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ROLL WAVES IN CHANNELS WITH AN ACTIVE GAS PHASE
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Abstract: A mathematical model of the flow of a thin layer of heavy liquid under an elastic shell

filled with gas is constructed. By means of mass exchange with the environment, the gas phase is

active and maintains self-organized wave motion in the liquid layer. The conditions under which

small perturbations are transformed into quasiperiodic wave packets of finite amplitude which move

in the same direction are found. It is shown that the structure of the waves is similar to that of roll

waves in open channels.
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INTRODUCTION

The process of formation of periodic waves of finite amplitude or roll waves as a result of flow instability

in inclined channels is well known in open-channel hydraulics [1]. A mathematical description of this phenomenon

in the shallow-water approximation is given in [2], where, within a nonlinear hyperbolic system of equations, roll

waves are represented by discontinuous periodic solutions that are steady in a certain moving coordinate system

(traveling waves). Shallow-water equations are also used to describe roll waves in inclined channels of arbitrary

cross-section [3, 4].

Quasiperiodic flow as a nonlinear stage of the development of instability of uniform flow can also be obtained

in more complex models. The effects of flow viscosity and energy dissipation were taken into account in [5, 6]. The

structure of a turbulent bore and the formation of a near-surface turbulent layer in the collapse of traveling waves

were considered in [7, 8].

Instability development and roll wave generation are one of the mechanisms of transition from stratified flow

to piston flow in multicomponent liquid flows in horizontal and inclined channels and pipes [9–12]. In this case,

the main source of stream oscillations for both liquid flows in open channels and multicomponent flows in closed

channels and pipes is the interaction of the forces that accelerate the stream (mass forces and pressure gradient)

with the forces of friction. Another source of generation of intense wave motion in multicomponent systems can be

the supply of energy (chemical, thermal, phase transition energy, etc.) to one of the flow components.

A mechanical model for roll wave generation given by a hyperbolic system of equations of the gas-dynamic

type was developed in [13] for gas–liquid flows with a variable mass of the gas component. In this paper, we construct

a similar model for the flow of a thin layer of an incompressible liquid in an inclined channel under a deformable

shell filled with gas. In this case, the gas phase is active, i.e., the mass of gas within the shell can vary depending on

its volume. Thus, we consider the simplest mechanical model of generating self-oscillations through a distributed

energy supply to a certain section of the channel. The focus is on determining the conditions of occurrence of roll

aLaboratory of Mechanics, Lille University of Science and Technology, UMR CNRS 8107, Lille, France;
abdelaziz.boudlal@univ-lille1.fr. bLavrent’ev Institute of Hydrodynamics, Siberian Branch, Russian Academy of
Sciences, Novosibirsk, 630090 Russia; liapid@hydro.nsc.ru. cNovosibirsk State University, Novosibirsk, 630090
Russia. Translated from Prikladnaya Mekhanika i Tekhnicheskaya Fizika, Vol. 56, No. 4, pp. 3–11, July–August,
2015. Original article submitted June 2, 2014.

0021-8944/15/5604-0541 c© 2015 by Pleiades Publishing, Ltd. 541



x

h,u

g

H

2
1

0

g

Fig. 1. Flow diagram: liquid layer (1) and gas (2).

waves in the channel which propagate in the same direction. These conditions are related to mass transfer in the

gas component.

MATHEMATICAL MODEL

We consider one-dimensional unsteady motions of a thin layer of a heavy incompressible liquid with density ρf
in an inclined channel (Fig. 1). From the top, the liquid is bounded by a deformable shell filled with gas. The gas

is located in isolated sections and can be pumped in or out of the section according to a given law. The sections

are fixed, and their volume may vary depending on the position of the interface between the liquid and gaseous

components. The angle of inclination of the channel to the horizontal plane is equal to γ. The coordinate system

is chosen so that the x axis coincides with the bottom of the channel and the y axis is orthogonal to it.

In the shallow-water approximation, the equations of motion of a liquid layer of thickness h and with average

velocity u directed along the channel take the form

ht + (hu)x = 0, ut + uux + (gnh+ ρ−1
f pg)x = αgn − cwu|u|/h. (1)

Here gn = g cos γ, α = tan γ, g is the acceleration of gravity, and cw is the friction coefficient.

