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Roll waves in a non-regular inclined channel
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For nonlinear hyperbolic equations of a gas dynamic type with flow acceleration and friction

terms, the classification of a special class of periodic travelling waves, which are known as roll

waves, is given. As an illustration, the shallow water equations for the inclined channels of an

arbitrary cross-section are considered. The analysis shows that the flow patterns depend upon

the sign of the second derivative of the pressure function. The roll waves in regular channels

with the convex pressure have the same structure as the waves described in Dressler [6]. For

a nonconvex pressure function, the multi-jump configuration of roll waves is found.

1 Introduction

In the paper we consider the one-dimensional periodic travelling waves governed by the

following hyperbolic system:

ht + (hu)x = 0,

(hu)t + (hu2 + P (h))x = h(α − u2/R(h)).
(1.1)

Equation (1.1) describes nonlinear wave evolution in different areas of continuum

mechanics such as gas dynamics, open channel flows, elasticity theory, etc. Here (1.1) is

applied to the shallow water flow along an inclined channel. Therefore, t is the time, x is

the coordinate along the channel, h and u are the mean depth and the velocity component

of the liquid layer. Let the gravity acceleration α along the channel be constant and R(h)

be the hydraulic radius. Definition of α and R(h) for the channels of arbitrary cross-section

is given in the next section. The source term in (1.1) simulates the interaction between

mass forces and turbulent friction.

The nonlinear wave patterns described by (1.1) depend upon the pressure term P =P (h).

The system is hyperbolic for c2(h) =P ′(h)> 0. For P (h) = 1
2
gnh

2, where gn is the component

of the gravity acceleration, which is normal to the channel, (1.1) reduce to the shallow

water equations investigated in Dressler [6]. Dressler’s study can be easily generalized for

a convex pressure term P =P (h) in (1.1). For a nonconvex pressure the roll wave patterns

are more complicated. The examples of flow with the nonconvex pressure term are given

below. The aim of the investigation is to give the classification of periodic travelling waves

for the pressure function containing points of inflection.
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The shallow water theory for the channels of arbitrary cross-section [3, 7, 17] gives

examples of (1.1) with a nonconvex function P (h). In these works the structure of regular

and inverted roll waves of moderate amplitude have been investigated for one- and two-

layer flows. The problem of roll wave generation in liquid-liquid and gas-liquid flows is

closely connected with the theoretical prediction of the onset of slugging in near-horizontal

channel and pipe flows (see the reviews elsewhere [2, 11]). The instability of steady-state

stratified flow is a necessary condition for roll wave generation and their further transition

to slug flow. Roll waves generation in a horizontal two-layer flow driven by the pressure

gradient has many common features with roll wave generation in open channel flow.

Laboratory experiments in inclined channels [5, 15] show that small perturbations of

a steady-state flow lead to development of near periodic finite amplitude wave motion,

which can be described by Dressler’s theory as the roll waves moving downstream [6].

Nevertheless, Dressler’s study cannot predict the parameters of developed roll waves,

because the amplitude of roll waves is a free parameter in the theory. Therefore, the

question on stability of nonlinear roll waves arises. The problem of stability of periodic

roll waves in open channel flow is solved by deriving the modulation equations [4, 13].

The criterion of stability for roll waves of finite amplitude has been formulated by these

authors in terms of the hyperbolicity of modulation equations.

2 Examples of flow

We show in this section that (1.1) can describe different types of flow in an inclined channel.

Some of flows are governed by the shallow water equations (1.1) with a nonconvex pressure

term, therefore in such flows the developed roll waves have a rather complicated internal

structure.

2.1 Open channel flow

Consider the shallow water approximation of the free boundary flow in a cylindrical

channel of arbitrary cross-section, inclined at an angle ϕ to the horizontal. The x axis is

chosen along the bottom; S and b are the wetted area and the width of the channel at

the free surface; t is the time; Lw is the wetted perimeter; u is the stream-wise velocity.

The friction factor cw is taken to be constant. The total pressure P = P̂ (S) can be found

from the relation

P̂ ′(S) = gnS/b(S)> 0.

