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a b s t r a c t

The mathematical model of inhomogeneous fluid motion in a Hele–Shaw cell is proposed.
Based on this model the equations for describing two-layer flows and development of roll
waves at the interface are derived. Conditions of roll waves existence are formulated in
terms of Whitham criterion. Numerical calculations of the interface position are provided.
It is shown that small perturbations of the interface in the inlet section of the channel lead
to the roll waves for certain parameters of the flow. Two-parametric class of exact solutions
corresponding to the rollwaves regime is obtained. Diagrams of critical depths of rollwaves
development are constructed.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

This paper considers unsteady two-layer flows in a Hele–Shaw cell in the framework of the nonlinear long waves
approximation. The main attention is focused to the study of the quasi-periodic flows, called the roll waves regime, where
smooth regions of flow are separated by hydraulic jumps. A feature of this behaviour is a transition from sub-critical flow
to supercritical one in a coordinate system moving with the wave. This flow is easy to reproduce experimentally in natural
or laboratory conditions. Nevertheless from the mathematical point of view the roll waves were described by Dressler [1]
in 1949 only. He found out that roll waves can be considered as class of travelling waves for the shallow water equations
consisted of periodic discontinuous solutions. Thework ofDresslerwas extended in [2]where the effect of energy dissipation
by shearing normal to the flow was taken into account. The nonlinear stability problem of roll waves for flows in inclined
open channel of arbitrary shape is solved in [3] by deriving the modulation equations. This approach is extended for a two-
layer system in [4], where the stability criterion of roll waves is formulated in terms of hyperbolicity of the modulation
equations. The multi-jump configuration of roll waves for one-layer flows in an inclined channel of arbitrary cross-section
is found in [5]. Due to the roll waves are the unstable state leading to slug regimes they should be studied in as much detail
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as possible. Different theoretical and experimental aspects of roll waves study in homogeneous and inhomogeneous liquids
are presented in monograph [6]. The roll waves in two-phase gas–liquid media are considered in [7–10]. Description and
nonlinear analysis of roll waves in the framework of Burgers, Sen-Venane and Kuramoto–Sivashinsky equations are carried
out in [11,12]. Periodic stationary solutions describing roll waves were obtained in [13] for a new nonlinear model of shear
flows of shallow water moving down an inclined plane.

The question how the roll waves arise and develop from small perturbations of interface of two-layer flow under lid
is still opened. It is the basic object of the study presented in this paper. We investigate a possibility of the roll waves
emergence in two-layer flows in a Hele–Shaw cell (the area between two parallel plates separated by a small gap). Fluid
motions in such narrow spaces attract of researcher attention for a long time. It is caused by wide variety of flows and
development of different types of instability [14–16]. In last ten years themodels of Hele–Shaw flowswith inertia are of great
interest in theoretical and experimental studies [17–19]. A hierarchy of mathematical models describing viscosity-stratified
flow in a Hele–Shaw cell is constructed and studied in [20]. In particular, it is shown that for the process of unidirectional
displacement the pressure variation in the transverse direction is small. This observation makes it possible to use long-
wave approximation and construct a class of layered flows described by a system of one-dimensional evolution equations.
The mathematical model of a motion of inhomogeneous incompressible viscous fluid in the Hele–Shaw cell is proposed in
the recent paper [21]. The more simple 1D models of layered flows are considered in that paper also and interpretation of
Saffman–Taylor instability is given in the framework of these models. Linear stability analysis for layered Hele–Shaw flows
is provided in [22] and the intervals of fluid parameters for which the roll waves may occur are found.

In this paper we pay attention to study of nonlinear equations of two-layer Hele–Shaw flows, numerical modelling of
the roll waves and construction of exact periodic solutions corresponding to the regime described. The velocities of the
perturbation propagation are determined and the conditions of hyperbolicity of the model are formulated. The physical
parameters of fluid and critical depths of the upper and lower layers corresponding to transition from the uniform flow to the
roll waves regime are definedwith the help ofWhitham criterion [23]. Numerical modelling of development of perturbation
at the interface is provided. It is demonstrated that there are two types of roll waves propagation. They may move both
against the basic flow and with the basic flow depending on the parameters of fluids located in the upper and lower layer.
The two-parametric set of exact periodical solutions describing the roll waves is constructed in the class of travelling waves.

