
Fluid Dynamics, Vol. 40, No. 1, 2005, pp. 54–61. Translated from Izvestiya Rossiiskoi Academii Nauk, Mekhanika Zhidkosti i Gaza, No. 1, 2005,

pp. 62–70. Original Russian Text Copyright  2005 by Gusev and Lyapidevskii .

Turbulent Bore in a Supercritical Flow
over an Irregular Bed

A. V. Gusev and V. Yu. Lyapidevskii

Received June 3, 2004

Abstract — Breaking waves in a free-surface homogeneous fluid flow in the neighborhood of a lo-
cal variation in the channel depth are studied experimentally and theoretically. The structure of both a
steady-state hydraulic jump generated by a local obstacle in the channel and an unsteady wave config-
uration consisting of two turbulent bores in the problem of lock failure is studied. Using the turbulent
bore model [1], analytic profiles of breaking waves are obtained and the time-dependent problem is
numerically investigated and compared with experimental data. It is shown that the model [1] with a
hydrostatic pressure distribution over the depth adequately describes both the location and the structure
of the steady-state and unsteady wave fronts.

Keywords: homogeneous fluid, turbulent bore, irregular bed, steady-state and unsteady wave fronts,
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The turbulent bore is a characteristic feature of time-dependent wave processes in open channels. It
represents the leading part of a breaking wave and develops as a result of the evolution of fairly long surface
waves under the action of nonlinear effects, friction, and topography. In steady-state rapid (supercritical)
streams the sharp change in flow depth in the breaking wave is known as a hydraulic jump.

The investigation of the turbulent bore and hydraulic jump structures is a classical problem of the hy-
draulics of open river-beds [2, 3]. Modern experimental methods of investigating the internal structure of
breaking waves have made it possible to clarify the main features of the development of the surface turbu-
lent layer in both moderate- and large-amplitude waves [4–8]. The mathematical turbulent bore models are
based on a priori information on the mean velocity distribution inside the bore and describe the profile and
turbulent characteristics of the steady-state flow [9, 10].

The aim of the present study is to compare the experimental data on the structure and configuration of tur-
bulent bores generated by a local variation in the channel depth in supercritical flows and the corresponding
solutions of the steady and time-dependent problems obtained using the turbulent bore model [1].

In the experiments the steady-state hydraulic jump is generated by a local obstacle placed in a horizontal
channel. In [11] an exact solution of this problem was constructed within the framework of the model [1]. In
this study we realized a steady-state hydraulic jump of maximum amplitude, i.e., a flow which goes over into
an unsteady bore moving counter to flow, for small variations of the free-stream parameters and the obstacle
height. This regime of flow past an obstacle is a good test for checking mathematical models describing the
formation of a local subcritical flow zone in a supercritical stream.

The time-dependent wave configuration consisting of two turbulent bores is realized in the problem of
lock failure in a channel with an irregular bed. In [12] both a detailed description of the experiment and a
comparison of the results obtained with calculations made within the framework of classical shallow-water
theory can be found. In this study attention is concentrated on the possibility of using the turbulent bore
model [1] for reproducing real wave profiles when a supercritical jet penetrates into a fluid at rest in the
lower lock chamber following a sudden breakdown of the lock gates.
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1. MATHEMATICAL MODEL

The equations of shallow water flow over an irregular bed can be written with allowance for the gener-
ation and development of a turbulent surface layer in the form of the following system of inhomogeneous
conservation laws:

(h + η )t + (hu + η v)x = 0,

ut + (u2/2 + g(h + η ))x = −gzx,

(hu + η v)t + (hu2 + η v2 + g(h + η )2/2)x = −g(h + η )zx, (1.1)

(hu2 + η (v2 + q2) + g(h + η )2)t + (hu3 + η v(v2 + q2) +
2g(h + η )(hu + η v))x = −2g(hu + η v)zx − ε

ηt + (η v)x = σq, ε = σθq3, θ ≡ const

Here, h and η are the thicknesses of the lower and turbulent upper layers, respectively; z(x) is the bed
shape; u and v are the corresponding velocities in the layers; g is the acceleration of free fall; and q � 0 is
the mean square velocity in the surface layer. The rate of fluid entrainment from the lower layer is assumed
to be proportional to the velocity q. The proportionality factor is assumed to be constant (σ ∼= 0.15) and ε
is the energy dissipation rate.

