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Shallow Water Equations for Shear Flows

Alexander A. Chesnokov, Valery Yu. Liapidevskii

Abstract Open channel flows of ideal incompressible fluid with velocity shear are
considered in the long wave approximation. Nonlinear integro-differential models
of shallow flow with continuous vertical or horizontal velocity distribution are de-
rived. It is shown that mathematically the models are equivalent and, consequently,
the obtained early results for two-dimensional open channel flows with a vertical
shear can be applied to the 2D flows with horizontally nonhomogeneous velocity
field. Stability of shear flows in terms of hyperbolicity of the governing equations is
studied. It is shown that the type of the equations of motion can change during the
evolution of the flow, which corresponds to the long wave instability for a certain
velocity field. A simple mathematical model describing the nonlinear stage of the
Kelvin–Helmholtz instability of shear flows is derived. The problem of the mixing
layer interaction with a free surface and its transition into a turbulent surface jet is
considered.

1 Introduction

The modeling of nonlinear wave motion on the surface of a thin fluid layer is
an important fundamental and applied problem which has been the subject of many
works, including [9, 14] and others. In the past, studies dealing with water waves
concentrated mainly on one-dimensional fluid flows. Classical shallow water model
describes flows in an open channel with horizontal velocity components weakly de-
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pending on the vertical and transversal coordinates is one of the example. In such
model only averaged over depth and cross-section velocities are used in the formu-
lation of the governing equations. It is clear that any applications of the theory to sit-
uations concerning the physical reality more closely should encompass underlying
shear flow. The propagation of long gravity waves in shear flows is of considerable
interest in various fields of hydrology and meteorology.

Note that while the model governing one-dimensional flows in an open channel
forms a hyperbolic system of differential equations, more complicated system of
integro-differential equations, which cannot be referred to any classical type, gov-
erns the shear flows.

The article focuses on the derivation and theoretical study of the nonlinear equa-
tions, describing long waves propagation on shear flows of ideal liquid in an open
channel. In semi-Lagrangian frame of reference the shallow water equations for
shear flows take form [10, 12]

ut +uux +g
1∫

0

Hx dλ = G, Ht +(uH)x = 0. (1)

In the case G = 0 this model describes plane-parallel vertical shear flows of an
ideal incompressible liquid with free surface under gravity. The linear waves in shear
flow have been considered by Burns [2], who first derived the dispersion relation
for normal modes. Some classes of exact solution to the model were obtained by
Freeman [4], Sachdev [8], Teshukov et.al. [12] and others. An infinite system of
conservation laws describing long waves propagation was derived by Benney [1],
Zakharov [15]. A qualitative analysis of the Eqs. (1) was performed by Teshukov
[11] on the base of his generalization of the hyperbolicity concept and the method
of characteristics for equations with operator coefficients [10].

In the case

G =
gY ′(x)

Y 2

1∫
0

H dλ

Eqs. (1) describe horizontal shear flows of ideal liquid in an open channel of vari-
able cross-section Y (x). This model has been recently obtained by Chesnokov and
Liapidevskii [3].

The stability of of shear flows is closely related with the hyperbolicity of gov-
erning equations. For high gradient shear flows the type of equations can change,
which leads to the long wave instability development. To simulate unstable flows,
the tree-layer shallow water approximation taking into account the intermediate tur-
bulent layer formation has been derived in [5]. The main idea here is in using the
total conservation laws of mass, momentum and energy to find the mean flow in the
turbulent intermediate layer. The boundary layer approximation for the Reynolds
equations is based on the hypothesis from [13] about Reynolds stresses expression
in free shear turbulent flows. For steady–state flows, the problem on velocity field
restoring in the turbulent layer is reduced to the semilinear initial–boundary prob-
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lem for a hyperbolic system of differential equations. This approach is applied to
the problem on the mixing layer evolution at a free surface and its transition into a
surface jet.