The shallow water equations can be written in the form

St + (Su)x = 0,

(Su)t + (Su2 + P̂ )x = Sgntanϕ − cwLwu
2.

(2.1)

One can derive (1.1) from (2.1) with h= S/b0, α= gntanϕ, R = S/(cwLw), where b0 is the

reference width and R is the hydraulic radius. We consider a channel as the regular one

if the dependence P = P̂ (S) =P (h) is a convex function. A nonconvex function P =P (h)

arises in channels of complicated cross-section [7, 17].
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2.2 Bernoulli effects in gas-liquid flow

Consider the two-dimensional flow of incompressible fluid in an inclined duct. The pressure

over the free surface is varying due to co-flowing gas. If the velocity of the gas fraction is

high enough, the gas flow can be considered as quasi-stationary. If the friction at the upper

lid and the interface is neglected, the shallow water equations with dimensionless variables

(the fluid density ρf = 1, the total depth of the channel H = h+ + h ≡ 1, gn = 1, cw = 1)

take the form [2]

ht + (hu)x = 0,

ut + uux + hx + px = α − u2/h,

h+w = Qg ≡ const,

1

2
ρw2 + p = Jg ≡ const.

(2.2)

Here h, h+ are the thicknesses and u, w are the velocities of the liquid and gas layer,

respectively, p is the pressure in the gas fraction, ρ is the gas density (ρ � 1, ρ ≡ const),

α= tanϕ. Equations (2.2) can be reduced to (1.1) with

P (h) =
1

2
h2 +

β(1 − 2h)

2(1 − h)2
, β = ρQ2

g , R(h) = h. (2.3)

The model (2.2), (2.3) is hyperbolic for 0<h<hm = 1 − β1/3, where c2(h) = h(1 − β/(1 −
h)3)> 0. Note that the function P =P (h) is nonconvex on the interval (0, hm).

3 Stability of steady-state flow

Consider a steady-state solution h= h0, u= u0 of (1.1). The uniform flow parameters must

satisfy

u2
0 = αR(h0). (3.1)

Two approaches will be applied below to investigate the stability of the uniform flow,

namely, the linear analysis and Whitham’s approach.

3.1 Linear stability analysis

The linear analysis is used to find the growth rate of small disturbances (primed) super-

imposed to a uniform flow (subscript 0),

u = u0 + u′, h = h0 + h′,

with u0, h0 satisfying (3.1). The linearized system takes the form

h′
t + u0h

′
x + h0u

′
x = 0,

u′
t + u0u

′
x + c2

0/h0h
′
x =

u2
0

R(h0)

(
R′

0

R0
h′ − 2

u′

u0

)
,

(3.2)

where R0 =R(h0), R
′
0 =R′(h0), c0 = c(h0). For the solution

h′ = ĥ exp(ik(x − cpt)) , u′ = û exp(ik(x − cpt)),
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(3.2) yields the following dispersion relation between the phase velocity cp and the wave

number k (k is real):

ikc2
p − 2u0(ik + 1/R0)cp + ik

(
u2

0 − c2
0

)
+

u2
0

R0

(
2 +

R′
0h0

R0

)
= 0. (3.3)

The flow is stable if cp = cRp + icJp satisfies (3.3) with cJp > 0, cRp ∈ R for 0<k<∞.

Standard calculations lead to the following stability condition:

R′
0h0

2

√
α

R0
<c0. (3.4)

For the flow along the inclined plane (α= gntanϕ, c2(h) = gnh, R(h) = h/cw), the inequality

(3.4) is reduced to the well-known stability condition [10]

Fr2 =
u2

0

gnh0
< 4.

3.2 Whitham’s stability approach

The same criterion (3.4) of transition to unstable flow can be derived by Whitham’s

method [20]. According to this approach, the instabilities in uniform flow grow, when the

kinematic wave velocity of the friction-dominated flow becomes greater than the dynamic

velocity of long gravity waves.

Kinematic waves are obtained by neglecting the acceleration terms in the momentum

equation in (1.1). This gives u2 ≡ αR(h), and (1.1) is reduced to one equation:

ht + λchx = 0, λc =
√
αR

(
1 +

1

2

hR′

R

)
, (3.5)

where λc is the velocity of kinematic waves.