The paper is organized as follows. In Section 2, we describe general equations of viscous inhomogeneous incompressible
fluidmotion in a Hele–Shaw cell. We then derive averaged equations and pass to the long-wave approximation. In Section 3,
we introduce the special class of solutions corresponding to two-layer flows and obtain the governing equations for
modelling of development of roll waves. We also point out that the considered case cannot be reduced to the problem
of roll waves in open channel flows studied in [1,23,24]. We formulate and check the Whitham criterion of roll waves
emergence for the model in Section 4. We perform numerical calculations of the interface position with the help of the
conservative form of the governing equations in Section 5. We demonstrate the roll waves development in the case of the
Whitham criterion satisfaction. In Section 6 we construct exact periodic solutions of the governing equations in the class of
the travelling waves. We also obtain the diagram of critical parameters for the development of the roll waves and illustrate
these results by figures. Finally we draw some conclusions.

2. Mathematical model

Equations of motion of a viscous incompressible non-homogeneous fluid in a Hele–Shaw cell have the form

ρ(vt + (v · ∇)v) + ∇p = µvzz + ρg,
∇ · v = 0, ρt + v · ∇ρ = 0. (1)

Here x = (x, y, z) is the coordinate vector, t is the time, v = (u, v, w) is the velocity vector, p is the pressure, ρ is the density,
µ is the viscosity and g = (0, −g, 0) is the acceleration of gravity vector. The operator ∇ is calculated with respect to the
coordinate vector. Flow geometry for two-layer fluid is shown in Fig. 1. The characteristic sizes of cell (L,H) in the x and y
direction respectively are significantly higher than the cell gap a. That is why the terms vxx and vyy vanish in themomentum
equations. They are negligible compared to vzz . We assume the viscosity is monotonic dependence on density ρ: µ = µ(ρ).
It should be noted that the density ρ can change continuously or take piecewise constant values. The first case corresponds
to an inhomogeneous fluid, and the second one characterizes a multicomponent fluid.

We consider the velocity field in the form

u =
3
2


1 −

2z
a

2
u′(t, x, y), v =

3
2


1 −

2z
a

2
v′(t, x, y), w = 0. (2)

It provides the fulfilment of no-slip conditions on the cell walls z = ±a/2. The functions p and ρ are supposed not depend
on the variable z. Integrating Eqs. (1) from −a/2 to a/2 leads to the system

ρ(ut + β(uux + vuy)) + px = −µu,
ρ(vt + β(uvx + vvy)) + py = −µv − ρg,
ux + vy = 0, ρt + uρx + vρy = 0.

(3)
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Fig. 1. Geometry of two-layer Hele–Shaw flow.

The primes are omitted. Here and below µ denotes the modified fluid viscosity 12µ/a2. The coefficient β is equal to 1.2
(this factor comes from integration of nonlinear terms in (1) with respect to z). The simplifications above are connected
with inequalities a ≪ L, a ≪ H and often used for modelling of Hele–Shaw flows [16,18].

Further we assume that the flow is essentially unidirectional and the horizontal size L of the cell is much more than
its depth H , i.e. ε = H/L ≪ 1. Such flows can be also considered in the framework of long-wave approximation [6,25].
Following [20,21] we perform the scaling in Eqs. (3)

t → ε−1t, x → ε−1x, v → εv, µ → εµ.

Then we neglect all terms of order ε2. As a result we obtain the approximate model

ρ(ut + β(uux + vuy)) + px = −µu, py = −gρ,
ux + vy = 0, ρt + uρx + vρy = 0,
µ = µ(ρ); v


y=0 = v


y=H = 0.

(4)

We also suppose that the impermeability condition is fulfilled on the boundaries y = 0 and y = H .

