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Abstract—In the shallow-water approximation, nonlinear long waves are considered with account for
small-scale waves on the free surface. The undular-bore structure, which within the framework of this
model is represented as a discontinuous solution with a relaxation zone adjacent to the discontinuity,
is investigated. The wave-packet damping rate is found. The solution obtained is compared with the
structure of the undular bore determined by the nonlinear dispersion equations of second-approximation
shallow-water theory.
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Nonstationary long-wave motions in open channels are commonly described using the different approx-
imations of shallow-water theory. In the first approximation the shallow-water equations coincide with the
equations of motion of a barotropic gas, an analogy widely used in modeling both continuous waves and
discontinuous solutions (hydraulic jumps and bores) [1]. However, in contrast to gas dynamics, the internal
structure in the transient zone replaced by a discontinuity is fairly complicated. For developed hydraulic
jumps and turbulent bores, the flow inside the transition zone is determined by the mixing and dissipa-
tion effects. The theory of turbulent bores is presented in [2, 3]. With decrease in the wave amplitude the
main contribution to the structure of a nonlinear bore is made by dispersion effects. The undular bore is
usually described within the framework of the second shallow-water approximation [4, 5]. The nonlinear
and dispersion effects on the wave front structure can also be described within the framework of nonlinear
hyperbolic models [3, 6]. Since the number of exact solutions (solitons and periodic flows) is limited, in
the second approximation of shallow-water theory the structure of nonlinear wave fronts can be found only
from a numerical solution of the corresponding nonstationary problem.

In this study we construct a simple mathematical model of shallow water, in which the effect of small-
scale surface waves on the structure of longer waves is taken into account. The model is represented by a
nonlinear hyperbolic system of equations which generalizes the classical shallow-water equations. Applied
to the problem of the structure of an undular bore, the model describes the zone of relaxation of a wave
packet generated by the wave front to a new equilibrium state. The stationary solution determining the flow
in the relaxation zone is constructed in explicit form. The asymptotics of damping of the small-scale motion
behind the undular-bore front are obtained and compared with a numerical solution within the framework
of the dispersion hyperbolic shallow-water model.

1. SHALLOW-WATER EQUATIONS

In the classical shallow-water theory, the main hypotheses that make it possible to eliminate the vertical
coordinate from the equations are the assumptions of a hydrostatic pressure distribution over the thin heavy-
fluid layer and the non-dependence of the horizontal velocity component on this coordinate. It is also
assumed that the fluid motion is represented by waves whose length is much greater than the fluid-layer
depth. The effect of short-period wave perturbations on the flow is usually neglected. At the same time, the
presence of intense short waves on the free surface due to wind action, dispersion effects and wave breaking
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MODEL OF AN UNDULAR BORE 113

leads to a significant change in the flow structure in the surface layer and may influence the propagation of
nonlinear long waves.

In the long-wave approximation, the small-scale motions of the free surface can be taken into account by
the inclusion in the model of a region occupied by intense wave motion. The surface layer is then determined
by the depth η , the velocity v, the density ρ , and the specific kinetic energy of small-scale motion e.

The lower layer, in which the flow is assumed to be potential, is characterized by the average depth h−,
the velocity u, and the density ρ0. For the plane-parallel flows considered below, the scalar quantities u and
v are nonzero components of the average velocity in the layers. In deriving the shallow-water equations
with account for short-period waves in the neighborhood of the free surface we will apply the approach
used in [3] (Ch. 5, 6), that is, for finding the average flow parameters in the layers will use the complete
mass, momentum and energy conservation laws. On the assumption of a hydrostatic distribution of the total
pressure (with account for small-scale pulsations), the equations of motion take the form:
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(1.1)