On the other hand, the shallow water equations (1.1) have the characteristics propagating

with dynamic velocities λ±
d = u± c. For an equilibrium flow (u= u0, h= h0), satisfying (3.1),

the dynamic velocities can be expressed as λ±
d =

√
αR±c. Therefore, the stability conditions

λ−
d < λc < λ+

d

give the criterion (3.4).

4 Roll waves in regular channels

We consider here the roll wave structure for (1.1) with a convex pressure. The mathemat-

ical theory of roll waves over an incline was developed by Dressler [6]. According to this

theory, roll waves are periodic discontinuous solutions depending only on the variable

ξ = x − Dt, D = const. For regular channels (P ′ > 0, P ′′ > 0) roll waves travelling down-

stream (0<u<D) can be constructed analogously to Dressler’s study. Equations (1.1)
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for travelling waves take the form

h(D − u) = m,

d
dξ

(h(D − u)2 + P (h)) = h(α − u2/R(h)).
(4.1)

With the following notations:

G(h) = m2/h + P (h), ∆(h) = G′(h) = c2(h) − m2/h2,

c2(h) = P ′(h), F(h) = h(α − R−1(h)(D − m/h)2)
(4.2)

(4.1) are reduced to

dh

dξ
=

F(h)

∆(h)
. (4.3)

The distinctive feature of roll waves is the existence of the critical depth y in the flow

with ∆(y) = 0, providing a smooth transition from subcritical flow (∆(h)> 0) downstream

of a jump to supercritical flow (∆(h)< 0) upstream of the next jump in a periodic solution.

It is necessary for the smooth transition from subcritical flow into a supercritical one that

F(y) = 0. By virtue of (4.2), we have for u<D

m = yc(y), D = c(y) +
√
α/R(y). (4.4)

For given y, the periodic solution containing a jump can be constructed if the jump

amplitude is known. Denoting by subscripts r and l the right and left sides of the

discontinuity, one obtains from (1.1) the following jump relations:

hr(D − ur) = hl(D − ul) = m,

G(hr) = G(hl).
(4.5)

For the regular case (P ′(h)> 0, P ′′(h)> 0), the jump is stable for hr < y <hl . Additional

jump stability conditions for (1.1) with a nonconvex pressure term will be discussed below.

We consider the case P ′(h)> 0, P ′′(h)> 0 as a regular one if P (h) → 0 when h → 0 and

P (h) → ∞ when h → ∞. In a regular case, the roll wave structure is similar to the flow

over an incline investigated by Dressler [6]. For P ′′(h)> 0, the function G(h) is convex

too, and there exists a unique critical depth y with ∆(y) = 0. It is clear that the function

G(h) reaches its minimum at this point (Figure 1).

A periodic discontinuous solution of (4.1) can be constructed in the following way. Let

ABEA be a periodic solution which describes the wave travelling with a constant velocity

D (0<u<D – see Figures 1 and 2). For the convex pressure term, any jump AB should

satisfy the stability condition

hr < hl (4.6)

By virtue of (4.6) the flow is supercritical (∆< 0) just upstream of the jump and subcritical

(∆> 0) downstream of the jump in a coordinate system moving with the wave velocity D.

Therefore, for smooth transition from the subcritical flow into the supercritical flow it is

necessary that there exists a critical depth y with ∆(y) = 0 at the interval (hr, hl) (Figure 1).

It follows from Figure 1 that ∆(h)< 0 for hr < h<y and ∆> 0 for y <h<hl , so it is
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Figure 1. Dependence G(h) in a regular case.

Figure 2. (a) Profile of a regular roll wave; (b) profile of an ‘inverted’ roll wave.

necessary and sufficient for the existence of a smooth solution of (4.3) at the interval

(hr, hl) that

F(h) < 0 for hr < h < y,

F(h) > 0 for y < h < hl.
(4.7)

Note that the linear instability condition

F
′
(y) = αyR′(y)/R(y) − 2c(y)

√
α/R(y) > 0, (4.8)
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Figure 3. The function P̃ (τ).

which was derived in previous paragraph, is a consequence of (4.7). The condition (4.8)

provides the existence of roll waves of infinitesimal amplitude. If (4.7) is satisfied on the

interval (hr, hl) with G(hr) =G(hl) and F(hr) → 0 for h → h−
m or F(hl) → 0 for h → h+

m ,

the length of the roll wave described by (4.3) goes to infinity, since ∆(h±
m)�0. In this

case, we have the roll wave of maximal amplitude (transition AmBmEAm in Figure 1). It

is worth noting that for regular channels, the amplitude of the limiting roll wave is finite.