3. Two-layer flows

In the section we study a special class of solutions of Eqs. (4). The class corresponds to two-layer flows and has the form

u = ui(t, x), ρ = ρi = const, y ∈ (yi−1, yi), i = 1, 2, (5)

where y0 = 0, y1 = h1(t, x), y2 = h1(t, x) + h2(t, x) = H . Index ‘‘1’’ denotes the variables characterizing the lower layer
and ‘‘2’’ is index of the variables for the upper layer. The cell height H is assumed to be constant further in the text.

It is clear that ansatz (5) can be generalized for n-layer flows. The corresponding equations are described in [20,21] in
detail.

The third equation in (4) and conditions on the cell walls y = 0 and y = H lead to formulas for the vertical velocity
components

v1 = −yu1x, v2 = (H − y)u2x.

Integration of the second equation from (4) gives the formula for pressure in the layers

p(t, x, y) =


(h1 − y)ρ1g + ρ2gh2 + p0, y ∈ (0, h1),
(H − y)ρ2g + p0, y ∈ (h1,H).

Here p0(t, x) is the pressure on the upper channel lid. Substitution of class (5) into the first equation from (4) leads to the
following system

ρ1

u1t + βu1u1x + gh1x


+ gρ2h2x + p0x = −µ1u1,

ρ2

u2t + βu2u2x


+ p0x = −µ2u2.

(6)

Taking into account kinematic condition Yt + uYx − v

y=Y = 0 at the interface Y = h1 = H − h2 we obtain the equations

h1t + (u1h1)x = 0, h2t + (u2h2)x = 0. (7)

In what follows for convenience we use the following notation for depth of the layers, density ratio and viscosity ratio in the
layers

h = h1, H − h = h2, ρ = ρ2/ρ1, µ = µ1/µ2.
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We eliminate p0x from Eqs. (6) and subtract the second equation of (6) from the first one andmultiply it by 1/ρ1. As a result,
the following equation is obtained

(u1 − ρu2)t + β(u1u1x − ρu2u2x) + bhx =
µ2

ρ1


u2 − µu1


,

where b = (1 − ρ)g ≥ 0. The condition 0 < ρ ≤ 1 is assumed to be valid.
The summation of Eqs. (7) yields that the flow rate u1h + u2(H − h) does not depend on x in the channel. Let the flow

rate be constant, i.e.

hu1 + (H − h)u2 = Hum = const,

where um is the average velocity of the flow.
We can consider that H = 1 and b = 1 after using of corresponding dimensionless variables. Additional scaling of

independent variables t and x allows one to take on the parameter µ2/ρ1 = 1. Summarizing all assumptions above we
obtain the equations for velocities and depths of flow in the form

(u1 − ρu2)t + β(u1u1x − ρu2u2x) + hx = u2 − µu1,
ht + (u1h)x = 0, hu1 + (1 − h)u2 = um.

(8)

Further theoretical analysis and modelling of roll waves are carried out with respect to Eqs. (8).

4. Whitham conditions

Using the last equation in (8) we find the velocity in the upper layer by means of the formula

u2 =
um − u1h
1 − h

(9)

and rewrite the equations of motion in the following form

Ut + AUx = F,

where U = (u1, h)T is the vector of unknown variables, F = (F , 0)T is the right hand side,

A =


M1 M2
h u1


is the matrix of coefficients. Values ofM1, M2 and F have the following form

M1 =
((1 − h)β − ρh)u1 + (β + 1)ρhu2

1 − (1 − ρ)h
, M2 =

1 − h − (u1 − u2)(u1 − βu2)ρ

1 − (1 − ρ)h
,

F =
(u2 − µu1)(1 − h)

1 − (1 − ρ)h
,

where u2 is given by (9).
The eigenvalues λ± of matrix A take the form

λ±
=

1
2


M1 + u1 ±


(M1 + u1)2 − 4(u1M1 − hM2)


(10)

and give the velocities of characteristics propagation (dx/dt = λ±).
It is necessary to note that Eqs. (8) are themixed-type system. The characteristics λ± can be complex at arbitrary physical

fluid parameters. Development of instability is possible beyond of the interval of system hyperbolicity. In such case the
Cauchy problem statement requires additional analysis and justification [6]. For this reason we consider only those initial
data for which system (8) is hyperbolic.