Here, g is the gravity acceleration, the fluid density ρ0 ≡ const, and the average density ρ is determined
by the process of flow alternation in the surface layer, that is, by the relative time during which the liquid
phase stays in this layer. Equations (1.1) are similar to system (1.16), Ch. 6 in [3]. The main difference lies
in the fact that system (1.16) was derived for stratified fluid flows such that |ρ/ρ0 − 1| � 1; therefore, in
that system the Boussinesq approximation was used. System (1.1) is still unclosed since in it the number
of unknowns is greater than the number of equations. Further simplifications include the hypothesis v ≡ u,
that is, in this model the wave drift is neglected. Moreover, we will assume that the sublayer is determined
by the presence on the surface of short symmetric waves of amplitude η , whose spatial scale is smaller than
the averaging scale adopted. In this case, the sublayer growth rate f + = f− = f and from (1.1) it follows
that ((
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x
= 0, (1.2)

that is, the condition ρ ≡ ρ0/2 is satisfied for t > 0 if it is satisfied at t = 0. In what follows we will assume
that it is satisfied. On the assumptions adopted, system (1.1) can be somewhat simplified by the introduction
of the unknown variables h = h− + ζ and ζ = η/2:
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Moreover, the law of entrainment into the sublayer is specified:

ζt + (ζu)x = f . (1.4)
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In order to determine the function f , we will use a corollary of system (1.3), which is similar to the gas
dynamic equations. By virtue of (1.3), for z = ζ/h the following relation holds:

2gh2z(zt + uzx) + (ζe)t + (ζeu)x = 0. (1.5)

From the definition of z and the first equation (1.3) it follows that

(ζe)t + (ζeu)x = he(zt + uzx) + hz(et + uex) . (1.6)

The function f is related with the rate of small-scale oscillation generation in the surface layer χ as
follows:

f = − χζ
e + 2gζ

, et + uex = χ . (1.7)

From Eqs. (1.3) it follows that the excitation of short waves in an initially equilibrium flow (ζ0 = 0) is
associated with an increase in the potential energy of the system (ζ > 0) during the passage of the wave
front through the fluid volume in question. Subsequently, the internal potential energy of the system goes
over into the kinetic energy of small-scale motion. The simplest hypothesis corresponding to the above-
formulated ideas about the presence of a source of short-wave oscillations on the front of the long wave
consists in the assumption that a change in the rate q of small-scale motion, determined from the relation
e = q2, is proportional to the gravity acceleration:

qt + uqx = μg/2, et + uex = χ = μgq, μ ≡ const. (1.8)

Thus,

f = −σq, σ =
μgζ

e + 2gζ
, (1.9)

and, in view of (1.5) and (1.8), system (1.3) can be closed by the inhomogeneous conservation law

(ζe)t + (ζeu)x = −2gζ f = 2σqgζ . (1.10)

Subtracting (1.10) from the energy equation in (1.3), we can eliminate the variable e from the principal
part of system (1.3), but Eq. (1.10) remains linked with the main system via its right side.

The choice of conservation law (1.10) is associated with the problem of describing discontinuous solu-
tions (bores) in the model considered. It is easy to see that system (1.3) can be closed by Eq. (1.4), which
also has the form of a conservation law and is therefore suitable for constructing discontinuous solutions.
The continuous solutions of systems (1.3), (1.4) and (1.3), (1.10) coincide, but the discontinuity relations
that follow from these conservation laws are different. From Eq. (1.10), in view of (1.3), it follows that on
the discontinuity the function ze is continuous and from Eq. (1.4) it follows that the function z is continuous
also. Below, it will be shown that the first of these conditions is in qualitative agreement with the structure of
a wave bore obtained within the framework of the dispersion shallow-water models. Thus, in what follows
we will investigate the traveling wave structure for system (1.3), (1.10) in relation to bore generation in the
lock breakdown problem (the problem of the breakdown of an arbitrary discontinuity if the terminology
used for the equations of gas dynamics is retained).

The system of equations obtained contains a numerical parameter μ , but this parameter is unimportant
when constructing solutions and can be taken to be equal to unity by stretching the independent variables. In
what follows we will use this parameter for scaling the solution obtained for comparison with the dispersion
model of an undular bore.