For every critical depth y satisfying (4.8) there exists a value h−
m <y at which the function

F(h) vanishes and F(h)< 0 for h−
m <h<y. Therefore, for given hr (h−

m <hr < y) there exists

a roll wave with the minimal depth hr and the maximal depth hl (G(hr) =G(hl)) and the

two-parameter family of roll waves is governed by the parameters y and hr .

5 Roll waves with nonconvex pressure term

5.1 Gas dynamic analogy

To construct a piecewise smooth periodic solution of (4.1) with arbitrary pressure term, it

is convenient to use the gas dynamic analogy for (1.1). Let τ= 1/h , P̃ (τ) =P (h), P̃ ′(τ)< 0.

If the function P̃ (τ) is not convex, the roll wave patterns are more complicated. When

considering the wave structure in non-regular case, attention should principally be paid

to the jump stability conditions.

Consider the function P̃ (τ), which is not convex on some interval (τ−
∗ , τ

+
∗ ),

0<τ−
∗ <τ+

∗ <∞. This means that, as in the previous section, P̃ ′(τ)< 0, (0<τ<∞);

P̃ (τ) → ∞ when τ → 0 , P̃ (τ) → 0 when τ → ∞, and there exists only a finite num-

ber of points of inflection for the function P̃ (τ) on the interval (τ−
∗ , τ

+
∗ ). Let us next

consider the pressure term P̃ (τ) having only two points of inflection τ−
i and τ+

i (τ−
i < τ+

i ).

It follows from asymptotics of P̃ (τ) that P̃ ′′(τ)< 0 for (τ−
i , τ

+
i ) and P̃ ′′(τ)> 0 for 0<τ<τ−

i

and τ+
i < τ<∞ (see Figure 3). The behaviour of P̃ ′(τ) is shown in Figure 4. We choose τ±

∗
from the relations P̃ ′(τ−

∗ ) = P̃ ′(τ+
i ) and P̃ ′(τ+

∗ ) = P̃ ′(τ−
i ) (see Figure 4). For the pressure

term considered above, the roll wave structure depends on the position of the inverse

critical depth τy = 1/y with respect to the characteristic points τ±
i , τ±

∗ , τ±
s ,τ̄s of the function

P̃ (τ). The characteristic points τ±
s , τ̄s are chosen as follows. At the points τ±

s the chord
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Figure 4. The function P̃ ′(τ).

MN is tangent to the curve (τ, P̃ (τ)) and at the point τ̄s the tangent to this curve is parallel

to the chord MN (see Figure 3).

For a given critical depth y (0<y<∞) the travelling waves of (1.1) are described by

(4.2)–(4.4). In particular, the velocity of a travelling wave D = D(y) can be found from

(4.4) and all functions in (4.2) such as G(h), ∆(h), F(h) depend upon y as a parameter.

Note that the following relation:

∆(h) = G′(h) = −P̃ ′( 1
h

)/
h2 − m2/h2 = 0, (5.1)

is fulfilled when and only when

P̃ ′(τ) = −m2 = P̃ ′(τy), τ = 1/h, τy = 1/y. (5.2)

It follows from (5.1) and (5.2) that for τy < τ−
∗ and τy > τ+

∗ we have ∆(h) � 0 when

h � y. Therefore, there exists only one extremum of the function G(h). In this case the

dependence G(h) is analogous to the regular case shown in Figure 1, and the roll waves

can be constructed in the way as in previous section. Now flow patterns can be found

for τy ∈ (τ−
∗ , τ

+
∗ ). It is clear from Figure 4 that for τy�τ±

i we have two more points

τ ∈ (τ−
∗ , τ

+
∗ ), with P̃

′
(τ) = P̃

′
(τy), and due to (5.1) and (5.2), the function G(h) has exactly

three local extrema at the depths h= yi, i= 1, 2, 3, which may be ordered y1 <y2 <y3, and

y coincides with one of these extrema. Note that G(y1)<G(y3) when and only when

(
P̃

(
τy1

)
− P̃

(
τy3

))/(
τy3

− τy1

)
> m2 = −P̃

′
(τy). (5.3)

