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Abstract—The impact of an elastic plate onto the compressible fluid without free surface
deformation is considered. The ability of the liquid volume to be deformed is geometrically limited
which leads to severe impact conditions. The present analysis is focused on the stresses in the
plate and the hydrodynamic loads under the impact. The motivation for this research comes from
ship hydrodynamics, where the hulls of a catamaran restrict the liquid outflow and the water
impacts onto the wetdeck. The influence of the air on the impact process is investigated. The
analysis did not reveal any great advantage of utilizing the air-cushion effect or ejection of air
into the water near the impact region to prevent high stresses in the elastic plate. It was found
that in the problem considered, the stress peaks far from the plate centre and the one-mode
approximation does not provide correct information about the stress level. 1998 Elsevier Science
Ltd. All rights reserved

1. INTRODUCTION

The plane unsteady problem of water impact onto a catamaran wetdeck (wetdeck
slamming) is considered. Laboratory experiments (Fanget al., 1996) and sea trials (Wanab
et al., 1971) demonstrate that the motions of a catamaran in severe sea states may be
accompanied by impacts of water onto the wetdeck. The wetdeck slamming can lead to
ship vibration, and local and global damage of platings. The severity of the impact is
determined not only by the sea state, but also by the catamaran motions. When the heave
and/or pitch motions of the vessel are large, the wetdeck slamming can follow the forward
bottom slamming, but wetdeck slamming may also occur independently of other types of
slamming. If the water impact on the wetdeck takes place after the forward bottom slam-
ming (this situation can be frequently observed), the liquid flow between the hulls is
already disturbed after the impacts of the hull bows. Due to the interaction of the disturb-
ances caused by each hull, a column of air-water mixture with irregular upper boundary
is formed between the hulls (Fang, 1996). This column is pilled up owing to the penetration
of the hulls into the water and its wetdeck impact can be very severe. The presence of
air in the mixture reduces the hydrodynamic loads onto the wetdeck but, on the other
hand, makes the process difficult to analyse and control. Numerical simulations of the
large-amplitude motion of a catamaran cross-section were performed by Araiet al. (1995)
with emphasis on the effects of the sidehulls. It was found that the water column with its
upper free surface almost parallel to the wetdeck is formed for the asymmetrical sidehulls.
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A simple model to estimate maximum bending stresses in the wetdeck under slamming
loads is suggested. The model makes it possible to analyse the wetdeck response to water
impacts and can be easily verified experimentally. The phenomenon of the wetdeck slam-
ming is very complicated and one cannot expect to get its description correct in all details.
However, in order to estimate the roles of different effects (concentration of air in the
mixture, interaction of the wetdeck with hulls, the value of the impact velocity and so on)
in the impact process, it is not necessary to analyse all possible situations. The most critical
situation has to be analysed first.

The most severe situation, which is considered here to estimate bending stresses in the
wetdeck, can be described as follows. Initially the catamaran hulls are totally submerged,
and the wetdeck of the length 2L is aligned with the liquid boundary (Fig. 1a). The liquid
and the vessel are at rest. Concentration of air in the air-water mixture between the hulls
is uniform, known in advance and is equal toa, a . 0, a«1. The effective sound speed
and the density of the static mixture arec and r, respectively. At some instant of time,
taken ast = 0 the vessel begins to penetrate the fluid, the initial impact velocity being
V0. We shall determine the distribution of the bending stresses in the wetdeck, hydrodyn-
amic loads on the wetdeck, and the vertical motion of the vessel.

The problem under consideration can be additionally simplified by neglecting the verti-
cal forces on the hulls and assuming infinite draft. This means that the hulls are replaced
by infinite vertical plates (Fig. 1b), that can only increase the severity of the impact. The
simplified model is very suitable for experimental analysis and verification.

We consider the air-water mixture between the hulls as a continuum. The pressure

Fig. 1. Water impact onto a catamaran wetdeck. (a) Initially the wetdeck touches the liquid boundary, which is
at rest. (b) Simplified model with very thin sidehulls and infinite draught.
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distribution inside this medium is described by adiabatic acoustic theory. The flow is
assumed plane and irrotational, the wetdeck is modelled as an Eulear beam with its edges
simply supported.