The plan of the paper is the following. In Sec. 2 we present a brief derivation of
the integrodifferential model (1) for shear flows starting from the 3D Euler equa-
tions. In Sec. 3 we calculate the perturbation propagation velocity (the model has a
discrete and continuous characteristic spectrum) and formulate necessary and suf-
ficient hyperbolicity conditions for the equations of motion (1). We also verify the
validity of the hyperbolicity condition for a unsteady exact solution and show that
long-wave instability can occur during the evolution of shear flow. In Sec. 4 we
consider the development of the mixing layer generated in open channel flow with
vertical shear. For this purpose we consider the two-level flow description. As the
first step, the three-layer shallow water equations, which describe the mean flow
evolution with entrainment of fluid from the potential layer on the turbulent inter-
layer, are derived. Then the velocity field in the mixing layer is reconstructed with
the help of the length scale and intensity of turbulence found at the first step of
calculation. Finally, we draw some conclusions.

2 Derivation of Long-wave Model

We consider the motion of an ideal incompressible fluid with the free boundary
z = h(t,x,y) in an open narrow channel with even bottom z = 0 in a gravity field.
The equations of motion in dimensionless variables are written as

ut +(v ·∇)u+ px = 0, ε2(vt +(v ·∇)v)+ py = 0,

ε2(wt +(v ·∇)w)+ pz =−g, ∇ ·v = 0. (2)

On the free boundary z = h(t,x,y), the following kinematic and dynamic boundary
conditions should be satisfied:

ht +uhx + vhy −w = 0, p = p0; (3)

on the even bottom z = 0, the non-penetration condition is imposed:

w = 0. (4)

Here u = L−1T ū, v = l−1T v̄, w = l−1T w̄, p = ρ−1L−2T 2 p̄, x = L−1x̄, y = l−1ȳ,
z = l−1z̄ and t = T−1t̄ are the components of the velocity, pressure, Cartesian coor-
dinates, and time, respectively; v̄= (ū, v̄, w̄), p̄, x̄= (x̄, ȳ, z̄) and t̄ are the correspond-
ing dimensional variables. The quantity L specifies the characteristic scale on the x
axis directed along the channel, and the quantity l on the y and z axes; T = L/

√
al is

the characteristic time scale (a has dimension of acceleration); the constants ρ and
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g are the density of the fluid and the dimensionless acceleration due to gravity, ∇ is
a gradient operator, and ε = l/L is a dimensionless small parameter.

The equations describing long-wave propagation in a narrow open channel are
obtained form Eqs. (2) by passing to the limit ε → 0. In this case, the third equation
of system (2) implies a hydrostatic pressure distribution p = g(h− z)+ p0, where
the constant p0 is the pressure on the free boundary. Simple transformations of Eqs.
(2) taking into account the boundary conditions (3) and (4) lead to the system of
equations

ut +uux + vuy +wuz +ghx = 0, hy = 0,

w =−
z∫

0

(ux + vy)dz, ht +

( h∫
0

udz

)
x

+

( h∫
0

vdz

)
y

= 0, (5)

which describes the motion of an ideal fluid with free surface in a narrow open
channel in the long-wave approximation.

In what follows, we consider two special classes of fluid motion. The first one
corresponds to the plane-parallel fluid motion with vertical shear in a channel with
straight lateral boundaries (Fig. 1). This class of flows arises from the model (5)
under assumptions uy = 0, vy = 0. The second one corresponds to the horizontal
shear flows in a channel with curved lateral walls (Fig. 2). In this case we assume
uz = 0, vz = 0 and we also have to add to the model (5) boundary conditions on the
lateral walls of the channel of variable cross-section.

2.1 Vertical Shear Flows

From Eqs. (5), under assumptions uy = vy = 0, one obtains the system of equa-
tions for the unknown functions u(t,x,z) and h(t,x) describing vertical shear flows
in shallow water approximation [1]

ut +uux +wuz +ghx = 0, ht +

( h∫
0

udz

)
x

= 0, w =−
z∫

0

ux dz. (6)

For convenience, in the following study we need another formulation of the gov-
erning equations. First, we formulate (6) using Euler–Lagrangian coordinates [15].
Let us denote by λ ∈ [0,1] a coordinate that identifies the liquid layer. Using the
change of variable y = Φ(t,x,λ ) (0 ≤ λ ≤ 1), where the function Φ(t,x,λ ) is a
solution of the Cauchy problem