Together with Eqs. (8) we consider more simple kinematic model where inertial effects are not taken into account. Then
the first equation in (8) is replaced by the condition u2 = µu1. Since we suppose that the flow rate is constant, then the
previous condition and formula (9) allow one to express the velocity u1 with the help of depth h of the lower layer. As a
result the second equation of (8) takes the form

∂h
∂t

+
∂ f (h)
∂x

= 0, f (h) =
umh

µ + (1 − µ)h
. (11)

The velocity of characteristic of the kinematic-wave model (11) is

λ̂ = f ′(h) =
umµ

(µ + (1 − µ)h)2
.
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Fig. 2. Dependencies of characteristics velocities λ± (curves 1, 2) and λ̂ (curve 3) on the depth h of the lower layer. Fig. (a) corresponds to parameters
um = 0.3, ρ = 0.8, µ = 0.2, Fig. (b) corresponds to um = 2, ρ = 0.02, µ = 2.

Eq. (11) is used for formulation a criterion of the roll waves existing for system (8). The criterion was first described by
Whitham in [23] for the shallow water flows in inclined open channels. This criterion is based on comparison of ‘‘frozen’’
characteristics velocities λ±(h) of system (8) with ‘‘equilibrium’’ characteristic λ̂(h) of Eq. (11). The ‘‘frozen’’ characteristics
λ±(h) are obtained by substitution of u1 = f (h)/h into the right-hand side of (10). With respect to Whitham criterion [23]
the roll waves exist in the intervals where one of inequalities is valid

λ̂ ≥ λ+ or λ̂ ≤ λ−. (12)

The ‘‘frozen’’ λ±(h) and ‘‘equilibrium’’ λ̂(h) characteristics for different average velocity um, density ratio ρ and viscosity
ratio µ are given in Fig. 2. For all cases β = 1.2. Here and below the values of the variables are considered as dimensionless.
Fig. 2(a) shows that Whitham criterion (12) is fulfilled for small values of h ∈ (0, h∗), h∗ ≈ 0.214. We also note that for
considered parameters um = 0.3, ρ = 0.8, µ = 0.2 system (8) is hyperbolic for all h ∈ (0, 1).

The values for constructing velocities of characteristics in Fig. 2(b) correspond to gas–liquid media (um = 2, ρ = 0.02,
µ = 2). In this case Whitham criterion is valid for big enough depth h ∈ (h∗, h∗), where h∗ ≈ 0.773 and h∗

≈ 0.939. In this
case the hyperbolicity conditions are kept in not the whole interval h ∈ (0, 1). Indeed, characteristics λ±(h) intersect at the
point h = h∗ < 1. This means that for h > h∗ Eqs. (8) become elliptic. A more detailed analysis of corresponding problem
correctness is necessary in this case.

It was established in [4] that arising the roll waves according to the Whitham criterion was equivalent to instability
generation at linear stability analysis of the corresponding uniform flow. In [22] linear stability analysis for Eqs. (8) was
carried out. It should be pointed out that the critical depths, on which the roll waves regime is generated, calculated with
respect to linear stability analysis and by means of Whitham criterion (12), coincide for the identical sets of parameters
(density, viscosity, average velocity of flow).

5. Numerical modelling of the roll waves

Let us carry out numerical analysis of development of small non-stationary perturbation using nonlinear equations of
two-layer flow (8). We rewrite model (8) in conservative form for the calculations. Denoting s = u1 − ρu2 and eliminating
the velocities in layers with the help of s and h by the formulas

u1 =
1 − h

1 − (1 − ρ)h


s +

ρum

1 − h


, u2 =

um − u1h
1 − h

we have the conservative form of Eqs. (8)

st +

(u2

1 − ρu2
2)β/2 + h


x = u2 − µu1, ht + (u1h)x = 0 (13)

in terms of the variables s and h. The calculations on the basis of balance laws (13) are provided using MATLAB and
Nessyahy–Tadmor central scheme of the second-order approximation [26]. While we are interested in the study of the
roll waves we calculate the position of interface between the layers. The roll waves are to be waited for here according to
theoretical analysis provided in the previous sections. It should be noted that model (11) is not used for the calculation
because in the framework of kinematic-wave equation the roll waves regime cannot be obtained.