It should be noted that the continuum has to be treated as compressible because the
liquid flow is restricted and the dependence of the liquid volume on time has to be taken
into account. Moreover, the acceleration of liquid particles is high at the impact moment,
which leads to shock wave formation. The present problem differs from the problem of
a blunt-body impact onto a liquid free surface (see Korobkin, 1996b). A blunt-body impact
illustrates the case when the rate of the involving liquid particles in motion is high. The
process geometry shows that the speed of the expansion of the wetted part of the body
is infinite at the impact moment and decreases thereafter. The incompressible liquid model
gives that the hydrodynamic pressures are unbounded at the impact moment, but the hydro-
dynamic force is finite. In contrast to the blunt-body impact, the incompressible liquid
model does not allow us to estimate the hydrodynamic loads in the problem considered.

2. FORMULATION OF THE PROBLEM

The plane problem of the impact of a simply-supported beam on the surface of an
acoustic medium is considered in non-dimensional variables. The scales of the variables
are chosen as follows:L is the length scale,L/c is the time scale,V0L is the scale of the
velocity potential of the medium flow,LV0/c is the scale of the beam deflection, andrcV0

is the pressure scale.
A sketch of the flow is shown in Fig. 2. Initially the fluid is at rest and occupies a

region y , 0, 2 1 , x , 1. An elastic beam,y = 0, 2 1 , x , 1, touches the fluid
boundary and is undeformed. The vertical walls,x = ± 1, are rigid. The centre of the beam
is taken as the origin of the Cartesian coordinate systemxOy. At t = 0 the beam begins
to move down, its initial velocity being unity in the non-dimensional variables so that
v(0) = 1. The beam is the bottom of a structure. The change of the structure velocityv(t)
is due to gravity force and the interaction between the rigid structure and its elastic bottom.
The hydrodynamic loads on the beam depend on its deflection and vice-versa. The prob-
lem, in general, is coupled so that the hydrodynamic loads and the beam deflection have
to be determined at the same time. We assume that the initial impact velocityV0 is much
less than the effective sound speed in the fluidc, which depends on the concentration of
air in the liquid a only. The initial stage of the impact,t = O(1), is under consideration
here. At this stage the displacements of the fluid particles, the displacement of the structure
and the beam deflection are small. Therefore, the boundary conditions on the wetted elastic
surface can be linearized and imposed on the initial undisturbed fluid level. The lineariz-
ation of the equations of fluid motion leads to the acoustic approximation, whereby the
flow is governed by the wave equation for the velocity potentialf(x,y,t). We assume that
the beam deformation is described by the Euler equation for the deflectionw(x,t),uxu , 1
at the initial stage.

Within the framework of the acoustic approximation the flow domain coincides with
the half-stripy , 0, 2 1 , x , 1, which is occupied by the fluid at the initial moment,
t = 0. The fluid flow, the beam deflection and the motion of the structure are described
in the non-dimensional variables by the following equations

ftt = fxx + fyy ( 2 1 , x , 1, y , 0, t . 0), (1)
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Fig. 2. The flow pattern. Initially the acoustic medium is at rest and occupies the regiony , 0, 2 1 , x , 1,
the beam is undeformed and touches the liquid along the interval y= 0, 2 1 , x , 1. (b) The flow scheme:

SW, shock wave;EB, Euler beam.

