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Abstract: In the long-wave approximation, the flow of a homogeneous fluid with a free surface in

the gravity field is considered. Mathematical models of the surface turbulent layer in shear flows

are derived. Steady solutions of the problem of evolution of the mixing layer under the free surface

and formation of a surface turbulent jet are constructed. In particular, the problem of the structure

of a turbulent bore in a supercritical flow is solved, and the conditions for the formation of a local

subcritical zone ahead of the obstacle are studied.
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INTRODUCTION

Breakdown of surface waves and development of hydraulic jumps and turbulent bores are features of fluid

flows in rivers and channels. In the framework of the classical hydraulics of open channels, hydraulic jumps are

described by discontinuous solutions of shallow water equations. Such solutions are analogs of shock waves in gas

dynamics. However, unlike nonlinear waves in gases, the transition from a supercritical to subcritical flow has in a

hydraulic jump a complex structure and can occupy quite a large region of the flow considered [1]. The development

of experimental methods of flow visualization and velocity measurement in turbulent flows made it possible to reveal

significant heterogeneity of the vertical velocity distribution in the wave breakdown zone [2–4]. Therefore, when

constructing a fairly simple mathematical model that allows describing the structure of a hydraulic jump in the

shallow water approximation, one should consider this heterogeneity.

A mathematical model of a turbulent bore, based on the use of the total laws of conservation of mass,

momentum, and energy to describe a continuous transition from a supercritical to subcritical flow in a hydraulic

jump, was constructed in [5–6]. Using a specified “universal” velocity profile in the upper nonuniform layer, this

model is suitable to calculate nonlinear waves propagating with a known velocity D, in particular, to analyze steady

hydraulic jumps, as the local bore velocity D is one of the governing parameters of the model.

In [7, 8], a new model of propagation of long nonlinear perturbations in open channels, which takes into

account internal flow inhomogeneity in the wave breakdown, was constructed in [7, 8]. The model is based on the

use of averaged vortex shallow water equations obtained in [9] and describes the structure of hydraulic jumps and

bores in the flow of thin layers of the fluid over an uneven bottom and in oblique channels. When this approach is

used, the solution that describes the turbulent bore consists of a discontinuity, in which the average flow vorticity

is generated, and a main continuous zone, in which the vortex flow transforms into a uniform flow. The comparison

of profiles constructed in the hydraulic jump and experimental data at the same Froude numbers of the incoming

flow shows that the results for the case of developed turbulent jumps are in good agreement. Furthermore, the

numerical implementation of the problem of forming a turbulent bore in a supercritical flow showed that the steady

solution is unstable and the flow reaches a certain transient vibrational mode close to the constructed steady flow.
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Fig. 1. Three-layer (a) and two-layer (b) patterns of the flow: free boundary (FB), mixing
layer (ML), surface jet (SJ), one-layer flow region (1L), and potential flow region (SW).

Another approach to modeling the surface wave collapse in hydraulic jumps and bores is based on the

application of the theory of multilayer shallow water with allowance for turbulent mixing, which was constructed

in [10] for stratified flows. Within this approach, the turbulent bore appears as a continuous solution of two-layer

shallow water equations, where a surface turbulent layer reaching the bottom is developed on the front of the

unperturbed potential flow [11]. This flow pattern corresponds to modern experimental ideas about the mechanism

of surface wave breakdown in the case where the position of the free boundary is a unique function of spatial variables,

i.e., for the so-called spreading bores [3]. Note that a turbulent bore can be considered as a limiting case of the

mixing layer evolution into a surface turbulent jet as a result of the development of shear flow instability [12, 13].

Three-layer shallow water equations describing the dynamics of the mixing layer under the free surface are presented

in [10, 14]. This model, which we call model I, was derived by using the hypothesis of a hydrostatic distribution of

the total pressure in the turbulent layer.

The aim of this work is to derive and analyze the equations of a three-layer flow under a free surface taking

into account the intermediate layer vortical (model II) and to compare the solutions of the problem of mixing layer

evolution and the turbulent bore structure for models I and II.