Φt +u(t,x,Φ)Φx = w(t,x,Φ), Φ(0,x,λ ) = λh0(x), (7)
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one can map the flow region with unknown boundary z = h(t,x) onto the fixed strip
0 ≤ λ ≤ 1, −∞ < x < ∞. In this domain the functions u(t,x,λ ) and H(t,x,λ ) = Φλ
satisfy the system

ut +uux +g
1∫

0

Hx dλ = 0, Ht +(uH)x = 0. (8)

Transformation to semi-Lagrangian coordinates is a reversible change of vari-
ables if Φλ > 0. Indeed, let the functions u(t,x,λ ) and H(t,x,λ ) be found. Then,
the fluid depth h(t,x) is known, and the Eulerian coordinate z and the velocity com-
ponent w can be obtained from formulae

z = Φ(t,x,λ ) =
∫ λ

0
H dλ , w = Φt +uΦx.

The derived model (8) is a direct consequence of the shallow water equations for
shear flows (6). In fact, let us denote by ũ and w̃ the velocity variables expressed in
the new coordinates (t,x,λ ). Then one has

ũ(t,x,λ ) = u(t,x,Φ(t,x,λ )), w̃(t,x,λ ) = w(t,x,Φ(t,x,λ )).

It follows

∂ ũ
∂ t

=
∂u
∂ t

+
∂u
∂ z

∂Φ
∂x

,
∂ ũ
∂x

=
∂u
∂x

+
∂u
∂ z

∂Φ
∂x

,
∂ ũ
∂λ

=
∂Φ
∂λ

∂u
∂ z

; (9)

furthermore, h(t,x) = Φ(t,x,1) =
∫ 1

0 H(t,x,λ )dλ . Therefore

∂ ũ
∂ t

+ ũ
∂ ũ
∂x

=
∂u
∂ t

+u
∂u
∂x

+
∂u
∂ z

(
∂Φ
∂ t

+u
∂Φ
∂x

)
=

∂u
∂ t

+u
∂u
∂x

+w
∂u
∂ z

=−g
∂h
∂x

,

which is the first equation of (8). Differentiating of the first equation in (7) with
respect to λ yields

Ht +
∂u
∂ z

HΦx +uHx =
∂w
∂ z

H.

Fig. 1 Plane-parallel vertical
shear fluid flow in an open
channel with straight lateral
walls: section of the channel
by the plane y = const
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Fig. 2 Horizontal shear fluid
flow in an open channel with
curve lateral walls: section
of the channel by the plane
z = const

Using continuity equation wz =−ux it follows

Ht +uHx +Hux +HuzΦx = 0

and, making use of (9) one has Ht + ũHx + Hũx = 0, which is equivalent to the
second equation of (8). Thus, integrodifferential system of equations (8) describes
plane-parallel shear flows in shallow water approximation.

2.2 Horizontal Shear Flows

Let us consider the class of fluid flows in an open channel of variable cross-
section in which the horizontal velocity components u and v do not depend on the
vertical coordinate z. The geometry is illustrated in Fig. 2. In this case, the long-
wave model (5) becomes

ut +uux + vuy +ghx = 0, hy = 0,

ht +(hu)x +(hv)y = 0, uY ′
i (x)− v

∣∣
y=Yi

= 0. (10)

The last equation in (10) corresponds to the non-penetration condition on the lateral
channel walls y = Yi(x), i = 1,2.

To study the mathematical properties of Eqs. (10), it is convenient to transform
to semi-Lagrangian coordinates by the change of the variable y = Φ(t,x,λ ), where
the function Φ is a solution of the Cauchy problem [15]

Φt +u(t,x,Φ)Φx = v(t,x,Φ), Φ(0,x,λ ) = λY2(x)+(1−λ )Y1(x),

The Lagrangian variable λ ∈ [0,1]; the values λ = 0 and λ = 1 correspond to the
lateral boundaries of the channel y = Y1(x) and y = Y2(x). In the new variables,
the functions u(t,x,λ ) and H(t,x,λ ) = hΦλ are described by the integrodifferential
system of equations [3]
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ut +uux +ghx = 0, Ht +(uH)x = 0, h =
1
Y

1∫
0

H dλ , (11)

where Y (x) = Y2(x)−Y1(x) is the given channel width. Eqs. (11) are derived as a
consequence of the long-wave model (10).