The system (1.1) is a generalization of the system (1.1) in [1, Sec. 6] for a plane channel with an irregular
bed. The friction on the bed and lateral channel walls is neglected. The system under consideration can be
used for describing both continuous and generalized solutions containing discontinuities of the first kind
since it is written in the form of conservation laws. This was used for constructing a numerical code for
calculating time-dependent solutions on the basis of the Godunov method. However, the main feature of the
use of the model (1.1) for developed turbulent bores consists in the fact that, as distinct from the classical
shallow-water equation, taking into account the process of generation of the turbulent surface layer on the
breaking waves front leads to a continuous wave profile. Both the solution of the problem of propagation
of a constant-amplitude turbulent bore and the solution of the problem of the generation of a turbulent bore
for unsteady flow interaction in an open channel can be found in the class of continuous solutions. For
describing these solutions we will use the system (1.1) written in the following nondivergent form:

ht + uhx + hux = −σq, ηt + vηx + η vx = σq

ut + uux + ghx + gηx = −gzx, (1.2)

vt + vvx + ghx + gηx = −gzx + σq(u − v)/η

qt + vqx = σ((u − v)2 − (1 + θ)q2)/(2η )

The only dimensionless parameter that affects the wave structure is θ, since we can eliminate the scale
coefficient σ from the model (σ = 1) by correspondingly stretching the independent variables.

We will consider the channel flow over an even bed (z(x)≡ 0). The structure of a turbulent bore propagat-
ing with uniform velocity D is given by a solution of (1.2) which depends only on the variable ξ = x − Dt.
In this case the homogeneous conservation laws in (1.1) give rise to the following relations between the un-
known flow parameters in the traveling wave and the free-stream parameters (h = h0, u = u0, η = η0 = 0):

h(u − D) + η (v − D) = h0(u0 − D)

(u − D)2/2 + g(h + η ) = (u0 − D)2/2 + gh0 (1.3)

h(u − D)2 + η (v − D)2 + g(h + η )2/2 = h0(u0 − D)2 + gh2
0/2
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Fig. 1. Diagrams of the experiments: a — experiment I and b — experiment II

If we exclude the degenerate solution h + η ≡ h0, u = v ≡ u0 from consideration, then, by virtue of
(1.3), the unknown functions h, η , v can be expressed in terms of a function of a single variable u and the
dimensionless parameter Fr = |D − u0|/

√
gh0. In this case equations (1.2) can be reduced to the following

system of ordinary differential equations for the unknowns u and q

d(η (v − D))
dξ

= σq, 2η (v − D)
dq
dξ

= σ((u − v)2 − (1 + θ)q2) (1.4)

Since in the continuous solution η → 0 as u → u0, equations (1.4) have a singularity in the neighborhood
of the wave front. In [1] it was shown that this singularity can be integrated: (h − h0) ∼ |ξ − ξ0|1/2 and
η ∼ |ξ − ξ0|1/2, where ξ0 is the location of the traveling wave front, and for Fr > 1 the solution can be
constructed on the interval ξ0 < ξ < ξ1 when D < u0 or on the interval ξ1 < ξ < ξ0 when D > u0. In this
case the equation of the free surface h(ξ ) + η (ξ ) is a monotonic function and in the turbulent bore the total
fluid depth behind the wave front increases. The limiting turbulent bore depth η1 is reached when ξ = ξ1
and can be found from the condition h1 = h(ξ ) = 0. This means that when ξ = ξ1 the turbulent surface
layer reaches the bed and the states 0 and 1 ahead of and behind the wave must be connected by relations on
the discontinuity (1.3) which coincide with the relations on the discontinuity for the classical shallow-water
equations

η1(v1 − D) = h0(u0 − D)

η1(v1 − D)2 + gη 2
1 /2 = h0(u0 − D)2 + gh2

0/2
(1.5)

Thus, the continuous solution of Eqs. (1.3), (1.4) represents the internal structure of the discontinuities
of the shallow-water equations. In the next sections we will use the stationary solutions to describe the
nonlinear wave fronts with allowance for the wave breaking process.

2. EXPERIMENTAL TECHNIQUE

Steady-state hydraulic jump (experiment I). The experiments were performed in a rectangular plexiglas
channel of length 480 cm and width B = 6 cm with zero inclination of the bed. A supercritical (turbulent)
stream was created using a nozzle whose inner surface was profiled in accordance with a hyperbolic tangent
curve (Fig. 1a). The measurements showed that at the nozzle exit the free surface level was locally lowered
(by approximately 4% with respect to the height of the nozzle outlet cross-section) and the pressure on the
channel bottom was locally reduced (by approximately 6% with respect to the hydrostatic pressure). A ramp
was created outside the influence zone of these local nonuniformities which extended a distance downstream
of the ramp no greater than the nozzle height. The distance between the nozzle outlet cross-section and the
ramp was l1 = 58 cm.