5.1. Test 1

We suppose that the channel length L = 200 and height H = 1. At the initial moment the channel is occupied by
two-layer liquid moving with constant velocities in the layers. The interface is initially straight. We assume that ρ = 0.8,
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Fig. 3. (a) Interface y = h at time t = 250 for parameters um = 0.3, ρ = 0.8, µ = 0.2 and h0 = 0.05; (b) part of interface x ∈ (130, 180). Small
perturbations of interface with frequency ω = 0.7 are imposed on the left boundary.

Fig. 4. (a) Interface y = h at time t = 100 for parameters um = 2, ρ = 0.02, µ = 2 and h0 = 0.85; (b) part of interface x ∈ (80, 120). Small perturbations
of interface with frequency ω = 10 are imposed on the left boundary.

µ = 0.2, average velocity um = 0.3 and β = 1.2. The depth of the lower layer h = h0 = 0.05. As mentioned above
(Fig. 2(a)) emergence of roll waves is possible in this interval of physical parameters due to Whitham criterion (12). We
define the velocity of liquids in the upper and lower layers with the help of the formulas

u20 = µu10, h0u10 + (1 − h0)u20 = um.

They correspond to constant solution h = h0, u1 = u10 and u2 = u20 of Eqs. (8). At the given parameters um and µ the
velocities are u10 = 1.25 and u20 = 0.25. The values h = h0 and s = u10 −ρu20 are taken as initial data for calculations. The
following boundary conditions uN = uN−1 are to be valid at the right boundary of computational domain. Here uj = (hj, sj)
is the value of functions in the nodal point xj. Small perturbations h(t, 0) = h0 + 0.0025 sin(ωt) and s(t, 0) = 1.05 are
given at the left boundary. The frequency of perturbations ω is 0.7 here. An uniform grid with respect to the spatial variable
x is used for calculations, the number of nodes N = 4000. The time step is determined by the Courant condition.

The results of calculations are shown in Fig. 3. It can be observed that roll waves generate for considered parameters.
Note that the roll waves move against the basic flow in the regime under consideration.

5.2. Test 2

Here we describe the similar calculations for gas–liquid media (the density ratio ρ is small). We assume ρ = 0.02,
µ = 2 and um = 2. The initial depth h0 = 0.85. It corresponds to the following non-dimensional velocities in the layers
u10 ≈ 1.74 and u20 ≈ 3.48. The Whitham conditions (12) are also fulfill in this case (see Fig. 2(b)). Small perturbations
h(t, 0) = h0 + 0.0025 sin(ωt) with frequency ω = 10 are given at the left boundary. The calculations are carried out on the
uniform grid with the number of nodes N = 8000. The results of calculations at t = 100 are shown in Fig. 4. In this case the
roll waves move with the stream.

It should be mentioned that a problem of the stability of the illustrated travelling periodic waves can be solved only by
using analysis of roll waves of finite amplitude. This study can be provided by means of the modulation equations [23,6].
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Remark. The case of a two-layer flow consisting of a liquid and a gas is reminiscent of flow with free boundary because the
density ratio is small. Nevertheless, presence of two phases (liquid–gas or liquid–liquid) completely filling the horizontal
channel is necessary for the roll waves generation. Then the fluids move under the action of a pressure gradient. This force
is absent in the one-layer fluid flow with free boundary. Governing equations (8) for one-layer free surface flow take the
form

ut + βuux + hx = −µu, ht + (uh)x = 0. (14)

Here we use notation u = u1 for brevity. It is obviously that the equilibrium stationary solution is h = h0 = const,
u = u0 = 0. Linearization of Eq. (14) on this basic solution yields to equations for small perturbations (u′, h′)

u′

t + h′

x = −µu′, h′

t + h0u′

x = 0. (15)

A solution of the latter equations is sought in the form

(u′, h′) = (A, B) exp(ik(x − ct)),

where c is the phase velocity, k > 0 is the wave number, and i is the imaginary unit. Substitution this ansatz into Eqs. (15)
allows one to obtain the dispersion relation

c2 + iµk−1c − h0 = 0.