As the interface h = h(t, x) is deformed only in the y direction, the friction coefficient takes into account

the deceleration of the stream not only at the bottom of the channel but also at the upper boundary of the moving

liquid layer. The gas in the sections is assumed to be isothermal, so that the dependence of the gas pressure pg on

the layer thickness h can be expressed as follows: pg = χmg/(H − h), χ = RT/μ = const (H is the total depth

of the channel, R is the gas constant, T is the temperature, mg is the mass of gas per unit length of the channel,

and μ is the molecular mass of the gas). We assume that the velocity of gas supplied to the section depends on the

volume of the gas phase and the outflow velocity is proportional to the pressure pg, i.e.,

mt = θ(ϕ(h) −m/(H − h)), m = χmg. (2)

The equations of motion of the gas–liquid medium with a moving gas component that are similar to Eqs. (1)

and (2) were considered in [13]. The dimensionless variables can be selected so as to satisfy the conditions ρf = 1,

H = 1, and gn = 1. In addition, at θ �= 0, we can satisfy the condition θ = 1 by stretching the independent

variables. In this case, Eqs. (1) and (2) in dimensionless variables take the form

ht + (hu)x = 0, ut + (u2/2 + h+m/(1− h))x = α− cwu|u|/h,

mt = ϕ(h)−m/(1− h).
(3)
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System (3) is hyperbolic for any solutions, and its characteristics can be represented as

dx

dt
= λ0 = 0,

dx

dt
= λ± = u±

√
h+

mh

(1− h)2
. (4)

Note that, for θ = 0, it follows from Eq. (2) that m ≡ const at t > 0 if this property took place at t = 0. In

this case, system (1) is reduced to the shallow-water equations for flows of a heavy compressible liquid in an open

channel considered in [14, Chapter 3]. Obviously, the characteristics of Eqs. (4) do not depend on the right side of

Eq. (3), so that the set of characteristics for θ = 0 is the same as for θ > 0.

ROLL WAVES

As for roll waves in open inclined channels [2], for system (3) we can construct periodic discontinuous

solutions which are steady in a coordinate system moving at constant velocity D, i.e., solutions of Eqs. (3) that

depend on the variable ξ = x−Dt.

We first consider the special case of waves in a horizontal channel (α = 0, cw = 0, and θ = 1). Equation (3)

leads to

h(D − u) = y(D − uc) = q,
1

2
(D − u)2 + h+

m

1− h
=

1

2
(D − uc)

2 + y +
mc

1− y
= J. (5)

Here y is the critical depth; the variables with the subscript c correspond to the critical parameters of the flow

defined below. From Eqs. (5), we have

m = M(h) = (1− h)
( q2

2y2
− q2

2h2
+ y − h+

mc

1− y

)
, (6)

so that the equations for traveling waves can be reduced to the ordinary differential equation

−D
dh

dξ
=

f(h)

Δ(h)
, f(h) = ϕ(h) − m

1− h
,

Δ(h) =
dM(h)

dh
=

q3

h3

(
1− h

2

)
− J + 2h− 1.

(7)

A necessary condition for the existence of periodic roll waves is the presence of smooth flow of the critical

depth y at which Δ(y) = 0 and f(y) = 0, i.e., from Eqs. (5), we obtain

J =
q2

2y2
+ y + ϕ(y), q2 = y3 +

(
1 +

ϕ(y)

y

)
. (8)

The values of uc and mc are uniquely determined from Eqs. (6) and (8). We consider the case of waves

traveling to the right, i.e., the case D > u or q > 0. The conditions at the discontinuity for the solutions of Eqs. (3)

reduce to
M(h−) = M(h+),

where h± = h(ξ ± 0). The stability of the discontinuity for the waves traveling to the right is ensured by the

inequalities λ+(ξ + 0) < D < λ+(ξ − 0) [1], i.e., h+ < h−. It follows from the conditions of stability and Eqs. (7)

that to construct roll waves of small amplitude, it is required that

lim
h→y

f(h)

Δ(h)
=

f ′(h)
Δ′(h)

< 0.

