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Abstract — Steady free-surface flows over an elongated obstacle located on the channel bottom are
studied theoretically and experimentally. For determining the free-surface shape and the main flow
parameters, the first and second shallow-water approximations are used. In the second approximation, a
solution describing a smooth transition from the subcritical to superctitical flow is found. A mathematical
model of the hydraulic jump behind the ramp is constructed. The results of the mathematical modeling
are compared with experimental data.
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A ramp is a typical feature of various hydraulic engineering structures and the bed topography of open
channels. This is why free-surface flows past an obstacle have been investigated, mostly experimentally, by
many hydraulic engineers. The data obtained are reviewed, for example, in [1–4]. These data mainly concern
the capacity of the ramp as a spillway. The data are insufficient for calculating the spillway waves from water
storage basins or river floods, the upstream propagation of tides or tsunami in rivers, the emergency regimes
of hydraulic structures, and many other hydro-ecological problems.

In this study we construct a mathematical model which makes it possible to describe the flow pattern near
an elongated ramp and present the results of an experimental verification of this model. We will consider
a subregion of the problem parameter phase space in which the free stream is subcritical, while over the
obstacle the flow enters the supercritical and then the subcritical regime.

In the transition from the subcritical to the supercritical flow regime, the free surface remains smooth.
In the opposite transition, six different flow regimes are observed and only for one of them does the free
surface remain smooth [1, 2]. In practice, the supercritical and subcritical flows are most often matched in
the form of a classic hydraulic jump with a head roller. This is the regime considered in our study.

To ensure an adequate description of the above-mentioned flow singularity, we propose a model consist-
ing of two parts. The first part describes the flow ahead of the hydraulic jump and the second the hydraulic
jump itself and the flow behind it. In addition, for the first part we propose two submodels based on the first
and second shallow-water approximations. In the experiments, a wider region of the parameter phase space
was investigated. In this study we will use only the experimental data corresponding to the flow regime
chosen for our theoretical analysis and called the transcritical regime.

1. SHALLOW-WATER EQUATIONS

We will consider the equations of a steady flow of heavy inviscid incompressible fluid over a curved
bed. We assume that the flow is potential. In the first shallow-water approximation, the pressure distribution
in the fluid is assumed to be hydrostatic and the horizontal velocity component is constant across the fluid
thickness.

The steady-flow equations take the form:

hu = q,

u2/2 + g(h + z) ≡ J1 (1.1)
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Fig. 1. Flow diagram

Here h(x) is the fluid thickness, u(x) is the horizontal velocity component, z(x) is the channel shape, g
is the gravity force acceleration, q is the constant specific flow (the flow per unit channel width), and J1 is a
Bernoulli constant.

Ahead of the obstacle, let the flow be subcritical (u2 < gh) and, behind the obstacle, supercritical (u2 >
gh). This is possible only if over the obstacle crest at x = xc (δ = maxz(x) = z(xc), z′(xc) = 0) (Fig. 1) the
flow is critical:

u2
c = ghc (1.2)

For a given specific flow q the free-surface shape over the obstacle and the flow depth h0 ahead of the
obstacle can be found from (1.1) and (1.2). In particular, we have:

hc =
(

q2

g

)1/3

, J1 =
1
2

q2

h2
0

+ gh0 =
3
2

ghc + δ (1.3)

It follows that in the first approximation for the given specific flow q the value of J1 (or the depth h0)
depends only on the obstacle height δ and is independent of its shape. Nonuniformity of the free stream and
also a non-hydrostatic pressure distribution may result in substantial corrections to the relations obtained.

We will use the Serre model [5] for constructing a transcritical potential flow over a local obstacle. Using
the above notation we can write the steady-flow equations in the second approximation:

hu = q,

1/2 u2 + 1/3 hu2h′′ − 1/6 u2(h′)2 + g(h + z) ≡ J2 (1.4)

This equation can be written in the equivalent form:

1/2 u2 − 1/3 h2uu′′ + 1/2 h2(u′)2 + g(h + z) ≡ J2 (1.5)

Here, J2 = const. For Eq. (1.4) or (1.5) the notion of a critical section introduced above loses its mean-
ing. This is why within the framework of the model considered a fundamental question is what additional
condition, instead of (1.2), will ensure that the obstacle controls the upstream flow. In particular, for a given
specific flow q it is required to specify the constant J2 or the initial flow depth hn and velocity un. If, ahead
of the obstacle, the solution of (1.4) is uniform, then we have:

J2 = 1/2 u2
n + ghn = 1/2 q2/h2

n + ghn

We assume that the obstacle is local, i.e. z(x) = 0 for x ≤ a and x ≥ b (Fig. 1). The free-surface shape is
determined by a solution of the differential equation

1
3

q2

h
h′′ − 1

6
q2

h2 (h′)2 +
1
2

q2

h2 + g(h + z) − J2 = 0 (1.6)
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For z(x) ≡ 0 the solution of (1.6) can be found analytically:

q2

3h
(h′)2 =

q2

h
− gh2 + 2J2h2 + C = F(h) (1.7)

Here, C is an arbitrary constant. The flow uniformity condition as x → −∞ means that F(hn) = 0 and
F ′(hn) = 0. We note that since the flow ahead of the obstacle is subcritical:

F ′′(hn) = 2

(
q2

h3
n
− g

)
< 0

Accordingly, the only possible solution of (1.7) for x ≤ a is h ≡ hn.
For constructing the solution of Eq. (1.6) over the obstacle we have the following boundary conditions:

h(a) = hn, h′(a) = 0 (1.8)

For x ≥ b we again have z(x) ≡ 0 and Eq. (1.6) reduces to Eq. (1.7).
The solution of Eq. (1.7) is either periodic or unbounded and noncontinuable over the entire interval

(b, ∞). A limit of the periodic solutions as the period increases is the soliton-like solution [6]. Hence,
the solution of the Cauchy problem (1.6), (1.8) is either noncontinuable or tends to the periodic solution
for x ≥ b. Figure 2 shows the behavior of the solutions of Eq. (1.6) and (1.8) for different values of the
parameter hn for the elongated symmetric obstacle considered in [7]:

q = 1119.7, z(x) = 20exp

(
−1

2

( x
24

)2
)

The numerical results show that there exists a critical value h∗ such that for hn > h∗ the solution tends
to the periodic one (hn = 1.008h0, curve 1). For hn < h∗, the solution is noncontinuable (hn = 1.006h0,
curve 2). For hn = h∗ ≈ 1.007h0, in the second approximation we have a singular solution describing a
smooth transcritical flow (curve 3). We note that for the elongated obstacle shown in Fig. 2 curve 3 is very
close to the solution (1.1)–(1.2) obtained for the first-shallow water approximation which tends to the level
h0 as x →−∞ (chain curve).

As shown below, for flow past a longer obstacle the transcritical flows obtained from the first and second
shallow-water approximations differ considerably.

The first shallow-water approximation can also be used for determining the inner structure of the hy-
draulic jump formed in the supercritical flow behind the obstacle due to friction on the channel bed or due
to various external flow measures control. The hydraulic jump transforming the supercritical into subcritical
flow may arise in the flow over the flat bed fairly far from the obstacle or directly over the obstacle. The
mathematical model of a hydraulic jump [8] developed for flows over a flat bed is extended below to channel
flows with variable depth.

In the mathematical modeling of gravity wave evolution in a homogeneous fluid, the basic idea is to
include in the model the turbulent surface layer formed after the breakdown of the surface wave. If in
addition to the thickness h = h(x) and the velocity u = u(x) of the potential-fluid bottom layer we introduce
the thickness η = η (x) and velocity v = v(x) of the surface layer (Fig. 1), then, in the first shallow-water
approximation, the steady-flow equations take the form [8]:

hu + η v = q,
u2

2
+ g(h + η + z) = J1

(η v)′ = σk1/2,

(
v2

2
+ g(h + η + z)

)′
=

σk1/2

η
(u − v) (1.9)

vk′ =
σk1/2

η
((u − v)2 − (1 + θ)k)
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Fig. 2. Calculation on the basis of the second shallow-water approximation for the obstacle used in experiments [9]:
1 — periodic solution for hn = 1.008; 2 — noncontinuable solution for hn = 1.006; 3 — smooth transcritical solution for
hn = 1.007

Here, k is the specific kinetic energy of the small-scale flow in the turbulent surface layer, and z = z(x)
is the bed shape. The coefficient σ ≈ 0.15 characterizes the ratio of the vertical and horizontal scales
in the shallow-water approximation. It may be eliminated from (1.9) by suitably stretching the variables.
The coefficient θ characterizes the energy dissipation rate in the turbulent surface layer. The case θ = 0
corresponds to the model without dissipation.