1. EQUATIONS OF MOTION

A plane–parallel shear flow of a thin layer of an ideal homogeneous fluid with a free boundary in the gravity

field over an uneven bottom in the long-wave approximation is described by the following system of equations [15]:

Ut + UUx + V Uy + gHx = −gzx, Ux + Vy = 0,

Yt + UYx − V
∣
∣
∣
y=Y

= 0, Uzx − V
∣
∣
∣
y=z

= 0.
(1)

Here x and y are the spatial variables, t is the time, U and V are the velocity vector components, H is the thickness

of the fluid layer with the free boundary y = Y (t, x), and g is the free-fall acceleration; the equation y = z(x) defines

the bottom relief. System (1) was studied in many papers. Many of the known theoretical results for the vortex

shallow water model can be found in [10]. In [7, 9], Gasdynamic equations averaged over the layer thickness were

proposed for modeling of fluid flows with weak shear. In this case, the vortex properties of the flow are characterized

in terms of the standard deviation of the velocity profile from its average value over the entire layer thickness. The

experimental data from [2, 3] show that the boundaries separating the regions of potential and turbulent motion are

sufficiently clear. Therefore, modeling of the development of the Kelvin–Helmholtz instability and the formation of

the turbulent mixing layer is performed by using the three-layer flow scheme proposed below.

We assume that the thin fluid layer flow in the bottom and surface layers is potential (Uy = 0) with horizontal

velocities u(t, x) and w(t, x) and with thicknesses h(t, x) and ζ(t, x) (Fig. 1a). In the intermediate layer of thickness

η(t, x), which entrains the fluid from the potential layers, the vortex flow is characterized by the average velocity

v(t, x) and by the quantities e(t, x) = e1 + e2 and P (t, x) = ηe2, where
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v =
1

η

Y−ζ∫

h+z

U dy, e1 =
1

η

Y−ζ∫

h+z

U ′2 dy, e2 =
1

η

Y−ζ∫

h+z

(U − v)2 dy,

and U ′ is the fluctuating component of the horizontal velocity in the vortical layer. The velocity of fluid entrainment

into the turbulent layer is assumed to be proportional to the velocity of “large eddies” q =
√
e, and the dissipation

of the turbulent kinetic energy is considered to be proportional to q3.

Under these assumptions, the three-layer model of the mixing layer development has the form

ht + (uh)x = −σq, ζt + (wζ)x = −σq, ηt + (vη)x = 2σq,

ut + (u2/2 + gH)x = −gzx, wt + (w2/2 + gH)x = −gzx,

Q̄t +
(

u2h+ v2η + w2ζ + gH2/2 + P
)

x
= −gHzx, (2)

(

u2h+ (v2 + e)η + w2ζ + gH2
)

t
+
(

u3h+ (v2 + e)vη + w3ζ + 2Pv + 2gQ̄H
)

x
= − 2gQ̄zx − θq3 ,

where H = h+ η+ ζ and Q̄ = uh+ vη+wζ are the thickness and total consumption of the fluid layer, respectively;

σ and θ are empirical constants.

Equations (2) are considered for two cases: e1 �= 0, e2 = 0 (model I) and e1 = 0, e2 �= 0 (model II). It

should be noted that system (2) is closed only in those cases (if e1 �= 0 and e2 �= 0, an additional closing relation is

required). Model I was constructed in [10, 14]; the derivation of model II based on the approach proposed in [9] is

described below.

1.1. Derivation of Model II

It follows from the system of long-wave equations (1) that the momentum equation in the bottom and surface

layers and the laws of mass balance are of the form

ut + uux + gHx = −gzx, wt + wwx + gHx = −gzx,

ht + (uh)x = −σq, ζt + (wζ)x = −σq, ηt + (vη)x = 2σq,
(3)

where q =
√
e2. Given the identity U = v + (U − v), we calculate the integrals

Y−ζ∫

z+h

U2 dy = (v2 + e2)η,

Y−ζ∫

z+h

U3 dy = (v2 + 3e2)vη + P3, P3 =

Y−ζ∫

z+h

(U − v)3 dy.

According to [7, 9], the quantity P3 is small [P3 = O(ε3β) � ηe = O(ε2β)] and may be omitted if the initial data

for system (1) satisfy the weak vorticity condition Uy = O(εβ), where 0 < β < 1. [Here ε � 1 is the long-wave

parameter (ratio of the fluid layer thickness to the wavelength).] As the derivation of long-wave equations allows

for an error of the order of O(ε2), the motion of a thin layer of the fluid with a free boundary at β > 1 can be

described by the classical shallow water equations.