Note that, at the critical point, the inequality

Δ′(y) = M ′′(y) = 3
(
1− 1

y

)
+

ϕ(y)

1− y

(
1− 3

y

)
< 0

is satisfied as 0 < y < 1 and ϕ(y) > 0. It remains to find the conditions under which f ′(y) > 0. Due to Eqs. (7),

we have

f ′(h) = ϕ′(h)− M(h)

(1− h)2
− M ′(h)

1− h
.
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Fig. 2. Diagram of the roll waves (3) in the plane (h,m) at ϕ(h) = h: the dashed line shows a
wavetrain image (unsteady calculation), ABCA is the solution of Eqs. (7) at y = 0.3, and FECF is
waves with maximum amplitude.

As M(y) = (1− y)ϕ(y) and M ′(y) = Δ(y) = 0, then f ′(y) > 0 if and only if

ϕ′(y) >
ϕ(y)

1− y
. (9)

In particularly for the linear function ϕ(h) = βh, roll waves exist in the interval y < 1/2.

The structure of roll waves of finite amplitude depends on the behavior of the functions f(h) and Δ(h) on

the interval 0 < h < 1. Figure 2 shows the characteristic curves that define the properties of roll waves at ϕ(h) = h.

These curves are defined by the expressions

Γ0: m = M(h), ΓΔ: m = (1− h)2(q2/h3 − 1), Γf : m = (1 − h)ϕ(h).

The critical point C(y,mc) lies at the intersection of the curves Γf and ΓΔ. In addition, any continuous solution of

Eq. (5) passing through the point C lies on the curve Γ0 in the plane (h,m). Note that on the curve Γ0 to the left of

the point C are the flow parameter values corresponding to supercritical flow (Δ > 0) and to the right are the values

corresponding to subcritical flow (Δ < 0). Another characteristic point is the point F (h∗,m∗) of intersection of

the curves Γf and ΓΔ, which corresponds to supercritical flow. In the interval (h∗, y), the functions f(h) and Δ(h)

do not vanish, but f(h∗) = 0. Therefore, the segment FE parallel to the x axis defines the discontinuity of the

limiting amplitude in a roll wave. In this case, the wavelength FCEF tends to infinity. Any segment AB parallel

to the x axis and lying in the region FCEF defines a roll wave of finite length ABCA that contains the critical

point C. The existence of the continuous solution (7) in the subcritical region of the flow (y < h < 1) is due

to the fact that the functions f(h) and Δ(h) in this region do not vanish. In general, the roll wave structure for

an arbitrary dependence ϕ(h) may be more complex, but a necessary and sufficient condition for the existence of

discontinuous periodic solutions (7) which connect the conjugate depths h± (m(h+) = m(h−)) by a discontinuity

and pass through the point with the critical value of the y coordinate is satisfaction of the inequalities [4]

f(h) < 0 for h+ < h < y, f(h) > 0 for y < h < h−. (10)

It is not difficult to show that expressions (10) yield the necessary condition for the existence of roll waves (9).

Note that condition (9) can be obtained by using the Whitham criterion [1]. In this case, the transition from

uniform flow to flow in which nonlinear waves are generated occurs when the velocities of the characteristics of the

corresponding equilibrium model exceed the propagation velocity of perturbations that correspond to the original

model. In the case under consideration, the model becomes equilibrium if the last equation in the equations of

motion (3) in a horizontal channel (α = 0 and cw = 0) is replaced by the identity m ≡ (1− h)ϕ(h):

ht + (hu)x = 0, ut + (u2/2 + ϕ(h))x = 0. (11)

The characteristics of Eqs. (11) are of the form λ±
e = u ±√

u2 + hϕ(h). According to the Whitham criterion for

the waves propagating to the right (D > u), the uniform flow with h = y is unstable for λ+
e > λ+, i.e., if and only

if the condition (9) is satisfied.
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WAVES IN AN INCLINED CHANNEL IN THE ABSENCE OF MASS TRANSFER

We consider the case cw > 0, α > 0, and θ = 0. It follows from Eqs. (2) that m = m0 = const at t > 0. In

the absence of mass transfer in the gas phase, Eqs. (1) reduce to the equations of compressible liquid flow in an

inclined channel [14]. For ρf = 1, gn = 1, and H = 1, system (1) takes the form

ht + (hu)x = 0, ut + (u2/2 + P (h))x = α− cwu|u|/h,

P (h) = h+m0/(1− h).
(12)

Model (12) becomes equilibrium through the substitution αh ≡ cwu
2 (u > 0):

ht +
(√

αh3/cw

)
x
= 0.