Obviously, the integrodifferential equations (1) is a generalization of the derived
above models (8) and (11) for shear flows in an open channel in shallow water ap-
proximation. We note that, in the case of straight lateral boundaries (Yi = const) and
zero vorticity (ω = uλ/H = 0), model (1) reduces to the classical one-dimensional
shallow water equations [9].

3 Generalized Hyperbolicity of Equations of Shear Flows

The model (1) belongs to the class of equations with operator coefficients for
which the notations of characteristics and hyperbolicity were proposed [10]. The
system (1) can be presented as

Ut +A〈Ux〉= G, (12)

where U = (u,H) is the column vector of the unknown quantities, G is the right
side of Eqs. (12), and A〈Ux〉 is the result of the action of the matrix operator A on
the vector Ux. According to [10], the characteristic of (12) is defined by equation
x′(t) = k(t,x), where characteristic velocity k is an eigenvalue of the problem

(F,(A− kI)〈b〉) = 0. (13)

The solution of Eq. (13) for the functional F = (F1,F2) is sought in the class of
generalized functions. The functional F acts on the variable λ , and t and x are treated
as parameters; I is an identical operator; b is an arbitrary smooth vector function
with the components b1(λ ) and b2(λ ). Applying the functional F to Eq. (12), we
obtain the following relation on the characteristic:

(F,Ut + kUx) = (F,G). (14)

We say that system (12) is generalized hyperbolic [10] if all eigenvalues k are real
and the set of relations on the characteristics (14) is equivalent to the Eqs. (12), i.e.
the system of eigenfunctionals represents a full basis.

The characteristic properties of the model (1) are analyzed under the assumption
of a monotonic change in the velocity u(t,x,λ ) with respect to Lagrangian coor-
dinate λ . For definiteness, we set uλ > 0. Note, if this condition is satisfied at the
initial time t = 0, then it is satisfied for all t > 0 by virtue of system (1). We also
assume that the Jacobian of the transformation to the semi-Lagrangian variables is
greater than zero (H > 0).
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The characteristic equation for the perturbation propagation velocity k has the
form

χ(k) = 1− g
S

1∫
0

H dλ
(u− k)2 = 0. (15)

This equation expresses the condition of the existence of nontrivial solutions of
problem (13). Here S = 1 in the case of vertical shear flows (model (8)) and S =Y (x)
in the case of horizontal shear flows (model (11)). Taking into account that χ(k)→ 1
as |k| → +∞, and χ(k) → −∞ as k → u0 = u(t,x,0) or u1 = u(t,x,1), we notice
that Eqs. (15) has two real roots k1 ∈ (−∞,u0) and k2 ∈ (u1,+∞). Moreover, the
problem (13) has nontrivial solutions if k = u(t,x,λ0) for all λ0 ∈ [0,1], which forms
continuous characteristic spectrum.

The hyperbolicity conditions of the system (1) are formulated in terms of the
analytical function χ(z), or more precisely, its limiting values from the upper χ+

and lower χ− complex half-planes on the segment [u0,u1]:

χ±(u(λ )) = 1+
g
S

(
1

ω1(u1 −u(λ ))
− 1

ω0(u0 −u(λ ))
−

−
1∫

0

(
1

ω(ν)

)
ν

dν
u(ν)−u(λ )

∓ πi
uλ

(
1
ω

)
λ

)
. (16)

Here ω = uλ/H; the subscripts 0 and 1 correspond to the values of the functions
for λ = 0 and λ = 1; i is an imaginary unit. The limiting values of the function
χ(z) are calculated using Sokhotsky–Plemelj formulae. According to [10, 11], the
hyperbolicity criterion can be expressed in the form:

For flows with a monotonic velocity profile (uλ 6= 0), conditions

χ± 6= 0, ∆arg
χ+(u)
χ−(u)

= 0 (17)

(∆argχ± is the increment of the complex function χ± as λ changes from 0 to 1
for fixed t and x) are necessary and sufficient for hyperbolicity of Eqs. (1) if the
functions u, H and ω are differentiable and the functions uλ and ωλ satisfy the
Hölder condition with respect variable λ .