The first equation of system (1) and the same equation multiplied by U are integrated over the intermediate

layer. Given the equalities resulting from system (1)

Vy = −Ux, U
∣
∣
∣
y=z+h

= u, V
∣
∣
∣
y=z+h

= uzx − hux,

U
∣
∣
∣
y=Y−ζ

= w, V
∣
∣
∣
y=Y−ζ

= uzx − hux −
Y−ζ∫

z+h

Ux dy

and the mass balance relations [the last three equations in system (3)], we obtain the equations of momentum and

energy for the turbulent interlayer
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(vη)t +
(

(v2 + e2)η
)

x
+ gηHx = (u+ w)σq − gηzx,

(

(v2 + e2)η
)

t
+
(

(v2 + 3e2)vη
)

x
+ 2gvηHx = (u2 + w2)σq − 2gvηzx − θq3.

(4)

Note that the term −θq3 in the right side of the second equation in (4) takes into account the dissipation of the

turbulent kinetic energy (θ = const).

Equations (3) and (4) form a closed system to determine the flow parameters in the potential layers and

turbulent interlayer. If e1 = 0 and e = e2, this system reduces to divergent form (2).

1.2. One-Layer and Two-Layer Models

In the absence of one or two potential layers, system (2) is simplified. Let ζ = 0 and w = 0, which corresponds

to a two-layer flow pattern and the formation of a surface turbulent jet (see Fig. 1b). The equations of motion are

ht + (uh)x = −σq, ηt + (vη)x = σq, ut + (u2/2 + gH)x = 0,

Q̄t +
(

u2h+ v2η + gH2/2 + P
)

x
= −gHzx, (5)

(

u2h+ (v2 + e)η + gH2
)

t
+
(

u3h+ (v2 + e)vη + 2Pv + 2gQ̄H
)

x
= −θq3.

As above, we consider only two cases: e2 = 0 (model I) and e1 = 0 (model II). For simplicity, the equations are

written for a smooth bottom (z = const).

In the one-layer case, we also assume that h ≡ 0 and u ≡ 0; then model (5) reduces to the following system

of equations:

ηt + (vη)x = 0, (vη)t +
(

v2η + gη2/2 + P
)

x
= 0,

(

(v2 + e)η + gη2
)

t
+
(

(v2 + e)vη + 2Pv + 2gvη2
)

x
= −θq3.

(6)

If e2 = 0 (model I), system (6) reduces to the classical shallow water equations, as the last equation of energy

becomes independent and the quantity e1 has no influence on the wave profile and flow velocity. If e1 = 0 (model II),

system (6) reduces to the shallow water equations for flows with weak shear [7, 9].

1.3. Differential Corollaries

A further analysis of the equations of motion and calculations require a number of corollaries. Due to

system (2), the average flow velocity v in the mixing layer satisfies the equation

vt + vvx + gHx + η−1Px = σqη−1(u − 2v + w)− gzx. (7)

For models I and II, the equations for the energy e can be represented by different ways. For e2 = 0, we obtain

et + vex = σqη−1
(

(u− v)2 + (w − v)2 − (2 + δ)e
)

; (8)

for e1 = 0, we have
( e

η2

)

t
+ v

( e

η2

)

x
=

σq

η3

(

(u− v)2 + (w − v)2 − (6 + δ)e
)

. (9)

Here and below δ = θ/σ.

For two-layer flow equations (5), we obtain the following differential corollaries for the average velocity v

and energy e:

vt + vvx + gHx + η−1Px = σqη−1(u− v),

et + vex = σqη−1
(

(u− v)2 − (1 + δ)e
)

(e2 = 0), (10)

( e

η2

)

t
+ v

( e

η2

)

x
=

σq

η3

(

(u − v)2 − (3 + δ)e
)

(e1 = 0).
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As indicated above, system (6) is a single-layer shallow water model, which yields the equations for v and e:

vt + vvx + gηx + η−1Px = 0,

et + vex = −θη−1e3/2 (e = e1),

(η−2e)t + v(η−2e)x = −θη−3e3/2 (e = e2).

The one-layer flow equations (6) are hyperbolic and have a single contact characteristic dx/dt = v and two

“acoustic” characteristics

dx

dt
= v ±

√

gη + 3e2,

determining the velocity of propagation of small-amplitude surface waves.