The experiments were performed using a streamlined plexiglas ramp. Its leading face was an arc of a
circle of radius 14 cm, the top face was a horizontal plane, and the tail face was a plane inclined to the
channel bed at an angle of 11◦. This ramp had a height δm = 2.4 cm and a length l = 30 cm. In the channel
outlet cross-section the fluid level was regulated by means of flow compression from below using a vertical
plate located at a distance l2 = 170 cm from the leading edge of the ramp.
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η
η

Fig. 2. Steady-state hydraulic jump of maximum amplitude: curve 1 corresponds to experiment I, curve 2 to the theory, and
curve 3 to the lower boundary of the turbulent surface layer

The mass flow rate Q was measured by a standard Venturi tube located in the feed pipe. The flow depth at
various points along the channel was determined using measuring needles. The mean velocity was measured
by means of a Pitot tube and piezometers. The mean square measurement errors for the flow rate, velocity,
and depth were not more than 0.5%, 1%, and 2%, respectively. The internal flow structure was visualized
by means of aluminum powder. Video filming and photography were used.

In the problem of lock gate failure (experiment II) the experiments were carried out in a rectangular
channel of width B = 20.2 cm with vertical plexiglas end walls and glass side walls. The bottom began
to descend at a distance l1 = 227 cm from the left end wall. This transverse cross-section was chosen as
the origin of the longitudinal coordinate x (Fig. 1b). The distance from the origin to the right end wall
l2 = 193 cm. On the interval 0 < x < l the height of the channel bed fell linearly from z = b = 7.2 cm at
x = 0 to z = 0 at x = l = 15 cm. In the same cross-section a plane gate was mounted. By means of this gate,
we created an initial drop in water level ∆x = h1 + b − h2 between the upper and lower pools, where h1 and
h2 are the initial depths of the upper and lower pools, respectively.

At the instant t = 0 the gate was removed by hand using a lever, its displacement being recorded by a
slide-wire gauge. The characteristic time of removal of the gate from the water was not greater than 0.05 s
while the characteristic time of wave propagation to the end walls was of the order of 1.3 s. Using stationary
wavemeters mounted in the longitudinal plane of symmetry of the channel, we measured the oscillations of
the free-surface level as a function of time t for fixed values of x.

In order to determine the height of the wave and the velocity of propagation of its leading front we
mounted wavemeters along the axis of symmetry of the flume in cross-sections with the coordinates x = 60
and 90 cm. In order to determine the velocity of the trailing wave edge and the fluid depth behind the wave
wavemeters were placed in cross-sections with the coordinates x = 30 and 50 cm.

The wavemeter and slide-wire gauge signals were fed to a computer using an ACL-8112 analog-digital
converter. In the analog-digital conversion the time step was not greater than 0.008 s.

The principle of operation of the wavemeter is based on the difference between the electrical conductivity
of water and air. The wavemeter resolution determined on the basis of twice the mean-square value of the
intrinsic noise was 0.2 mm. The upper bound of the oscillation frequency measured by the wavemeters
with an error of not more than 10% was equal to approximately 10 Hz. The wavemeters were tuned before
each series of experiments by lowering or raising them to a given height in steps of 1 cm with an error in
measuring the height of not more than 0.1 mm. In the experiments we used tap water. It was allowed to
settle for several days to remove the dissolved air. After this the wavemeter characteristics remained the
same for several weeks as repeated calibration tests were carried out.

In order to visualize the location of the material particles when the jet from the upper pool penetrates into
the fluid at rest in the lower pool, the fluid in the upper pool was colored with ink; therefore, in the photos
(Fig. 3) and video films we can clearly see the interface between the fluids initially separated by the gate.
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Fig. 3. Time-dependent wave configuration (experiment II) consisting of two developed turbulent bores propagates from left
to right: curves 1 and 3 correspond to the free surface and the boundary of the turbulent layer, respectively (time-dependent
calculation based on model (1.1)); curves 2 and 4 correspond to the free surface and the boundary of the turbulent layer,
respectively (exact solution)

3. EXPERIMENTAL TESTING OF THE TURBULENT BORE MODEL

In order to test the model (1.1) experimentally we used the two methods of generating the turbulent bore
in a supercritical flow above an irregular bed described in Section 2.