As η → 0, system (1.9) degenerates. In [8], for a horizontal bed it was shown that near the hydraulic
jump trough (x → x j, η → 0, v → 0, h → hj, u → uj) the entrainment rate is finite because k j = u2

j/(1 + θ).
The solution of (1.9) is continuous but its derivatives have a singularity (h′(x) ≈ (x − x j)

−1/2, η ′(x) ≈
(x − x j)

−1/2, x j is the hydraulic-jump trough coordinate). We note that over a smooth curved bed at the
leading hydraulic-jump front the same singularity is realized as for a horizontal bed. Accordingly, the free-
surface shape and the distribution of the main parameters in the hydraulic jump may be found from (1.9)
and the above-mentioned asymptotics at the jump front. Equations (1.9) also degenerate when the surface
layer reaches the bottom (h = 0). The entrainment stops and the further evolution of this layer is described
by the standard shallow-water equations (1.1), written for the variables η and v.

Let x j be the point at which the turbulent surface layer touches the bottom (hf = 0, x f ≥ b). The position
of the jump leading front x j over the obstacle is determined by the depth η f maintained by the downstream
conditions (Fig. 1). By varying η f we can change the location of the point x f on the obstacle leeward slope.
This flow corresponds to so-called backwater water. For x j ≥ b, we have a displaced jump whose position
is determined by the friction with the bed and the channel lateral walls. The possibility of using model (1.9)
for describing the hydraulic-jump structure behind a local obstacle is illustrated in the next section.

2. EXPERIMENTAL TECHNIQUE

The experiments were performed in a rectangular plexiglas channel 480 cm long and 6 cm wide, with
zero inclination of the bed. In the channel inlet section, a honeycomb and a perforated plate were mounted.
These substantially reduced the initial length over which flow typical of an infinite channel was developed.
The ramp was located downstream of the initial length. In the channel outlet section, a vertical plate pro-
truding from the bed was mounted. By varying the height of this plate we varied the free-surface level far
downstream behind the ramp.

The ramp was made of plexiglas. The experiments were performed with the ramps of different shape and
size. In what follows, we will use only the experimental data obtained for two elongated ramps. The first
ramp was 2.35 cm high and 49.6 cm long. Its shape is shown in Fig. 3. The top face was a horizontal plane,
the tail face was a plane inclined to the channel bed at an angle of 11◦, and the leading edge corresponded to
the hyperbolic tangent. This shape of the leading edge is convenient for numerical simulations. The second
ramp was 2.45 cm high and 30 cm long. It differed from the first ramp only in the shape of the leading edge
which corresponded to an arc of a circle with a radius of 14 cm rather than the hyperbolic tangent. This
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Fig. 3. Experimental profiles of the longitudinal velocity component for q = 167 cm2/s, 1 — 〈u1〉, 2 — 〈u2〉

ramp is shown in Fig. 4. The preliminary experiments demonstrated that this difference in the leading-edge
shape resulted in only a slight variation of the free-surface profile, which remained within the measurement
error.

The mass flow was measured by a standard Venturi tube located in the feed pipe. The flow depth at vari-
ous points along the channel was measured by measuring needles. The mean velocity was measured using a
standard Pitot tube and piezometers. The mean square measurement errors for the mass flow, velocity, and
depth were not more than 0.5%, 1%, and 2%, respectively. The internal flow structure was visualized by
means of aluminum powder.

3. COMPARISON OF THE NUMERICAL AND EXPERIMENTAL DATA

In the mathematical models presented in Section 1 the free-stream velocity distribution was assumed to
be uniform across both the width and the depth of the channel. Figure 3 shows examples of the longitudinal
velocity component profiles measured experimentally in two flow cross sections, namely, ahead of the ramp,
where the flow was subcritical, and above the ramp, where the flow was supercritical. The measurements
were performed in the longitudinal symmetry plane of the channel. The vertical broken curves show the
values of the mean velocity 〈u〉 = q/h calculated using the specific mass flow. These values are used in the
mathematical models on the assumption that the velocity distribution is uniform. In the real flow, due to
friction on the bed and the lateral channel walls, the flow was substantially nonuniform.

In hydraulics, for taking velocity nonuniformity and energy loss into account empirical coefficients are
introduced. Depending on the definition these coefficients are called by various names [1, 2, 4]. In this
study, in the calculations we used a value somewhat larger than the mean velocity 〈u〉. The corresponding
correction factor β > 1 may be called the velocity profile shape factor. The value of this coefficient may
be approximately estimated using the ratio β ≈ (um/〈u〉)1/2, where um is the maximum velocity on the free
surface. Using the experimental data presented in Fig. 3 and this algorithm we obtained the value β1 = 1.12
for the free stream and β2 = 1.05 for the flow behind the ramp.