Remark. Equations (2) and (5) describe three-layer and two-layer flows of a homogeneous fluid with velocity

shear, particularly, the contact discontinuity evolution. The Kelvin–Helmholtz instability typical for characteristic

of shear flows of a homogeneous fluid is taken into account in Eqs. (2) and (5) by introducing the variables e,

P , and q =
√
e, which define the process of fluid entrainment into the turbulent layer. The nonlinear models (2)

and (5), being nonhyperbolic for the classes of flows considered below, adequately describe the nonlinear stage of

development of the Kelvin–Helmholtz instability. Furthermore, the presence of at least three real characteristics

(two acoustic characteristics providing a finite velocity of propagation of surface waves and a contact characteristic)

allows us, by analogy with system (6), to use the total systems of conservation laws (2) and (5) to construct

conservative numerical schemes.

2. STEADY FLOWS

The structure of traveling waves in models (2), (5), and (6) can be investigated in a coordinate system moving

at a velocity equal to that of the wave (the equations of motion allow the Galilean transfer), so it is sufficient to

consider steady flows for solving the problem of the mixing layer structure.

2.1. Mixing Layer under a Free Surface

Let Q = ηv and z = const, whereas the mixing layer begins to form at x = 0 (at this point, the flow

parameters are denoted by the subscript 0; η0 = 0). Then, five of the seven equations of system (2) can be integrated:

uh+Q/2 = u0h0, wζ +Q/2 = w0ζ0,

u2/2 + gH = u2
0/2 + gH0, w2/2 + gH = w2

0/2 + gH0, (11)

u2h+ v2η + w2ζ + gH2/2 + P = u2
0h0 + w2

0ζ0 + gH2
0/2.

By using system (11), Eqs. (2) can be reduced to a system of two ordinary differential equations, e.g., for Q and e,

relative to the independent variable x. However, for a unified analysis of steady solutions (2) and (5), in the

framework of models I and II, it is advisable to choose Q as an independent variable.

Let the prime denote differentiation with respect to Q and s = P/η3 = e2/η
2 (for model I, P ≡ 0 and s ≡ 0).

Then, from the first five equations of system (2) and corollary (7), we obtain

uh′ + hu′ = −1/2, vη′ + ηv′ = 1, wζ′ + ζw′ = −1/2,

uu′ + gH ′ = 0, ww′ + gH ′ = 0, (12)

vv′ + gH ′ + 3ηsη′ + η2s′ = (u− 2v + w)/(2η).
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The value of s for model II is sought by using corollary (9), which takes the form

s′ =
(u− v)2 + (w − v)2 − (6 + δ)η2s

2vη3
. (13)

It follows from Eq. (12) that

H ′ =
1

2Δ

(4v − u− w + 2η3s′

v2 − 3η2s
− 1

u
− 1

w

)

, Δ = 1− gh

u2
− gζ

w2
− gη

v2 − 3η2s
.

The sign of the determinant Δ indicates the flow type: subcritical at Δ < 0 and supercritical at Δ > 0. For model II

(e = η2s), system (12), (13) is closed; for model I (s ≡ 0), system (12) needs an additional equation (8) in the form

e′ =
(u − v)2 + (w − v)2 − (2 + δ)e

2vη
. (14)

The dependence of the constructed solution (12), (13) or (12), (14) on the spatial variable x is restored by integrating

the equation dx/dQ = (2σq)−1.

2.2. Surface Jet

In homogeneous fluid flows with velocity shear, the mixing layer can reach the free or bottom surface. It

follows from relations (11) that the mixing layer arrives at the free surface (ζ → 0) at w0ζ0 < u0h0 and at the

bottom (h → 0) if the opposite inequality is satisfied. Below we consider the first case.

In the steady state, from Eq. (5), we obtain

uh+ vη = u0h0 + w0ζ0, u2/2 + gH = u2
0/2 + gH0,

u2h+ v2η + gH2/2 + P = u2
0h0 + w2

0ζ0 + gH2
0/2,

(15)

where H = h+ η and H0 = h0 + ζ0. Similarly, using corollary (10), we find

uh′ + hu′ = −1, vη′ + ηv′ = 1,

uu′ + gH ′ = 0, vv′ + gH ′ + 3ηsη′ = (u − v − η3s′)/η
(16)

(the independent variable is Q = vη). Model I (s = 0) lacks an additional term P = η2s in the law of conservation

of momentum, and the third equation of (10) in model II takes the form

s′ =
(u − v)2 − (3 + δ)η2s

vη3
. (17)

The equation

H ′ =
1

Δ1

(2v − u+ η3s′

v2 − 3η2s
− 1

u

)

, Δ1 = 1− gh

u2
− gη

v2 − 3η2s
(18)

is a corollary of system (16). The sign of the determinant Δ1 determines the subcritical (Δ1 < 0), and supercritical

(Δ1 > 0) flows.