Turbulent bore ahead of a local obstacle. As the free-stream flow, we considered a plane supercritical
flow (Fr0 > 1, where Fr0 = u0

√
gh0, and u0 and h0 are the flow velocity and depth, respectively). A stream-

lined two-dimensional obstacle of height δm was located downstream (Fig. 1a). A developed steady-state
hydraulic jump was formed ahead of the obstacle which controlled the upstream flow. If we neglect the
friction on the channel bottom and the mixing processes above the obstacle (the obstacle is fairly short as
compared with the characteristic length scale of the blocked zone), then the steady-state flow is determined
by two dimensionless parameters: Fr0 and δ = δm/h0. In [11] the structure of the local subcritical zone
ahead of the obstacle was investigated within the framework of the model (1.1). It was shown that, as
distinct from the classical shallow-water equations, a steady-state hydraulic jump is formed ahead of the
obstacle at a given free-stream Froude number (Fr0 > 1) on a certain interval (0, δ) of the parameter δ. The
limiting value of the parameter δ = δc at which the maximum-amplitude hydraulic jump is formed ahead
of the obstacle is of most interest for experimental testing purposes. With further increase in the parame-
ter δ (or decrease in Fr0) a steady-state solution no longer exists and a turbulent bore begins to propagate
upstream. Since it is precisely this situation that plays a significant role in various applications, we will
consider the maximum-amplitude hydraulic jump in more detail.

As shown in Section 1, for a given wave velocity the turbulent bore amplitude and the transition zone
length reach a maximum when the turbulent upper layer reaches the bottom; therefore, in the maximum-
amplitude wave h1 = 0 immediately ahead of the obstacle and the value of δc can be determined for the
steady-state hydraulic jump (D = 0) over a local obstacle from the following equations in which mixing
processes are neglected (σ = 0)

η1v1 = ηmvm, v2
1/2 + gη1 = v2

m/2 + g(ηm + δm) (3.1)

The condition of transition from subcritical to supercritical flow over the obstacle, i.e. v2
m = gηm is an

additional relation.
When the free-stream Froude number is given, state 1 in the maximum-amplitude wave can be deter-

mined from (1.5) and then the quantity δc = δm/h0 can be found from (3.1) and v2
m = gηm.

Relations (1.5), (3.1), and v2
m = gηm formally coincide with the solution of the problem of a steady-state

hydraulic jump ahead of an obstacle within the framework of classical shallow-water theory. The main
difference between the two models consists in the fact that, firstly, equations (1.1) describe a continuous
wave profile and, in particular, determine the length of the blocked flow zone and, secondly, the use of
the model (1.1) solves the problem of the nonuniqueness of the wave configuration in the neighborhood
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of a local obstacle for the classical shallow-water equations since, as the obstacle height decreases, the
maximum-amplitude hydraulic jump gradually goes over into completely supercritical flow over the obstacle
due to the decrease in the length of the blocked zone.

In Fig. 2 we have reproduced the maximum-amplitude hydraulic jump for Fr0 = 2.9 and δc = 0.9. Curve 2
corresponds to the free surface in the steady-state solution of (1.1) for σ = 0.15 and θ = 2 and curve 3 shows
the lower boundary of the turbulent surface layer. The points show the location of the free surface obtained
from experiment I. The turbulent bore which transforms the supercritical flow on the leeward slope of the
obstacle into a subcritical flow can also be found within the framework of the model (1.1) if the total flow
depth downstream of the obstacle is known [13]. For the chosen values of the parameters Fr0 and δc, a
single-layer transcritical flow takes place above the obstacle; therefore, the model (1.1) can again be used
for describing the evolution of the new turbulent surface layer in the leeward hydraulic jump. The maximum
discrepancy between the theoretical and experimental results is observed above the obstacle ahead of the
leeward hydraulic jump. On this section the exact solution is given by a solution of the classical shallow-
water equations in which the additional vertical acceleration of the fluid in the flow past a fairly short
obstacle is neglected. In [13] the non-hydrostatic effects in the flow above a local obstacle were discussed
in more detail.

We will now consider the problem of lock failure. In simulating the flow obtained in experiment II, we
used a numerical realization of system (1.1) which represents a complete set of conservation laws. Moreover,
in this problem the perturbation propagation velocity is finite. The time-dependent wave pattern developing
in the problem of lock failure can be constructed on the basis of a conservative finite-difference scheme. In
our study we used a variant of the Godunov method for calculating the unsteady flows. As the initial data,
we considered a fluid at rest with different free surface levels on each side of the lock. The initial thickness
of the turbulent layer was chosen close to zero.