It is easy to show that Im c(k) ≤ 0 for all k ≥ 0 (the constants µ and h0 are positive). It means that the equilibrium state is
stable and the roll waves cannot develop here.

The roll waves in shallow water flows in an inclined open channel were constructed and studied in the remarkable
works [1,23,24]. In this case a fluid moves under the action of gravity. The governing equations for dimensional velocity and
depth take the form [6]

(uh)t + (u2h + h2/2)x = α − u2/h, ht + (uh)x = 0,

where α = c−1
f tanϕ > 0, ϕ is the channel inclination angle, and cf is the turbulent friction coefficient. The equilibrium

solution of the latter equations is u = u0 = const, h = h0 = u2
0/α. It is clear that the parameterα = u2

0/h0 can be interpreted
as the Froude number: Fr =

√
α. As it was shown in [1,23] the equilibrium solution is unstable for Fr > 2. Only in this case

the generation of roll waves is possible. That is why the configuration of two-layer liquid–gas flow in a horizontal channel
considered in the present paper cannot be reduced to fluid flow with a free surface.

6. Travelling waves

It was mentioned before that the roll waves in inclined open channels were described in [1,23,24] as a class of travelling
waves consisting of periodic discontinuous solutions of the shallowwater equations. In [4,7] the roll waves were studied for
two-layer incompressible flowwith turbulent friction in a horizontal channel. The left-hand sides of the governing equations
of such flow coincide with corresponding terms of (8) only if the factor β = 1. To date to the best of our knowledge the
analysis of travelling waves has not been carried out for the considered two-layer Hele–Shaw model.

For constructing solutions of Eqs. (8) in a class of travelling waves we introduce new independent variable ξ = x − Dt ,
where D is constant wave velocity. Then Eqs. (8) reduce to the system

β

2


u2
1 − ρu2

2


+ h − (u1 − ρu2)D

′

= u2 − µu1,
(u1 − D)h

′
= 0, hu1 + (1 − h)u2 = um.

(16)

The prime denotes differentiation with respect to ξ . The second and third equations of system (16) give the following
formulas

u1 = D + (u1c − D)
y
h
, u2 =

um − u1h
1 − h

,

where y and u1c are constant. Below we construct two-parametric set of periodic solutions of Eqs. (16). The following
functions

G =
β

2


u2
1 − ρu2

2


+ h − (u1 − ρu2)D, F = u2 − µu1,

∆ ≡
dG
dh

= 1 −
u1 − D

h
(βu1 − D) −

u2 − D
1 − h

(βu2 − D)ρ

are used for more understandable description of the obtained results. Then constructing solution of system (16) is provided
with the help of the ordinary differential equation

dh
dξ

=
F
∆

. (17)
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Fig. 5. Function G(h) at critical depth y = 0.05 and parameters from Test 1.

Fig. 6. Curves z = F(h) and z = ∆(h) at y = 0.05 and parameters from Test1.

We should analyse discontinuous solutions of Eq. (17) for studying the possibility of arising the roll wave regime. Let
h = y be a critical depth where ∆ = 0. It means that the following formula is valid

1 −
u1c − D

y
(βu1c − D) −

u2c − D
1 − y

(βu2c − D)ρ = 0, (18)

where u1c and u2c satisfy the formula u1cy + (1 − y)u2c = um due to the last equation in (16). The condition of existence of
continuous transition from supercritical flow ∆ < 0 to sub-critical one ∆ > 0 can be formulated as follows. The function F
is equal to zero at h = y, i.e. u2c = µu1c . So we can find the critical velocities by the formulas

u1c =
um

µ + (1 − µ)y
, u2c =

µum

µ + (1 − µ)y
.