The possible configurations of the graphs of the function G(h) with 1/τ+
∗ <y< 1/τ−

∗ are

shown in Figures 5(a) and (b). The classification of roll waves depending on the relative

position of y in the interval (1/τ+
∗ , 1/τ

−
∗ ) will be given below.

5.2 Admissible jumps

To construct a periodic roll wave containing discontinuities, we can use only stable jumps.

Properties of finite amplitude discontinuities in channels of arbitrary cross section were
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Figure 5. Dependence G(h) in a nonregular case.

studied in Dyment [8]. Stability conditions of jumps or shocks in discontinuous solutions

of (1.1) and for more general case of gas dynamics with a nonconvex pressure term

were investigated by Galin [9], Sidorenko [18] and Wendroff [19]. For regular case the

Lax stability conditions [12] express the well-known result that the discontinuity of a

solution of (1.1) is stable when and only when the flow ahead of the shock (jump) is

supersonic (supercritical) and behind the jump is subsonic (subcritical) in the coordinate

system moving with the jump velocity. In gas dynamics this result is known as Zemplen’s

theorem. It means that for a convex function P̃ (τ) (P̃
′′
(τ)> 0) the curve 1 in Figure 1 with

∆< 0 corresponds to any state before the jump and the curve 2 with ∆> 0 corresponds

to a state just behind the jump. Therefore, any transition AB, which is parallel to

the abscissa, describes the stable jump, as considered in the previous paragraph. For a

nonconvex pressure term with just two points of inflection, we have for y ∈ (1/τ+
∗ , 1/τ

−
∗ )

four branches of the graph G=G(h) shown in Figure 5: the branches 1, 3 with ∆< 0 and

the branches 2, 4 with ∆> 0. The Lax stability condition lets us choose the branches 1,

3 for the states before a jump and the branches 2,4 for states behind it. Nevertheless,

the Lax condition is only the necessary condition for jump stability. It does not provide

the uniqueness of the Riemann problem for the homogeneous system (1.1). As for the

problem considered here the jump A′B′, which connects the curves 1 and 4, satisfies the

Lax conditions, but it is unstable as it is shown in Wendroff [19]. If we consider the states

on the left and on the right sides of this jump as initial data for the Riemann problem
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for the homogeneous system (1.1), we shall have as a stable solution of this problem

the nonstationary multi-jump configuration consisting of the two admissible jumps with

the simple centred wave between them. Moreover, the jump A′B′ should be eliminated

from consideration, because it cannot be realized by the method of vanishing viscosity

[19]. The stability condition for discontinuities, which provides the correctness of the

Riemann problem, was introduced for an arbitrary nonlinear scalar equation by Oleinik

[16], then the corresponding conditions were developed for gas dynamic equations with

anomalous thermodynamics by Galin [9], Sidorenko [18] and Wendroff [19]. For the case

considered in this paper, the stability condition of a jump connecting a state τ0 before the

jump (∆< 0) and a state τ1 behind the jump (∆> 0) can be expressed as the following

inequality:

P̃ (τ1) − P̃ (τ0)

τ0 − τ1
�

P̃ (τ) − P̃ (τ0)

τ0 − τ
(5.4)

for (τ0 −τ)(τ1 −τ)< 0. It follows from (5.4) that the jump A
′
B

′
, which is shown in Figures 3

and 5 as broken lines, satisfies the Lax conditions, but it is inadmissible since the chord

A
′
B

′
intersects the graph of the function P̃ (τ) four times. The jump admissibility criterion

(5.4) can be easily formulated for the dependence G(h) shown in Figure 5. Every segment

AB, which is parallel to the abscissa and which connects points on the curves 1 or 3 with

points on curves 2 or 4, represents the admissible jump if it does not intersect another

branches. Therefore, curves 1 and curve 4 can be connected by an admissible jump, then

and only then when the segment A4B4 lies over the point E2 (Figures 5(a,b)). Below

the segment CN only the jumps AiBi, (i= 1, 2, 3), which connects adjacent branches are

admissible.