3.1 Validation of Hyperbolicity Conditions

An example of verifying the validity of the hyperbolicity conditions (17) is given
below. We consider the exact solution of Eqs. (8)

u = (x−C(λ ))t−1, H = t−1 (18)
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that describes the fluid spreading in one-dimensional open channel under the pres-
sure action.

Let us show that, for the solution considered, complex roots of the characteristic
equation (15) can appear during the evolution of the flow. Let the function C(λ ) be
given implicity by the equation

C3 +9−1C+λ −2−1 = 0.

This cubic equation has one real root and two imaginary roots for each λ ∈ [0,1].
We note that C(λ ) is a monotonically decreasing function since C′(λ ) = −(3C2 +
9−1)−1 < 0. In addition, C(1/2) = 0 and C0 =−C1 ≈ 0.75 (C0, C1 are the values of
the function C(λ ) for λ = 0, λ = 1). Substitution of solution (18) into (16) yields

χ±(C) = 1+2gt

(
(3C2

0 +1/9)C0

C2
0 −C2 −6C0 −3C ln

C0 −C
C0 +C

)
±6πgCti.

In this case, the functions χ± depend only on t and C(λ ).
It is convenient to verify the hyperbolicity conditions (17) in terms of the func-

tions Ψ± = (C2
0 −C)χ±(C) that do not have poles at the points C = ±C0. Plots of

the function Ψ+ for C varying from C0 to C1 are given in Fig. 3 (a — t = 0.1, b —
t = 0.239, c — t = 0.3). Here the values of ReΨ+(C) are plotted on the abscissa,
and the values of ImΨ+(C) on the ordinate. The plots of the function Ψ− are similar
(circulation direction is opposite). For C = ±C0 and C = 0, the imaginary part of
the functions Ψ± vanish and the functions at these points take the following values:

Ψ±(C0) =Ψ±(C1) = 2C0(3C2
0 +9−1)t > 0, (t > 0),

Ψ±(0) =C2
0 −2C0(3C2

0 −9−1)t.

At t = t∗ = 2−1C0(3C2
0 − 9−1)−1 ≈ 0.239, the functions Ψ± vanishe at the point

C = 0, which leads to the violations of conditions (17). It follows from Fig. 3, that
for t < t∗, the increment of the functions Ψ± is equal to zero and the hyperbolicity
conditions (17) are satisfied. In Fig. 3, the curve constructed for t = t∗ corresponds

Fig. 3 Parametric represen-
tation of real and imaginary
parts of the function Ψ+ (the
arrows show the circulation
direction)
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to the neutral case. For t > t∗, the argument of the functions Ψ± gains an increment:
4argΨ+(C) = 2π and 4argΨ−(C) = −2π . Thus, 4arg(Ψ+/Ψ−) = 4π , which
implies that the characteristic equation (15) has a couple of complex roots. This ex-
ample shows that the system (8) can change its type in the process of flow evolution,
which corresponds to long-wave instability for the considered velocity distribution.

4 Mixing Layer at Free Surface

We consider the problem of the formation of a mixing layer in an incompressible
homogeneous fluid for open channel flows. Aeration of the flow is ignored, and,
hence, the liquid density ρ is constant (ρ ≡ 1). We apply the three-layer scheme
of flow, in which the mixing layer is considered as an intermediate turbulent layer
between two layers with potential flow. For upper and lower layers we use the non-
homogeneous shallow water equations in which the entrainment of fluid from the
layers into the mixing layer is taken into account. To describe the evolution of the
averaged quantities in the mixing layer, we add to the system the total conserva-
tion laws of mass, momentum and energy [6]. Under the assumption of hydrostatic
pressure distribution in the layers, the governing equations are written as

h+t +(h+u+)x =−κ+, h−t +(h−u−)x =−κ−

u+t +
(

0.5u+2
+gh

)
x
= 0, u−t +

(
0.5u−2

+gh
)

x
= 0,

ht + Q̄x = 0, Q̄t +
(

h+u+2
+η ū 2 +h−u−2

+0.5gh2
)

x
= 0,

(h+u+2
+η(ū 2 +q2)+h−u−2

+gh2)t +

+(h+u+3
+η ū(ū 2 +q2)+h−u−3

+2ghQ̄)x =−ε̄. (19)