For model II, system (16), (17) is closed. In the case of model I, system (16) has to be supplemented with

the second equation of (10), which takes the form

e′ =
(

(u − v)2 − (1 + δ)e
)

/(vη). (19)

The dependence of the solution on x is determined by integrating the equation

dx

dQ
=

1

σq
. (20)

At the last stage of the mixing layer development (one-layer region 1L flow in Fig. 1), its lower boundary

reaches the bottom (h → 0), and the solution in model I degenerates: Q = u0h0 + w0ζ0, η = const. Here the value

of e decreases [this follows from the second equations in (10)]. In model II, the total thickness of the fluid η is not

constant due to the decrease in the mean vorticity (s → 0). For flows with weak shear (6), at e = e2, the steady

shallow water equations take the form

ηx = −θe3/2

vΔ2
, ex =

v2 − gη − e

η
ηx, Δ2 = v2 − gη − 3e. (21)

Relations (21) imply that the depth of the liquid layer increases (ηx > 0) in the subcritical flow (Δ2 < 0) and

decreases (ηx < 0) in the supercritical flow (Δ2 > 0).
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2.3. Initial Part of the Mixing Layer

Obtained above are the differential equations for the description of the steady mixing layer in various regions

(ML, SJ, and 1L in Fig. 1). The solutions should be constructed by setting the conditions at x = 0, i.e., finding the

asymptotic behavior of the steady solution (2) as η → 0 (or Q → 0). We assume that, as x → 0, there exist finite

limits of the functions v → v0 and e → e0, and we find these values.

The necessary conditions for the existence of the limits in model I are the relations

v0 =
u0 + w0

2
, e0 =

(u0 − w0)
2

2(2 + δ)
, (22)

that follow from relations (12) and (14). As conditions (22) provide the finiteness of the derivatives of all unknown

functions as x → 0, these conditions are sufficient for constructing the solution of the problem of the mixing layer.

The corresponding solution was constructed in [14].

In model II, the quantity s that characterizes the vorticity in the mixing layer is not limited in the vicinity

of x = 0, but the quantity e = sη2 has a finite limit. From Eqs. (12) and (13), we obtain

vη′ + ηv′ = 1, vv′ + gH ′ + e′ = (u− 2v + w − 2eη′)(2η)−1,

eη′ + ηe′ = 3eη′ +
(

(u− v)2 + (w − v)2 − (6 + δ)e
)

(2v)−1.
(23)

The derivatives of the unknown functions are limited as η → 0 if the following relations are satisfied:

η′ = v−1
0 , u0 − 2v0 + w0 − 2e0v

−1
0 = 0,

(u0 − v0)
2 + (w0 − v0)

2 − (2 + δ)e0 = 0,

which are reduced to a quadratic equation for v0:

v20 −
(3 + δ/2)(u0 + w0)

4 + δ
v0 +

u2
0 + w2

0

4 + δ
= 0. (24)

We introduce the notations

a =
16(4 + δ)

(6 + δ)2
, r =

1 +
√

1− (a− 1)2)

a− 1
.

Equation (24) has real roots if the following conditions are satisfied:

(u0 + w0)
2 − a(u2

0 + w2
0) > 0. (25)

If 1 < a < 16/9 [the parameter δ belongs to the interval (0, δ∗), where δ∗ = 2(1 + 2
√
2)], inequality (25) is satisfied

at w0/u0 ∈ (r−1, r). If 0 < a < 1 (δ > δ∗), the value of r is negative and inequality (25) holds if w0/u0 /∈ (r, r−1).

Note that |r| > 1 in both cases. Thus, model II is suitable to describe the evolution of the mixing layer under the

free surface only if these restrictions on the ratio of velocities in potential layers are satisfied.