5.3 Roll wave patterns

We consider first regular roll waves, moving to the right, i.e. the periodic travelling

waves of (1.1) with 0<u<D, containing just one admissible jump on the period. It is

supposed that on the period there exists a critical depth y, at which the functions ∆(h)

and F(h) vanish. To construct roll waves of finite amplitude, it is convenient to use the

dependence G=G(h). The behaviour of the function G(h) is shown in Figures 1 and 5

for different positions of the critical depth y. For y < 1/τ+
∗ and for y > 1/τ−

∗ there exists

only one minimum of G(h) at h= y (Figure 1). For given conjugate depths hl and hr
(G(hl) =G(hr), hr < y <hl), the periodic solution AEBA (Figure 1) can be constructed by

the procedure described in § 4 for the regular case, if the conditions (4.7) are satisfied. The

roll wave profile in this case is shown in Figure 2(a).

Consider now the case 1/τ+
∗ <y< 1/τ−

∗ (see Figure 5). As was shown above, there are

three points yi, i= 1, 2, 3 (y1 <y2 <y3) of the local extremum of the function G(h) with y1

and y3 being the points of minimum. The critical depth y coincides with one of the points

yi, i= 1, 2, 3. The depth hr before the jump in a periodic solution of (1.1) corresponds

to a supercritical flow (∆(hr)< 0) and the flow in the conjugate state hl (G(hl) =G(hr))

is subcritical (∆(hl)> 0). Therefore, for y= y1 the roll wave structure is regular for any

transition A1B1E1A1 if the conditions (4.7) are satisfied and h−
j < hr < y1 <hl < y2, where

G(h−
j ) =G(y2) (see Figure 5). The roll waves, which are not regular, include more than one

jump in the period. Let G(y1)<G(y2) (Figure 5(a)) and hr < h−
j . The roll wave containing a
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Figure 6. Profile of a multi-jump roll wave.

jump A4B4 with the conjugate depths hr and hl (hr < hl , G(hl) =G(hr)) can be constructed

if the following modification of condition (4.7) is satisfied:

F(h) > 0 for y3 < h < hl and y1 < h < hj,

F(h) < 0 for hr < h < y1.
(5.5)

Here hj is chosen so that G(hj) =G(y3) (Figure 5(a)). The wave structure is described by

the transition A4B4E3HE1A4. The wave consists of the stable jump A4B4, of the ‘sonic’

jump E3H as well as of the supercritical part of flow E1A4 and the subcritical parts B4E3

and HE1. The term ‘sonic’ jump is used by analogy with the term ‘sonic’ shock in gas

dynamics, since the flow conditions just before the jump E3H are critical (∆(y3) = 0). The

‘sonic’ jump E3H satisfies (5.4), so it can be considered as a stable jump too. The profile

of the roll wave is shown in Figure 6(a). This configuration is possible up to limiting case

of the jump AmBm corresponding to conjugate points h−
m , h+

m , h−
m <h+

m , G(h−
m) =G(h+

m) with

F(h−
m) = 0 or F(h+

m) = 0. In this case the length of the wave of limiting amplitude goes to

infinity.

For y= y2 a stable jump A2B2 connects the upstream state on the curve 3 with

downstream state on curve 2. In this case the transition A2B2E2A2 describes the inverted

roll wave. (Figures 2(b) and 5). It is necessary and sufficient for the roll wave existence

that for the conjugate depths hr , hl (hr > hl , G(hr) =G(hl)), which correspond to the points
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A2 and B2, the following conditions analogous to (4.7) are satisfied:

F(h) > 0 for y2 < h < hr,

F(h) < 0 for hl < h < y2.
(5.6)

In contrast to the case y= y1, the inverted wave of maximal amplitude is realized for

the transition E3HE2E3, in Figure 5(a) and for the transition HE1E2H in Figure 5(b), if

the conditions (5.6) are satisfied for the conjugate depths hj , y3 and y1, hj , respectively.