Substitution of these values into (18) gives velocity of the travelling wave D depending on the critical depth y. After amount
number of calculations we find out that the velocity D coincides with one of the characteristic velocities (10) at h = y

D = λ±(u1(h), h)

h=y.

We should chose λ+ or λ− in the previous formula depending onwhat of them intersects the characteristic λ̂. It corresponds
to Whitham criterion (12) and Fig. 2.

Fig. 5 shows the function G(h) at certain critical depth y. The Whitham condition (12) of roll waves existence is fulfilled.
The density ratio ρ, viscosity ratio µ and average flow velocity um are the same as in Test 1 from the previous section. The
function G has the local minimum at h = y. It is point C in Fig. 5. We take a point A on the graph of the function G(h). This
point should lie to the left of the point C and below a local maximum of the function G(h). The point B is conjugated to the
point A. It means that their abscissas hl and hr satisfy to the formula

G(hl) = G(hr).

Note that this formula is the Hugoniot condition on strong discontinuity for Eqs. (8).
Mutual arrangement of the curves F(h) and ∆(h) from the right hand side of Eq. (17) is shown in Fig. 6. The ratio F/∆

is negative in the interval h ∈ (hl, hr) for the parameters of Test 1. At the point h = y the ratio F/∆ has the finite value
because both the function F and ∆ have the first order zeros only at the point h = y. Thereby the periodic solution in the
travelling wave class consists of continuous intervals BCA and strong discontinuities AB. The class is shown in Fig. 7. The
solution h = h(ξ) of Eq. (17) decreases monotonically in the interval BCA. The transition from the sub-critical flow ∆ > 0
to the supercritical one ∆ < 0 occurs at the point C . The transition AB corresponds to hydraulic jump where the Hugoniot
conditions are fulfilled.

The periodic solution can be constructed in the same way for the physical parameters from Test 2. However it should be
kept in mind that the function h(ξ) increases in the interval of solution continuity. It corresponds to positive right hand side
of Eq. (17) in the interval h ∈ (hl, hr).
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Fig. 7. The periodic solution in the class of travelling wave. Physical parameters are from Test 1.

Fig. 8. Roll wave diagrams for the parameters from Test 1 (a) and Test 2 (b). Curves 1 are given by equation ∆(h, y) = 0, curves 3—F(h, y) = 0, curves 2
and 4 are conjugate to 1 and 3 respectively. Dashed line is the diagonal h = y.

6.1. Diagrams of the roll waves

As it was mentioned above the constructed exact solution contains two parameters. They are the critical flow depth y
and the wave amplitude h. Now we present the diagrams of roll waves. They show all possible couples of variables (y, h) at
which the roll waves exist for the parameters from Tests 1 and 2. As it can be seen in Fig. 2 the characteristics λ−(h) and
λ̂(h) in Test 1 (characteristics λ+(h) and λ̂(h) in Test 2) intersect at the point h = y∗. Then construction of the roll waves
is possible for the critical depths y < y∗ (or y > y∗ for Test 2). We describe constructing the roll waves diagram for the
parameters from Test 1. For the case corresponding to Test 2 this procedure is the same. The diagrams are shown in Fig. 8(a)
and (b) respectively.

The functions G, F and ∆ defined above depend on variable h and parameter y in such a way that ∆(y, y) = 0 and
F(y, y) = 0. We find numerically the dependence h = s(y), where h > y, at which the equation ∆(s(y), y) = 0 is valid.
This dependence is depicted by curve 1 in Fig. 8. The value h = s(y) at certain y corresponds to the local maximum of the
function G while the value h = y is the local minimum (see Figs. 5 and 6). It is clear that the point B should lie to the left of
a local maximum of the curve G in Fig. 5 in order to the roll wave can arise. That is why the curve h = s(y) majorizes the
values of depths at which development of the roll waves is possible. Curve 2 in Fig. 8 is found from the conjugacy condition
G(s(y), y) = G(h, y) and puts an lower bound of possible values of roll wave depths h for certain critical depth y.