For the chosen values of the initial depth (h1 = 12.5 cm, h3 = 3 cm, and b = 7.2 cm) a depression wave
propagates to the left in the upper lock chamber, a steady-state supercritical flow is rapidly established above
the slope, and a time-dependent wave configuration consisting of two developed turbulent bores propagates
to the right in the lower lock chamber (Fig. 3) (wave of type B in [12]). Thus, the wave process in the
lower pool has no effect on the flow in the upper pool and this flow can be found independently. Since on
the section consisting of the time-dependent depression wave (which can be considered to be centered at
the point t = 0, x = 0) and the steady-state flow above the slope mixing processes do not play a significant
role, this flow can be represented by a combination of a self-similar solution of the classical shallow-water
equations on the interval −l1 ≤ x≤ 0 and a steady-state solution of the same system on the interval 0≤ x≤ l.

In fact, we solve the problem of the breakdown of an arbitrary discontinuity within the framework of
the shallow-water equations without mixing in the lower pool. In this problem when t = 0 fluid at rest
(h = h2 and u = u2 = 0) is given on the right at the point x = l and a supercritical flow (h = h3 and u = u3),
found from the steady-state flow above the slope at the point x = l, is given on the left. For the given
parameters the exact solution of this problem is a configuration consisting of two discontinuities traveling
with different velocities in the positive direction. The above-mentioned solution of the classical shallow-
water equations, consisting of a combination of self-similar solutions centered at the points t = 0, x = 0 on
the interval −l1 ≤ x ≤ 0 and t = 0, x = l on the interval l ≤ x ≤ l2 and a steady-state solution on the interval
0 � x � l, is used for determining the state h4, u4 between the discontinuities. Thus, the amplitude of the
discontinuities and their propagation velocities can be determined from the classical equations. However, in
order to reconstruct the internal structure of the turbulent bores it is necessary to use Eqs. (1.1).

In Fig. 3 we have reproduced a wave structure consisting of two bores realized in experiment II (photo)
together with the time-dependent calculation using model (1.1) at an instant t = 1.02 s (upper curve 1
corresponds to the free surface and lower curve 3 to the boundary of the turbulent layer). The velocity of
the right bore propagating downstream (D2 = 130.4 cm/s) is significantly higher that the velocity of the
left bore (D2 = 18.0 cm/s) which drifts downstream with the supercritical jet. The right bore is completely
formed and its internal structure is similar to the structure of the steady-state bore. The structure of the left
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bore is still influenced by the initial phase of flow formation in the collision of the jet with the fluid at rest.
Nevertheless, the steady-state solution obtained in Section 1 can also be used for constructing the model of
the two-wave structure considered.

In Fig. 3 we have also reproduced the exact solution (broken curves 2 and 4), which consists of turbulent
bores traveling with the velocities D1 and D2 (0 < D1 < u4 < D2), against the background of an experimental
photo. Since the states on the left (h3, u3) and on the right (h2, u2) are known, both the velocities D1 and D2
and the state (h4, u4) between the waves can be found by virtue of (1.5) from the solution of the Riemann
problem of discontinuity breakdown for the shallow-water equations. Then from Eqs. (1.3), (1.4) we can re-
construct the continuous profile of the turbulent bore. For greater clarity, in plotting the boundaries between
the steady-state and unsteady flows obtained from Eqs. (1.1) on the photo of the laboratory experiment II,
we used white for the region occupied by particles of the upper pool and black for the fluid in the lower
pool.

The wave configuration constructed is symmetric with respect to the flow traveling with the velocity u4
since the Froude numbers Fr1 = |D1 − u3|/

√
gh3 and Fr2 = |D2 − u2|/

√
gh2 almost coincide Fr1

∼= Fr2 =
2.15. As distinct from experiment I, for these Froude numbers the turbulent bore is not yet monotonic and
its structure is significantly affected by dispersion effects [1, Chap. 6]. Nevertheless, a comparison of the
numerical and analytic solutions constructed with the real wave pattern reproduced in Fig. 3 shows that
equations (1.1) adequately describe the approach of the flow to the quasi-steady-state regime in the problem
of the time-dependent interaction between plane heavy-fluid jets.

Summary. The structure of the steady-state hydraulic jump generated by a local obstacle in a channel
and the structure of a time-dependent wave configuration consisting of two turbulent bores in the problem
of lock failure are studied. The analytic profiles of the breaking waves obtained on the basis of the turbulent
bore model (1.1) and the results of a numerical investigation of the time-dependent problem are in good
agreement with the experimental data. It is shown that model (1.1) with a hydrostatic pressure distribution
over the depth adequately describes both the location and the structure of the steady-state and unsteady wave
fronts.
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No. 04-01-00040) and the Integration Project Foundation of the Siberian Branch of the Russian Academy
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