The characteristics of this equation have the form λe = (3/2)
√
αh/cw, so that the condition for the occurrence of

roll waves λe > λ+ reduces to the inequality

α

cw
> 4

(
1 +

m0

(1− h)2

)1/2

. (13)

Thus, the uniform flow u = u0 =
√
αh0/cw, h = h0 is unstable for

Fr =
u0√
h0

> 2
(
1 +

m0

1− h0

)1/2

,

which is consistent with the known instability criterion Fr > 2 for flows in open inclined channels [1] for m0 � 1.

ROLL WAVES IN A CHANNEL IN THE PRESENCE OF FRICTION AND MASS TRANSFER

We consider the general case of system (3) at cw > 0. The uniform flow h ≡ h0 > 0, u ≡ u0 > 0, and

m ≡ m0 > 0 is the exact solution of (3) if

αh0 = cwu
2
0, m0 = (1− h0)ϕ(h0). (14)

Below we investigate the generation of roll waves in channels with a moderate angle of inclination, i.e., in the case

where inequality (13) does not hold and the uniform flow without mass transfer in the gas phase is stable. This

restriction allows us to assess the impact of the active gas phase on the structure of roll waves. At the same time,

we cannot restrict ourselves to the construction of roll waves in a horizontal channel (α = 0 and u0 = 0) made above

because in the case of unsteady processes of wave generation in flows in the presence of mass transfer in the gas

phase, the roll wave packet at α = 0 is unstable. The presence of small perturbations leads to the generation of roll

waves moving in the opposite direction and the generation of finite-amplitude standing waves in the channel. At the

same time, even with a small angle of inclination of the channel, the presence of mean flow (u0 > 0) suppresses the

development of perturbations upstream and leads to the formation of stable rolling waves propagating downstream

(D > u). For (D > u > 0), the traveling waves (3) are given by the system of equations

h(D − u) = y(D − uc) = q,

(1
2
(D − u)2 + h+

m

1− h

)′
= α− cwu

2

H
, −Dm′ = ϕ(h) − m

1− h
,

which can be reduced to the single equation on the plane (h,m)

dm

dh
=

ΦΔ1

F
. (15)

Here

Φ = Φ(h,m) = D−1
( m

1− h
− ϕ(h)

)
, Δ1 = Δ1(h,m) = − q2

h3
+ 1 +

m

(1− h)2
,

F = F (h,m) = α− cwu
2

h
− m

D(1− h)2
+

ϕ(h)

D(1− h)
, u = u(h) = D − q

h
.
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Fig. 3. Evolution of initial harmonic perturbations in a horizontal channel (α = 0 and cw = 0.005)
for t = 90 (a) and 200 (b).

Below we assume
G = G(h,m) =

q2

2h2
+ h+

m

1− h
.

It should be noted that Δ(h) = Δ1(h,M(h)) for α = 0 and cw = 0. In addition, the functions Φ and F on the

curve Γf vanish and their ratio has a finite limit. Hence, at small angles of inclination of the channel, the periodic

solution (15) at cw > 0 should have a structure similar to the structure of the solution developed for a horizontal

channel, i.e., it should pass through a singular point with coordinates satisfying the conditions Δ1(h,m) = 0

and F (h,m) = 0 and contain a steady discontinuity connecting the subcritical and supercritical branches of the

solution. Even at moderate angles of inclination of the channel which correspond to a Froude number Fr ∼ 1,

numerical calculations of unsteady flows show that the solutions enter the periodic mode corresponding to the

above-constructed periodic discontinuous solution for α = 0 and cw = 0. Below is an analysis of the structure of

roll waves in an inclined channel that arise from perturbations to steady flow.

EVOLUTION OF ROLL WAVES

The development of small perturbations in the steady flow satisfying the conditions (14) can be simulated by

numerical solution of the corresponding initial boundary-value problem for system (3). In this case, perturbations

can be added to the steady flow using both initial and boundary conditions. The hyperbolicity of system (3) allows

using standard numerical schemes for unsteady calculations. In the present study, the Godunov scheme is applied.

