equilibrium conditions (point A in Fig. 4) are attained behind the wave front. If the losses of 

337 



the kinetic energy that  are due to energy release are smaller than those specified by this model, the diagram 
of the function Hi(z, w) rises upward, and for a finite time the trajectories in the stationary wave "slip out" 
through a gap appearing in the vicinity of point A to a region in which they increase unboundedly. Such a 
situation cannot be consistent with a stationary or quasi-stationary wave. 

This work was partially supported by International Science Foundation and the Government of the 
Russian Federation (Grant No. RBU 300). 
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