In the calculations, the shape factor was chosen so as to ensure the coincidence of the calculated flow
depths ahead of the ramp and hydraulic jumps with their experimental values. For the examples given below,
the corresponding profile shape factor is β = 1.1. In practice this means that in the calculations in formulas
(1.1), (1.2), (1.6), and (1.9) we used an effective specific mass flow βq.

Figure 4 shows examples of the comparison of the calculated and experimental data for the second ramp
for two values of the specific mass flow. In these examples, in both calculations and experiment the flow
over the obstacle was transcritical and the hydraulic jump shifted to the leeward slope. The given depth η f
was maintained by the downstream boundary condition.

These examples indicate that the first shallow-water approximation satisfactorily describes the structure
of the transcritical flow over a long obstacle. We note that, for a given specific mass flow, for x < x j the
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Fig. 4. Comparison of the calculated and experimental free-surface shapes for q = 83 (a), 167 cm2/s (b); points — exper-
iment; continuous curve — the first approximation (formulas (1.1), (1.2), and (1.9)); broken curve — the second approxi-
mation (1.6)

flow over the obstacle is uniquely determined by condition (1.2). A new element of the theory developed
is the possibility of describing the internal structure of the hydraulic jump as a region of transition from
supercritical to subcritical flow due to the development of a turbulent surface layer within the framework of
the first shallow-water approximation. The solutions of (1.9) adequately describe the free-surface shape in
the developed hydraulic jump over a curved bed (Fig. 4) everywhere except for a small neighborhood of the
jump leading front. The numerical value of the dissipation parameter θ influences the free-surface shape in
the neighborhood of the hydraulic-jump front but does not affect the jump structure as a whole [8]. In the
solutions presented in Fig. 4 (continuous curves for x > x j), the value θ = 8 was used.

In contrast to the model (1.1)–(1.2), within the framework of the second approximation the behavior of
the solution of (1.6) depends on the obstacle shape. The local flow criticality condition (1.2) is replaced
by the requirement of the existence of a solution of (1.6) coupling the uniform subcritical flow ahead of
the ramp with the uniform supercritical flow behind it. The numerical calculations show that this solution
is singular. It separates a class of physically meaningless solutions with unbounded derivatives from the
solutions describing the generation of periodic leeward waves behind the obstacle (Fig. 2). In Fig. 4, the
singular solutions are shown by the broken curves.

The question of stability of the singular-solution remains open. Different mathematical models corre-
sponding to the second-shallow water approximation are widely used for the numerical simulation of the
wave pattern in the two-dimensional flow of a heavy homogenous fluid past an obstacle [9]. The calculations
show that, in certain flow regimes, a stable quasi-steady transcritical flow with a displaced jump is formed
over the obstacle, with nonlinear waves being continuously generated upstream. Hence, the range of validity
of the singular solution of (1.6) should be established more precisely in further studies.

The range of validity of the model (1.4) or (1.5) itself for flows over a curved bed is very limited. It is very
difficult to take the obstacle curvature into account in the second approximation. In the first approximation,
an analog of the shallow-water equations with account for the obstacle curvature was studied in [7, 10].

Summary. An experimental verification shows that the mathematical models proposed adequately de-
scribe the transcritical flow in the neighborhood of an elongated obstacle. The hydraulic jump model proved
to be the most successful. One interesting result is that the local condition of flow criticality over the ramp
peak, used in the first approximation, should be replaced in the second approximation by the condition of
existence of a singular solution describing the smooth transition from subcritical to supercritical flow.

FLUID DYNAMICS Vol. 37 No. 6 2002



902 BUKREEV et al.

The work received financial support from the Russian Foundation for Basic Research (project 01-01-
00846) and the grants for Leading scientific schools of Russia (projects 00-05-98542 and 00-15-96-163).

REFERENCES

1. P. G. Kiselev, Handbook on Hydraulic Calculations [in Russian], Gosenergoizdat, Moscow (1957).
2. Ven Te Chow, Open-Channel Hydraulics, McGraw Hill, New York (1959).
3. V. V. Smyslov, Wide-Ramp Spillway Theory [in Russian], Izd. AS Ukr. SSR, Kiev (1956).
4. R. R. Chugaev, Hydraulics [in Russian], Energoizdat, Leningrad (1982).
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