2.4. Turbulent Bore

The model of the surface turbulent jet can be used to describe the structure of a turbulent bore. For this

purpose, the initial thickness of the upper potential layer should be set equal to zero (ζ0 = 0), and the asymptotic

solutions (16)–(19) as η → 0 should be found.

For model II, we obtain the following analog of Eqs. (23):

vη′ + ηv′ = 1, vv′ + gH ′ + e′ = (u− v − eη′)/η,

eη′ + ηe′ = 3eη′ +
(

(u− v)2 − (3 + δ)e
)

/v.

The limiting transition as η → 0 results in the relations

e0 = (u0 − v0)v0 = (u0 − v0)
2/(1 + δ),

from which it follows that either the solution is degenerate, i.e., v0 = u0 and e0 = 0, or we have
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v0 =
u0

2 + δ
, e0 =

(1 + δ)u2
0

(2 + δ)2
. (26)

Equations (26) correspond to enhancement of fluid entrainment in the homogeneous layer with a finite velocity

(q0 > 0) and define the finite slope of the free surface at the point of formation of the turbulent bore:

dH

dx

∣
∣
∣
x=0

= σq0H
′ =

σ(1 + δ)3/2

(2 + δ)(1 − Fr−2)
(27)

(Fr = u0/
√
gh0 is the Froude number of the incident flow). Equation (27) was derived by using formulas (26) and

representation (18) for H ′ as η → 0.

The behavior of solution (16), (19) in model I (s = 0) was studied in [10], where it was shown that, due to

Eqs. (19) and (20), the solution of the turbulent bore structure reduces to a system of ordinary differential equations

dQ

dx
= σq,

dq

dx
=

(f(Q)− (1 + δ)q2)σ

2Q
, (28)

which can be solved in quadratures. Here f(Q) = (u − v)2, and the dependence of u and v on the variable Q can

be obtained from system (15) at P = 0. It is easy to see that system (28) is reduced to a linear equation

Qe′ = f(Q)− (1 + δ)e. (29)

The bounded solution (29) can be written as

e(Q) = Q−(1+δ)

Q∫

0

τδf(τ) dτ. (30)

We use relation (30) to determine the limit e(0) on the wavetrough:

e(0) = e0 = (u0 − v0)
2/(1 + δ).

With the value v0 = u0 following from system (16) at s = 0, we obtain the degenerate solution η = 0

and e = 0. The analysis of the algebraic system (15) at s = 0 and ζ0 = 0 indicates that there is another limit

value v0 = 0, which can be obtained if the independent variable is the parameter u or h instead of Q. In this case,

dQ/du
∣
∣
∣
u=u0

= 0, and the solution has an integrable singularity [10] in the vicinity of the point u0:

h(x) ∼ √
x, η(x) ∼ √

x (x > 0).

Thus, the main difference of solving the problem of the turbulent bore structure in model I from the corre-

sponding solutions in model II is in the appearance of an integrable singularity on the wavefront.

3. NUMERICAL SOLUTION OF THE MIXING LAYER PROBLEM

The numerical implementation of the steady solution of the problem of development of the mixing layer

under the free surface in models I and II is easy because the systems of ordinary differential equations for each of

the regions ML, SJ, and 1L of the mixing layer evolution are given above. Using the initial asymptotic behavior of

the flow, the solution can be constructed for both subcritical flow (Δ < 0) and supercritical flow. Figure 2 shows a

steady solution describing the evolution of the mixing layer ML with its subsequent transformation into a turbulent

surface jet SJ and then into the flow 1L. We use dimensionless variables (g = 1 and H = 1) and the following

parameters of the incident flow: u0 = 0.7, w0 = 2, h0 = 0.9, ζ0 = 0.1, and η0 = 0. The calculations were performed

for model I at δ = 2 and for model II at δ = 4 (σ = 0.15). It follows from Fig. 2 that, when models I and II are

used, the fluid layer depth and the upper boundary of the mixing layer practically coincide. For the lower boundary

of the mixing layer, the calculation results for models I and II differ only slightly. The same result was obtained by

varying the parameter σ, on which only the spatial variable stretching depends. The difference in the solutions in

region 1L is due to the influence of e2 on the free surface shape in model II. In model I, η = const in this region.