Here t is the time, x is the horizontal coordinate, g is the gravity acceleration, h+, h−

are the depths, u+, u− are the mean horizontal velocities in the upper and lower
layer, respectively, η is the thickness and ū is the mean horizontal velocity in the
interlayer, h = h+ + η + h− is the total depth and Q̄ = h+u+ + η ū+ h−u−. The
entrainment rate κ± is supposed to be proportional to the root-mean-square velocity
q̄ of turbulent flow:

κ± = σ0q̄,

where the coefficient σ0 = 0.15 characterizes the ratio of the vertical and horizontal
scales in the shallow water approximation, and it may be eliminated from (19) by
replacing of independent variables. The energy dissipation term ε̄ is taken in the
form:

ε̄ = θ q̄ 3, θ ≡ const
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Fig. 4 Mixing layer at a
free surface (u+0 /

√
gh0 = 2,

u−0 /
√

gh0 = 0.7, h−0 /h0 = 0.9)

Note that (19) describes the mixing layer evolution for h± > 0. If, say, h+ = 0 at
x = x1, we have the transition of the mixing layer in a surface jet and (19) will be
correct for the surface jet with h+ ≡ 0, κ+ ≡ 0 (Fig. 4).

4.1 Mean Flow Evolution

A steady-state two-dimensional mixing layer forms when two layers of fluid with
depths h+0 , h−0 and velocities u+0 , u−0 merge at x = 0 (Fig. 4). As a consequence of
(19) we have the following relations for mean characteristics of the flow

h+u++0.5Q = h+0 u+0 = Q+, h−u−+0.5Q = h−0 u−0 = Q−

0.5u+2
+gh = 0.5u+0

2
+gh0 = J+, 0.5u−2

+gh = 0.5u−0
2
+gh0 = J−

h+u+2
+η ū 2 +h−u−2

+0.5gh2 = h+0 u+0
2
+h−0 u−0

2
+0.5gh2

0 = F (20)

Here Q = η ū, h0 = h+0 +h−0 and all unknown variables can be expressed from (20)
as functions of Q. For the stationary mixing layer (19) is reduced to the system of
ODE

dQ
dx

= 2σ0q̄,

dq̄
dx

=
σ0

Q

(
fl(Q)− (1+δ )σ0q̄ 2

)
, (21)

where δ = θ/(2σ0), fl(Q) = ū 2+0.5u+2
+0.5u−2− ū(u++u−). Eqs. (21) may be

rewritten as a linear ODE with the unknown function q̄ 2 = q̄ 2(Q)

Q
dq̄ 2

dQ
=

(
fl(Q)− (1+δ )σ0q̄ 2

)
,
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which has the bounded solution for Q > 0

q̄ 2(Q) = Q−(1+δ )
Q∫

0

sδ fl(s)ds.

Note that fl(0) = 0.25(u+0 − u−0 )
2, q̄ 2(0) = fl(0)/(1+ δ ) and the entrainment in

the mixing layer starts at x = 0 with the finite rate

q̄0 = (u+0 −u−0 )/
√

1+δ .

The dependence of the mean flow characteristics on x can be restored from the
quadrature formula

x =

Q∫
0

ds
2σ0q̄(s)

The behaviour of the free surface h = h(x) depends on the sign of the determinant

∆l = 1− gη
ū 2 − gh+

u+0
2 − gh−

u−0
2 .

In subcritical flows (∆l > 0) the total depth h(x) increases and in supercritical flows
(∆l < 0) the function h(x) decreases. The dependence of the total depth and the
boundaries of the mixing layer is shown in Fig. 4. The upper boundary of the mixing
layer reaches the free boundary at x = x1.

4.2 Velocity Field in Mixing Layer

The distribution of the mean quantities in the mixing layer have been found
above. We use the boundary layer approximation to calculate the horizontal and ver-
tical velocity components u = u(x,z), w = w(x,z) as well as the root-mean-square
velocity q = q(x,z) in the free turbulent flow [13]. For steady-state flows the gov-
erning equations take the form (ρ ≡ 1):

uux +wuz + τz =−px,

uqx +wqz + τuz =−ε, ux +wz = 0, (22)

where the Reynolds stress τ is expressed by the formula

τ =−σ q̄q, σ = σ0sgn(uz). (23)

The hydrostatic assumption gives p(x) = gh(x) and the dissipation rate ε is based
on the length scale η and the mean turbulence level q̄ 2 in the mixing layer
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ε = β q̄q/η , β ≡ const. (24)

Note also that sgn(uz) = sgn(u+−u−) in the mixing layer. Outside the mixing layer
uz = 0 and, as consequence, u = u−(x) for 0 < z < h−(x); u = u+(x) for h(x)−
h+(x) < z < h(x). The function w(x) can be found in this region by the continuity
equation from the boundary conditions w|z=0 = 0 and w|z=h = u+hx.