FLUID DYNAMICS Vol. 44 No. 1 2009



MODEL OF AN UNDULAR BORE 115

2. STRUCTURE OF THE BORE IN MODEL (1.3), (1.10)

We will consider traveling waves (1.3), (1.10), that is, solutions that depend on the combination of vari-
ables ξ = x − Dt. Since the equations (1.3) and (1.10) are invariant under the Galilean transformation, it
is sufficient to consider the structure of the stationary solutions in the coordinate system tied to the wave.
Within the framework of model (1.3), (1.10), the bore propagating over the undisturbed fluid is a combina-
tion of the discontinuous solution that transforms the supercritical uniform flow (ζ0 = 0, e0 = 0) of depth
h0 and velocity u0 (u2

0 > gh0) into a flow with the parameters h1, ζ1, and u1 (h1 > h0, ζ1 > 0) and a relax-
ation zone adjacent to the discontinuity that transforms the flow into a uniform subcritical flow with h = h2,
u = u2, and ζ = 0 (u2

2 < gh2).
In dimensionless variables (h0 = 1, g = 1, u0 > 1) system (1.3) takes the form:
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2
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(2.1)

As mentioned above, from (1.10) it follows that on the discontinuity the following relation holds:

ζ1e1u1 = h1u1z1e1 = ζ0e0u0 = 0. (2.2)

Since for u0 > 1 from (2.1) and (2.2) it follows that z1 > 0, in the jump kinetic energy of small-scale
motion is not generated (e1 = 0) and the transition of potential into kinetic energy is realized in the relaxation
zone in accordance with (1.4), that is,

dz
dξ

=
f

u0
= − μzhq

u0(e + 2zh)
= − μz2hq

u0(ze + 2z2h)
. (2.3)

The functions z2 = ϕ(h) and ze = ψ(h) can be found from (2.1) in the explicit form:

ϕ(h) =
1
h2 − 1 +

2u2
0(h − 1)

h3 , ψ(h) =
u2

0(1 − h2)
h2 + 2(1 − h(1 + ϕ(h))). (2.4)

With account for (2.4), Eq. (2.3) becomes an equation for the single unknown function h

dh
dξ

= − 2μhϕ5/4ψ1/2

u0(ψ + 2hϕ)ϕ ′ . (2.5)

The solution of (2.5) can be represented in quadratures:

x = x0 −
h∫

h1

u0(ψ(s) + 2sϕ(s))ϕ ′(s)ds

2μsϕ5/4(s)ψ1/2(s)
. (2.6)

The qualitative behavior of the solutions of Eqs. (2.5), (2.6) is determined by the properties of the func-
tions ϕ(h) and ψ(h). We note that

ϕ ′(h) < 0
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h > h∗ =

3u0

2u2
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)
. (2.7)

If h > 1, the equation ψ (h) = 0 has a single root h = h1
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3u2

0
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0 + 2

, (2.8)
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and h1 > h∗ if u0 > 1. Thus, from (2.7) and (2.8) it follows that for h > h1 the function ϕ(h) monotonically
decreases and, hence, in view of (2.5), the function h = h(ξ ) monotonically increases. The limiting depth
in the relaxation zone is determined by the condition ϕ(h) = 0.

In accordance with (2.1), this condition yields the conjugate depth h = h2; in classical shallow-water

theory h2 = (
√

1 + 8u2
0 − 1)/2, since at this depth the sublayer disappears (z2 = 0). As h → h2 (z →

0) the specific kinetic energy of the small-scale motions increases without bound. This follows from the
unboundedness of the function ψ = ze. With decrease in the sublayer thickness the scale of the motions
in the surface layer becomes smaller. Naturally, the rate of dissipation of the small-scale motion energy,
which in this model was not taken into account, leads to a change in the asymptotics of the function e at
small sublayer thicknesses. Nevertheless, in order to simplify the initial model, we have not introduced
semiempirical energy dissipation laws into the model. We recall that, although the model (1.3), (1.10)
contains no important empirical constants, it qualitatively describes the structure of the undular bore within
its domain of applicability, that is, for Froude numbers u0 close to unity.