The structure of the steady turbulent bore (ζ0 = 0, η0 = 0) is shown in Fig. 3 for the Froude number of

the incident flow Fr = u0/
√
gh0 = 2.9 and the parameters δ = 4 and σ = 0.4. The bore profiles for models I
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Fig. 2. Steady solution in the regions of ML, SJ, and 1L for model I (curves 1) and
model II (curves 2); the other notation the same as in Fig. 1.

Fig. 3. Turbulent bore profiles: (1) depth; (2) potential layer thickness; the dashed and solid curves
refer to models I and II, respectively, and the points refer to the experimental data [16].

and II are given in dimensional variables (h0 = 2.9 cm and g = 980 cm/s2) for convenience of comparisons with

the experimental profile (see [16, Fig. 2]). The main difference in models I and II in the turbulent bore problem is

in the behavior of the solutions in the vicinity of the wavetrough. For model I, the slope of the free surface has an

integrable singularity; for model II, the angle between the free surface of the turbulent bore and the unperturbed

surface is finite and is calculated by formula (27), from which it follows that, if the Froude number is increasing, the

angle is determined only by the parameters σ and δ. Moreover, the experimental data on the hydraulic jump shape

obtained by various researchers and presented in [17] indicate that, as the Froude number increases, the profile of

the turbulent bore becomes linear. Therefore, formula (27) can be used to construct the jump profile. The shape

of the steady turbulent bore is shown in Fig. 4 in dimensionless variables (H = 1 and g = 1) for Fr = 2.98, and

5.53, which was calculated by model II at σ = 0.2 and δ = 2, as well as the corresponding experimental profiles

(see [17, Fig. 2]). Note that the choice of the value σ = 0.2 is not optimal. Variation of the coefficient σ in the

range of 0.15–0.40 throughout the range of the Froude numbers gives significantly better results. This means that

the hypothesis of constancy of the quantity σ in model II may be revised in further development of this model.

However, even at σ = const, model II describes the important properties of transformation of the steady hydraulic

jump profile with increasing Froude number of the incident flow.

The unsteady flows were modeled by the central scheme of Nessyahu and Tadmor [18] of the predictor-

corrector type:

u
n+1/2
j = un

j − λ
f ′
j

2
+R(un

j )
Δt

2

(

λ =
Δt

Δx

)

,

un+1
j+1/2 =

un
j + un

j+1

2
+

u′
j − u′

j+1

8
− λ

(

f(u
n+1/2
j+1 )− f(u

n+1/2
j )

)

+
(

R(un
j ) +R(un

j+1)
) Δt

2
.

(31)

Scheme (31) approximates the system of balance relations of the form

ut + (f(u))x = R(u),

to which the considered models (2), (5), and (6) belong. Here Δx is the partition step over the space variable x,

Δt is the time step selected from the Courant condition, un
j is the function value in the node x = xj at t = tn,

and the quantities u′
j/Δx and f ′

j/Δx are the approximations of the first order derivates with respect to x. The

derivatives were calculated by the ENO limiter [19].

For the numerical solution of the balance relations (2) and (5), scheme (31) is implemented in the Matlab

environment. The calculations were performed in dimensionless variables at g = 1, σ = 0.2, and θ = 0.45. Sampling

over the space variable x involved N = 400 nodes.
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Fig. 4. Shapes of the steady turbulent bore at Fr = 2.98 (1) and 5.53 (2); the solid curves refer to
model II and the dashed curves refer to the data of [17].

Fig. 5. Reaching the steady state in the two-layer model II: (1) free surface; (2) potential layer
boundary; (3) bottom relief; the solid curves refer to the solutions of Eqs. (5) at t = 375 and the
dashed curves refer to the steady solution.

Forming a steady turbulent bore within the two-layer equations of motion (5) (model II) is illustrated in

Fig. 5. The initial data at t = 0 are the supercritical flow having the velocity u = 2 and the total depth H = 1.

The initial thickness of the turbulent interlayer is η = 0.025; the velocity is v = u, and the energy is e = 0. On the

left boundary (x = 0), the boundary conditions are the initial data, and, on the right boundary, they are “soft”

conditions (uN+1 = uN ). The formation of the bore is carried out by controlling the obstacle. At the initial time,

the bottom is smooth (z = 0). During T1 = 5, the height of the smooth obstacle of width 1.5 located on the

right boundary increases to 0.7, then, over the time T2 = 5, it is reduced to 0.42 (curve 3 in Fig. 5). The solution

obtained in this way reaches the steady state over time. The dashed curves in Fig. 5 show the solution of the steady

equations (16) and (17) with conditions (26) at the point x = 2 for u0 = 2 and δ = 2.25. For integration of Eqs. (16)

and (17), we used the Runge–Kutta method of the fourth order. The steady solution is constructed in the region

ahead of the obstacle, as, when passing through the obstacle, the quantity Δ1 in Eq. (18) becomes equal to zero

(the flow transits from the subcritical to supercritical mode).