There are two necessary conditions for the periodic solution of system (16) construction. The first one is vanishing the
functions F and ∆ at h = y. The second one is preservation of sign of ratio F/∆ in the interval h ∈ (hl, hr). Equation
F(h, y) = 0 has two branches of the solution h = y (with respect to construction) and

h = z(y) =
(u1c − D)µ

(1 − µ)D
.

The curve h = z(y) (line 3 in Fig. 8) bounds from below possible depths h if it is located upper then the line conjugated
to h = s(y). The last step for diagram construction is finding of curve 4 conjugated to h = z(y). It can be found from the
condition G(z(y), y) = G(h, y). This curve majorizes possible values of amplitude h. Summarizing all listed steps of diagram
construction we obtain the area Ω in Fig. 8 bounded by curves 1–4. This area contains all possible values of the critical
depths and wave amplitudes for which the roll waves arise and develop.
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It is shown in [4] that the roll waves diagram consists of two areas and has the formof a butterfly. It should be emphasized
that herewe construct only the essential part of the diagram (for Tests 1 and 2 aswell). In the first case (Fig. 8(a)) we consider
only the branch h = s(y) of the solution of equation ∆(h, y) = 0 satisfying the condition s(y) > y. For the full construction
of the diagram the interval of the parameters satisfying the condition 0 ≤ s(y) < y should be found. We do not take this
case into consideration. The reason is that for the parameters of Test 1 this area located near the origin is very small in
comparison with area Ω . Furthermore it is almost invisible in the scale of Fig. 8(a).

For the parameters of Test 2 (Fig. 8(b)) the branch of the solution of the equation ∆(h, y) = 0 at h = s(y) < y is
out of our interest because it corresponds to critical depth y closing to unity and as mentioned above system (8) loses the
hyperbolicity property for h > h∗

≈ 0.94 (see Fig. 2(b)). It should be recalled that the roll waves regime can be obtained if
the governing equations are hyperbolic for the considered initial data. That is why we restrict our consideration to the area
shown in Fig. 8(b).

7. Conclusion

The present study is devoted to the questions of the roll waves development in two-layer Hele–Shaw flows. Earlier the
conditions of arising of this regime were investigated for flows in open inclined channels [23] and for two-layer horizontal
flows under lid with taking into account a turbulent friction [3,7]. The derivation of a mathematical model and theoretical
analysis for the roll waves regime in a Hele–Shaw cell have been not provided yet. It should be emphasized that results of
the paper cannot be obtained by reduction of above mentioned research.

In the paper the two-layer Hele–Shaw flows described by one-dimensional evolution system (8) are considered in order
to study a nonlinear flow regime leading to development of roll waves. The velocities of propagation of characteristics for
system (8) and for simplified kinematicmodel (11) are determined. The conditions of roll waves existence are formulated by
means of Whitham criterion (12). The parameters of two-layer flows are selected with respect to this criterion. Numerical
modelling of two-layer flows are provided. It is shown that small perturbations of the interface leads to quasi-periodic
regime development (see Figs. 3 and 4). It has been established that the roll wavesmoving against the basic flow are possible
(Fig. 3) if more dense lower layer has small enough depth. Propagation of the roll waves together with the basic flow occurs
for gas–liquid media (Fig. 4).

The exact periodic solutions of Eqs. (8) are constructed in the class of travelling waves (Fig. 7). They are characterized
by transition from the supercritical flow to the sub-critical one in the interval of solution continuity and by strong
discontinuities where the Hugoniot conditions are fulfilled. For given density and viscosity ratios and full flow rate the
diagrams of the roll waves are demonstrated (Fig. 8). The diagrams bound all possible values of the critical depths y and
lower layer depth h for which roll waves form in two-layer Hele–Shaw flow.
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