3. HYPERBOLIC SHALLOW WATER MODEL WITH DISPERSION

In [6], in the long-wave approximation we constructed a mathematical model of heavy fluid flow above
an uneven bottom in the form of an inhomogeneous hyperbolic system of conservation laws. This system
was used, in parallel with the Green–Naghdi equations [5], for describing the supercritical and transcritical
flows in the neighborhood of a local obstacle. For flow above an even bottom the dispersion hyperbolic
model can be represented in a form similar to system (1.3), (1.4):

ht + (hu)x = 0, (hu)t + (hu2 + Pf )x = 0, (3.1)
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6
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2.

(3.2)

Here, h and u are the flow depth and velocity and hf and s are “internal” variables associated with the
short-wave perturbations of the free surface. The dimensional parameter α is related with the averaging
scale used in constructing the model [7]. For example, as α → 0, Eqs. (3.1), (3.2) go over into the classical
shallow-water equations, whereas the passage to the limit α → ∞ yields the Green–Naghdi equations [5].
For weakly nonlinear wave motions, the model (3.1), (3.2) and the second-approximation shallow-water
equations (Boussinesq, Green–Naghdi, etc. equations) have the same order of long-wave approximation in
the Cauchy–Poisson problem [7]; therefore, system (3.1), (3.2) can be used for describing the evolution of
long-wave perturbations of moderate amplitude, alongside the other models of shallow-water theory.

For smooth solutions, subsystem (3.2) can be replaced by the equivalent nondivergent system of equa-
tions

(hf )t
+ u(hf )x

= s, st + usx = α(h − hf ). (3.3)

For a fixed parameter α the value h is the average flow depth and hf is the instantaneous depth at a
given point. It is assumed that these values differ insignificantly, that is, |h − hf | � h, which ensures the
hyperbolicity of system (3.1), (3.2).

The characteristics of system (3.1), (3.2) or (3.1), (3.3) can be represented in the form:

dx
dt

= λ±
f = u ±

√(
g + α

(
h − 2

3
hf

))
h,

dx
dt

= λ0 = u,
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Structure of the undular bore. Comparison of the numerical solution of the problem of wave-packet generation by a
moving wall in accordance with model (3.1), (3.3) (α = 40) with the discontinuous solution of Eqs. (1.3), (1.10) (μ = 0.1):
(a) D = 1.1, x0 = 14; (b) D = 1.27, x0 = 13.

where λ0 is a multiple characteristic.
For comparison, we will write down the characteristics of system (1.3), (1.4):

dx
dt

= λ±
w = u ±

√
(1 + z2)gh,

dx
dt

= λ0 = u.

For each of the above-mentioned models the equilibrium model is the classical shallow-water model with
the characteristics λ±

e = λ±
f (z = 0).

For sufficiently large values of the parameter α the characteristics of the model hierarchy constructed
can be ordered as follows:

λ−
f < λ−

w < λ−
e < λ0 < λ+

e < λ+
w < λ+

f . (3.4)

Model (3.1), (3.2) describes solitonlike traveling waves propagating at a velocity within the range be-
tween the equilibrium and frozen velocities of the characteristics [4]; therefore, from (3.4) it follows that
the discontinuous solution for bore propagation obtained in the previous section corresponds in model
(3.1), (3.2) to the smooth solution representing the nonlinear wave packet. The existence of a stationary
wave packet that transforms the undisturbed state h = h0 into the equilibrium state behind the wave front
(h = hf = h2, u = u2, s = 0) is impossible without energy loss in the transition region. However, for waves
of moderate amplitude, to which the models considered alone are applicable, the energy loss necessary for a
stationary bore to exist is very small. From the general theory of hyperbolic systems [8] it follows that this
quantity is of the third order relative to the wave amplitude. Therefore, in numerically solving the problem
of undular bore generation within the framework of models (3.1), (3.2) or (3.1), (3.3), the quasi-stationary
structure of the undular bore is established.