Therefore, at the boundaries of the mixing layer the velocities u(x,z) and w(x,z)
are known and q(x,z) = 0. It is required to construct a continuous solution of (22) –
(24) inside the mixing layer (h−(x)< z < h(x)−h+(x)).

Let u+0 > u−0 and the velocity profile be monotone (uz ≥ 0). Then we have σ ≡σ0.
It is convenient to use the variables x and ψ as independent variables (ψ is the stream
function). In this variables (22) becomes a semilinear system

ux −σ q̄qψ =−ghx/u,

qx −σ q̄uψ =−β q̄q/(ηu). (25)

A solution of (25) is constructed for 0 ≤ x ≤ x1, ψ−
0 ≤ ψ ≤ ψ+

0 , where

ψ−
0 =−

h0∫
0

u(0,z) dz =−h−0 u−0 , ψ+
0 =

h0∫
h0

u(0,z) dz = h+0 u+0 .

The point A, at which two uniform layers with different velocities merge, cor-
responds to the origin of coordinates on the (ψ ,x)–plane (Fig. 5). The bound-
aries of the mixing layer are represented by the curves AB and AC. The solution
u = u−(x), q = q̄ = 0 is known to the left of AB (region I). Similarly, the solution of
(25) has the form u = u+(x), q = q̄ = 0 to the right of AC (region II).

Note that the curves AB and AC, which are given by the functions ψ = ψ−(x)
and ψ = ψ+(x), respectively, are the characteristics of (25)

Fig. 5 (ψ,x)–flow diagram
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Fig. 6 a Non-dimensional
horizontal velocity (u −
u−)/(u+ − u−) versus z/h
at x = x1. b Non-dimensional
shear stress τ/τmax versus
z/h at x = x1. The initial flow
parameters are given in Fig. 4
(θ = 0, β = 1.8)

dψ±(x)
dx

=±σ q̄(x).

For the semilinear hyperbolic system (25) (q̄(x)> 0) we have the Goursat problem,
which can be solved by the standard method of characteristics. If u−(x)≥ umin > 0
in region I (0 < x < x1) the estimate u(x,ψ)≥ umin > 0 holds in BAC for a monotone
velocity profile and the solution of (25) is bounded for 0 < x < x1. The behaviour of
the solution near the origin of coordinates is represented by a self – similar solution
of (25) for pressure – gradient – free flows (px ≡ 0), which can be found in an
explicit form [7]. It is shown in [7] that the energy conservation law (θ = 0) may
be applied to describe the large billow evolution in mixing layers. Fig. 6 shows the
horizontal velocity (a) and the Reynolds stress (b) distribution in the mixing layer at
the free surface (x = x1) for the inflow parameters shown in Fig. 4.

5 Conclusions

In this paper we have overviewed the nonlinear integro-differential models of
shallow flows in an open channel with continuous vertical or horizontal velocity dis-
tribution. We have shown that mathematically these models are equivalent and, con-
sequently, the obtained early results for plane-parallel open channel flows with verti-
cal shear can be applied to the 2D horizontally-sheared flows. Based on Teshukov’s
method of generalized characteristics we have formulated necessary and sufficient
conditions of hyperbolicity to the governing equations of flows with horizontally
nonhomogeneous velocity field. These conditions allow one to study stability of
shear flows. We have found that the type of the governing equations can change
during the evolution of the flow, which corresponds to the long wave instability for
a certain velocity field. We have also derived mathematical model describing the
nonlinear stage of the Kelvin-Helmgoltz instability of shear flows. Using this model



Shallow Water Equations for Shear Flows 181

we have studied the problem of the mixing layer interaction with a free surface and
its transition into a turbulent surface jet.
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