The main feature of the development of instability in a gas–liquid system that satisfies (9), in contrast to the

generation of roll waves in open channels, is the possibility of intensifying small perturbations in a medium at rest.

The directions of propagation of perturbations are equal, and in the bounded region occupied by an initially steady

liquid, undamped standing waves of finite amplitude can develop. In inclined channels at u > 0, the development of

perturbations in direction opposite to that of the stream is suppressed and, under certain conditions, quasiperiodic

flow in the form of a packet of roll waves of finite amplitude develops.

We consider the Cauchy problem for Eqs. (3) in a horizontal channel [ϕ(h) = h, α = 0, and cw = 0]. At

t = 0, the following initial data are given:

h = h0(1 + 0.01 cos (ωt)), u = 0, m = h0(1− h0),

h0 = 0.25, L = 30, ω = 18π/L.
(16)

At t > 0, we obtain a periodic (with period L) solution of Eqs. (3) and (16). Figure 3 shows the shape of the free

surface of the liquid layer at different times. Figure 3a shows that structures typical of roll waves but moving in

opposite directions are generated in the layer. These structures interact (see Fig. 3b) to form periodically repetitive
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Fig. 4. Roll waves in an inclined channel (t = 200, α = 0.005, and cw = 0.005): (a) flow with periodic
initial conditions; (b) development of perturbations of uniform flow at the channel inlet.

wave configurations. Accounting for friction (cw = 0.005) on the time intervals under consideration does not change

the phase and amplitude characteristics of the flow. In an inclined channel, the main flow is described by the

relations

h = h0, u = u0 =
√
αh0/cw, m = h0(1− h0). (17)

For α = 0.005 and cw = 0.005, it follows from Eqs. (17) that Fr = u0/
√
h0 = 1. The perturbation (16) of the

main flow at u = u0 > 0 also gives rise to wave motion, but the wave packet in this case consists of traveling waves

of finite amplitude that propagate to the right (Fig. 4a). At a certain time, the wave amplitude stops increasing and

a periodic wave packet of roll waves moving with constant velocity occurs. Figure 4a shows the wave configuration

that consists of nine waves and corresponds to the closed dashed line in Fig. 2. Consequently, all the images of the

waves from the packet considered lie on a closed curve, indicating the periodicity of the process. Moreover, in the

range of continuous change of parameters in the wave that corresponds to both subcritical and supercritical flow

regions, the constructed curve lies on the ACB curve (Fig. 2) which characterizes roll waves in a horizontal channel

in the absence of friction. Thus, the presence of a moderate angle of inclination of the channel does not change

the structure of the roll waves but provides their stability with respect to unsteady perturbations of the flow. The

development of perturbations in an inclined channel is shown in Fig. 4b. The channel length is L = 200, and the

initial depth is h0 = 0.3. We consider nonharmonic perturbations of the main flow (17) which are generated on left

boundary with a greater frequency than in Eqs. (16) and an amplitude smaller than 1%. The amplitude of these

perturbations increases downstream dramatically up to a certain critical value at which the wave growth suddenly

stops and a packet of roll waves with a structure corresponding to the wave shown in Fig. 4a is formed. A similar

situation is observed in the calculation of wave motion in open channels [14]. Thus, regardless of the method of

generating wave perturbations, a quasiperiodic “saturated” wave regime of the flow is formed.

CONCLUSIONS

In the mathematical model (1), (2) under consideration, the gas phase is active because self-organized wave

motion can occur and be sustained in the liquid layer through the inflow and outflow of gas, depending on the

pressure and volume of the gas cavity. If condition (9) is imposed on the gas supply rate, the presence of small

perturbations of the uniform liquid flow leads to the development of intense wave motion of quasiperiodic nature.

In this case, depending on the angle of inclination of the channel, the oscillations in the liquid layer have the form

of standing or traveling waves of finite amplitude. Equations (1) and (2) are hyperbolic equations and represent

the simplest “mechanical” model for generating wave motion through energy supply distributed along the channel

length to the gas phase in horizontal and near-horizontal channels.
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