Equations (3.1), (3.3) were solved using the first-order Godunov method, in which the approximative
viscosity plays a part similar to the mechanism of energy outflow into the subgrid-scale motions in model
(1.3), (1.10). With decrease in the grid step in the computations the absolute values of the gradients of the
unknown functions increase, which leads to an increase in the wave amplitude in the undular bore. At the
same time, the change in the phase characteristics of the waves in the wave packet is insignificant. Thus, at
least for first-order numerical methods, in calculating rapidly oscillating motions we have a self-consistent
mechanism of partial energy extraction from the equations of motion and stationary structure formation.
Of course, when using higher-order numerical methods, the dispersion characteristics of the method may
no longer be balanced by the approximative viscosity and the wave packet will then start to disintegrate.
However, the numerical solution obtained for the problem of undular bore structure is quite suitable for
representing the process of energy transfer from long to short waves within the framework of model (1.3),
(1.10).

The figure shows the profile of an undular bore calculated using model (3.1), (3.3) (curve 1). In the
dimensionless variables (g = 1, h0 = 1) the wave is generated by a vertical wall moving into a stationary fluid
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of depth h0 at a constant velocity um. In the figure the wave moves leftward (um < 0). Over a sufficiently
long period of time, in the coordinate system moving at the velocity D (D < 0) a quasi-stationary wave
profile is formed. The leading front of the head wave is a soliton; therefore, the hypothesis of the symmetry
of the wave process in the packet, used in model (1.3), (1.10), holds only at a certain distance from the
head wave. In model (3.1), (3.3) the solution depends on the parameter α , but at sufficiently large α (in the
calculations α = 40) the average and instantaneous depths almost coincide and a further increase in α does
not change the flow structure. Curves 2 and 3 represent the sublayer boundaries in the stationary solution
of the problem of the bore structure within the framework of model (1.3), (1.10). The discontinuity position
was taken at a certain distance x0 from the front of the leading wave. The relationship between the vertical
and horizontal flow scales is determined by the constant μ = 0.1. Line 4 shows the average fluid layer depth
calculated from formula (2.6).

It can be seen from the graphs that for moderate waves the boundaries of small-scale wave motion
(curves 2 and 3) determined from model (1.3), (1.10) correspond quantitatively, and not just qualitatively,
to the damping rate of the wave packet calculated in accordance with model (3.1), (3.3) (curve 1). It is
important to note that Eqs. (1.3), (1.10) are not modulation equations for wave packets in the ordinary
sense, since they were derived without using information about the internal characteristics of the wave
packet. Nevertheless, hypothesis (1.8) concerning the small-scale motion generation rate leads to results
consistent with higher-level models.

Summary. A simple mathematical model (1.3), (1.4) (or (1.3), (1.10)) describing the effect of short-
period surface waves on the structure of longer waves is developed. The equations of motion are similar to
those of gas dynamics with account for relaxation effects [4] (Ch. 10). For example, in a relaxing gas some
of types of internal motion rapidly reach the equilibrium state and the transition to a new state yields in the
limit a solution discontinuous in these variables, whereas slower processes relax to a new equilibrium state
in a certain region adjacent to the discontinuity. The generality of the approach proposed consists in the fact
that the equations of motion so constructed do not contain important empirical constants and the model is
applicable to a wide class of stratified and multiphase flows.

The work was supported financially by the Russian Foundation for Basic Research (project No. 07-
01-00609) and the International INTAS Foundation (project No. 06-9236) and was carried out within the
framework of Integration Project of the Siberian Branch of the Russian Academy of Sciences No. 2.15.
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