There are no inverted roll waves, which amplitude exceed these limiting waves.

For y= y3 regular roll waves can be described by the transition A3B3E3A3 analogously

to the case y= y1 considered above, if y2 <hr <y3 <hl < h+
j and conditions (4.7) are

fulfilled. Here the depth h+
j is chosen so that G(y2) =G(h+

j ) (Figures 5(a, b)). For the

case G(y1)<G(y3) shown in Figure 5(a), there is no roll wave exceeding in amplitude the

limiting roll wave E2NE3E2. Nevertheless, for the case G(y1)>G(y3) shown in Figure 5(b)

it is possible to construct the nonregular roll wave with the amplitude higher than the

maximal regular wave E2NE3E2 in the following way. Let hr and hl be conjugate depths

with hr < h−
j < h+

j < hl and the following modification of the conditions (4.7) be satisfied:

F(h) > 0 for y3 < h < hl,

F(h) < 0 for hr < h < y1 and hj < h < y3.
(5.7)

Here G(hj) =G(y1) (Figure 5(b)). Then the transition A4B4E3HE1A4 describes the roll

wave containing two admissible jumps A4B4 and HE1. The profile of the wave is shown

in Figure 6(b).

Now all basic configurations of roll waves are considered. Note that the function F(h)

may vanish at different points of extremum for the dependence G(h) simultaneously. In this

case more complicated roll waves can be constructed if the necessary conditions of their

existence such as (4.7), (5.5)–(5.7) are fulfilled. They will represent some combinations of

roll waves considered above. Such solutions are not included in the roll wave classification,

which is given in the next section.

5.4 Roll wave classification

Every roll wave considered above is uniquely defined by two parameters, y and hr ,

and the roll wave patterns depend on the position of the point τy = 1/y relative to the

characteristic points τ±
∗ , τ±

s , τ±
i , τ̄s (τ−

∗ <τ−
s < τ−

i < τ̄s < τ+
i < τ+

s < τ+
∗ ) shown in Figures 3–4

for the pressure term P̃ (τ).

Consider the following cases:

(1) y < 1/τ+
∗ (Figure 1). There are only regular roll waves (Figure 2a) if (4.7) is satisfied.

(2) 1/τ+
∗ < y< 1/τ+

s (Figure 5(a)). Here y= y1 and G(y1)<G(y3) due to (5.3). Regular

waves shown in Figure 2(a) exist if h−
j < hr < y1 <hl < y2 and (4.7) is fulfilled. Roll

waves with two stable jumps on the period are possible if hr < h−
j < h+

j < hl and

(5.5) is satisfied (Figure 6(a)).

(3) 1/τ+
s < y < 1/τ+

i (Figure 5(b)). We have y= y1, G(y1)>G(y3). Regular waves up

to the limiting wave CE2E1C are the same as described above. In contrast to
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the previous case, there are no roll waves with hr < h−
j . Nevertheless, as discussed

in the next section, the roll wave of maximal amplitude can transform into an

‘anomalous’ wave. The transition CE2HE1C describes a periodic travelling wave

containing stable jumps, but this wave is no more the roll wave, because the

necessary condition F(y1) = 0 or F(y2) = 0 can be no longer satisfied.

(4) 1/τ+
i < y < 1/τ̄s (Figure 5(b)). Here y= y2 and G(y1)>G(y3). The inverted roll waves

A2B2E2A2 exist if (5.6) is satisfied. The wave profile is shown in Figure 2(b). As

in the previous case, the inverted roll wave of maximal amplitude HE1E2H can

transform in the ‘anomalous’ wave HE1CE2H .

(5) 1/τ̄s < y < 1/τ−
i (Figure 5(a)). In this case, y= y2, G(y1)<G(y3). The structure of

inverted roll waves A2B2E2A2 is analogous to the previous consideration. There are

no roll waves exceeding the limiting wave E3HE2E3.

(6) 1/τ̄−
i < y < 1/τ−

s (Figure 5(a)). Here y= y3 and G(y1)<G(y3). Roll waves A3B3E3A3

satisfying (4.7) are shown in Figure 2(a). The wave E2NE3E2 is the roll wave of

maximal amplitude, if (4.7) is satisfied for hr = y2 and hl = h+
j .