A similar calculation is performed for the three-layer flow scheme (2) (model II). At t = 0, the following

values are given: h = ζ = 0.498, η = 4 · 10−3, u = 1.8, w = 2, v = (u + w)/2, and e = 0. The formation of the

mixing layer was performed by controlling the obstacle. As in the previous case, the solution reaches a steady state

with time. Figure 6 shows the free boundary of the fluid y = H + z, the upper boundary y = h+ η + z and lower

boundary y = h+ z of the turbulent layer, and the bottom relief y = z. Figure 7 shows the velocities in the lower u,

upper w, and intermediate v layers, as well as the profile of P = ηe2. It can be seen that the mean flow velocity in

the turbulent mixing layer is significantly smaller than in the potential layers. The dashed curves in Figs. 6 and 7

show the corresponding solution of the steady equations (12) and (13).

CONCLUSIONS

Two models of the development of the turbulent surface layer in the shear flows (models I and II) are

considered. These models are represented by the equations of the multilayer shallow water, with allowance for

entrainment of the fluid from the regions of the potential flow into the turbulent interlayer. The hypotheses used

to close the models are related to the choice of the averaging scale in the turbulent flow. In model I, the vertical

scale is the turbulent layer thickness η, i.e., the vertical transport of mass and momentum is determined by the
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Fig. 6. Reaching the steady state in a three-layer model II: (1) free surface; (2, 3) upper and lower
boundaries of the turbulent layer; (4) bottom relief; the solid curves refer to the solution of Eqs. (2)
at t = 185, and the dashed curves refer to the stationary solution.

Fig. 7. Distribution of the velocities u, w, and v (1–3) and the profile of P (4) at the time of
reaching the steady state in the three-layer model II: bottom layer (curves 1), upper layer (2), and
turbulent layer (3); the solid curves refer to the solution of Eqs. (2) at t = 185, and the dashed
curves refer to the steady solution.

evolution of “large eddies”. The distribution of the average velocity in the turbulent flow can be restored by using

the turbulent flow boundaries and the specific kinetic energy e1 of “large eddies” obtained for the three-layer flow

scheme (model I) [10, 14]. In the construction of model II, the formation of the inhomogeneous velocity profile

is considered to be related to the vorticity evolution in the flow, i.e., the scale of turbulence is assumed to be

small compared to the vorticity layer thickness. Obviously, the two models are the limiting cases of a more general

model (2), which can be closed by an additional relation between e1 and e2, characterizing the heterogeneity of the

velocity profile in the interlayer between the potential flow regions. However, the analysis of steady and unsteady

solutions of the problem of evolution of the mixing layer under the free surface and the formation of a continuous

region of the transition from the supercritical to subcritical flow in turbulent bore models I and II shows that these

solutions are close to each other with a certain choice of model parameters.

Thus, each model may be used to solve the above-discussed class problems. Model I more adequately

describes the initial stage of mixing layer development far from the free surface and bottom. Model II is more

suitable in the case where the growth of “large eddies” is limited by their interaction with external flow boundaries,

such as in the surface or bottom turbulent jets. Thus, in the problem of the turbulent bore structure, the solution

of model I has an integrable singularity in the vicinity of the wavetrough, while the angle of inclination of the free

surface to the unperturbed boundary for the turbulent bore predicted by model II is finite. Moreover, model II

describes the experimentally observed flattening of the turbulent bore profile with increasing Froude number of the

incident flow (see Fig. 4).

Note that the governing parameters σ and θ for model II used in this study are not optimal. The analysis

of steady solutions describing the turbulent bore structure shows that the experimentally obtained mean profiles

practically coincide with the calculated ones if an increase in the Froude number causes σ to vary in the range of

0.15–0.40, i.e., entrainment velocity is a more complicated function of the calculated flow parameters. Constructing

the mathematical model that combines models I and II with allowance for the above-made comments is the aim

of further research.
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