(7) 1/τ−
s < y < 1/τ−

∗ (Figure 5(b)). We have y= y3, G(y1)>G(y3). Roll waves A3B3E3A3

up to the limiting case E2NE3E2 have the wave profile shown in Figure 2(a). For

hr < h−
j < h+

j < hl the wave can be described by the transition A4B4E3HE1A4, if the

conditions (5.7) are satisfied. The profile of the wave is shown in Figure 6(b).

(8) y > 1/τ−
∗ (Figure 1). There are only regular roll waves (Figure 2(a)) satisfying (4.7).

5.5 ‘Anomalous’ waves

Roll waves of maximal amplitude considered for the cases 3 and 4 in previous section can

be used for the construction of periodic travelling waves of (1.1). For 1/τ+
s < y < 1/τ̄s the

transition CE2HE1C is possible, if

F(h) > 0 for y2 < h < hj

F(h) < 0 for h−
j < h < y1.

(5.8)

The wave consists of the two smooth supercritical parts of flow (E1C and E2H) and of the

two ‘sonic’ jumps CE2 and HE1. This type of wave belongs to the so called ‘anomalous’

waves which were investigated in Baines [1] and Liapidevskii [14] for two-layer flow over

an obstacle. Note that the necessary condition for roll wave existence is F(y1) = 0 or

F(y2) = 0. For the existence of the wave CE2HE1C , these conditions are not necessary,

because there is no transition from supercritical into subcritical flow in such wave. This

wave is anomalous since for ‘sonic’ jumps CE2 and HE1 the derivative dh/dξ is not

bounded when F(y1)� 0 and F(y2)� 0. Nevertheless, such ‘sonic’ jumps (in gas dynamics

they are known as ‘sonic’ shocks) can be easily realized experimentally and in numerical

calculations [1, 14]. The profile of the wave CE2HE1C is shown in Figure 7. It differs

considerably from the shape of roll waves. Therefore, we consider the transition to this

type of flow as a new flow regime corresponding to so called slug (or plug) flow regime

in ‘liquid–liquid’ flow [14]. Note that for slug flow the wave amplitude is a function of

the critical depth y only, but the wave velocity D (or the critical velocity uc) is now a free
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Figure 7. Profile of an ‘anomalous’ wave.

parameter. Therefore, a slug CE2HE1C can be described by two parameters, say y and D,

and we have again the two-parameter family of periodic travelling waves, corresponding

to a slug flow regime. The investigation of this regime is beyond the scope of this paper.

6 Conclusion

Roll wave generation as the nonlinear stage of flow instability is a common feature of

many nonstationary processes in different fields of continuum mechanics. The approach,

developed in this paper to reveal the pattern of periodic discontinuous travelling waves

in inclined channel flow, can be easily applied to more general types of flow. The system

(1.1) represents a variant of nonlinear acoustic equations which can be used in various

applications. The necessary and sufficient conditions for nonlinear roll wave existence (4.7),

(5.5)–(5.8) are formulated for an arbitrary right-hand term in (1.1). It can be concluded

from the considerations in section 5 that the roll wave structure depends mainly on the

pressure function behaviour. Even for a nonconvex pressure containing only two points of

inflection the multi-jump configuration of the roll wave is possible. Non-regular roll waves

include so-called ‘sonic’ jumps. A new feature of roll waves of (1.1) is the transformation

of regular wave for the cases 3, 4 considered in the section 5.4 into an ‘anomalous’ regime

with two ‘sonic’ jumps on the period. Such periodic waves are not roll waves, because

there is no transition from subcritical to supercritical flow in the wave. The profile of

‘anomalous’ waves differs essentially from the profile of roll waves, so equations (1.1) with

nonconvex pressure term can describe different flow regimes analogously to the two-layer

shallow water equations [14]. Nonlinear stability of the roll waves constructed above has

been investigated in Boudlal et al. [4] and Liapidevskii [13] for the regular channels only.

Stability of travelling periodic waves of finite amplitude in the non-regular case (roll

waves and slugs) is the subject of our future investigations.
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