fx = 0 (x = ± 1, y , 0), (2)

fy = 2 v(t) + wt(x,t) ( 2 1 , x , 1, y = 0, t . 0), (3)

f = ft = 0 ( 2 1 , x , 1, y , 0, t = 0), (4)

e
∂2w
∂t2

+ b
∂4w
∂x4 = p(x,0,t) + e

dv
dt

( 2 1 , x , 1, t . 0), (5)

w = 0, wxx = 0 (x = ± 1, t . 0), (6)

w = wt = 0 ( 2 1 , x , 1, t = 0), (7)

p(x,y,t) = 2 ft(x,y,t), (8)

dv
dt

=
vg

v 2 e
2

b

v 2 e

∂3w
∂x3 (1,t) (t . 0), (9)

v = 1 (t = 0) (10)
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Here e = m/(Lr), b = EJ/(rc2L3),g = gL/(V0c), v = MT/(2rL2), wherem is the beam
mass per unit length,E is the elasticity modulus,J is the inertia momentum of the beam
cross-section,g is the acceleration due to gravity, andMT is the total mass of the structure
divided by the beam width. The bending stresses in the beam are given in the non-dimen-
sional variables ass(x,t) = ∂2w/∂x2 with its scale beingEhV0/(2Lc), h is the maximal beam
thickness. The results on the stress level in the beam are presented with the help of strains
e(x,t), which are connected with the functions(x,t) by the formulae(x,t) = [hV0/(2Lc)]s(x,t)
or, in the dimensional variablese = s9/E, wheres9 is the dimensional bending stress. It
is assumed that all parameterse, b, g are less than unity or of order of unity. If at least
one of them is much greater than unity, the scale of the beam deflection has to be changed.
The model (1)–(10) is based on the ideas by Ershov and Shakhverdi (1984), who suggested
for the estimation of the stresses in a catamaran wetdeck under the water impact, that one
may assume that the wetdeck is totally wetted.

It is important to note that for a rigid-body impact,w(x,t) = 0, the flow is one-dimen-
sional,fx(x,y,t) = 0. Therefore, the two-dimensional character of the present problem is
due to the beam deflection only.

The boundary-value problem (1)–(10) is analyzed with the help of the normal mode
method. We shall determine the beam deflection and the distribution of both the bending
stresses in the beam and the hydrodynamic pressures along the beam.

3. METHOD OF NORMAL MODES

Within the framework of the method of normal modes the beam deflectionw(x,t) is
presented in the form

w(x,t) = O`
n = 1

an(t)cn(x). (11)

Here cn(x) are the non-trivial solutions of the equation

d4cn

dx4 = l4
ncn ( 2 1 , x , 1)

with the corresponding homogeneous boundary conditionscn( ± 1) = 0, cn"( ± 1) = 0,
thus ln are the eigenvalues. In our case, the boundary conditions (6) provide

cn(x) = cos(lnx), ln =
p

2
(2n 2 1). (12)

The eigenfunctions (12) satisfy the orthogonality condition

E
1

2 1

cn(x)cm(x)dx = dnm (13)

wherednm = 0 whennÞm anddnn = 1. It is convenient to take the coefficientsan(t), n =
1,2,... as the new unknown functions and to express all other quantities in terms of them.

Equation (13) gives the following expansion of unity with respect to the eigenfunctions



692 Alexander Korobkin

1 = O`
n = 1

cncn(x), cn = E
1

2 1

cn(x)dx. (14)

It follows from (12) that

cn =
4( 2 1)n + 1

p(2n 2 1)
. (15)

Expression (14) and representation (11) indicate that the hydrodynamic pressurep(x,0,t)
along the beam can be expressed as

p(x,0,t) = O`
n = 1

pn(t)cn(x) + v(t) (16)

where the coefficientspn(t) are unknown and have to be found together with the solution
of the original problem (1)–(10). Taking into account Equations (11), (14) and (16), we
can derive from Equation (5) the infinite system of the ordinary differential equations for
the coefficientsan(t)

eän + bl4
nan = pn(t) + ev·cn + v(t)cn (t . 0) (17)

and from Equation (7) the initial conditions

an = 0, a·n = 0 (t = 0). (18)

Dot stands for the derivative with respect to time. The functionspn(t) are very important
in the impact problems. They describe the interaction between the fluid flow and the beam
deformations. Equation (17) has to be treated together with Equation (9) for the velocity
of the structure and relations, which expresspn(t) in terms of the coefficientsam(t), m $
1. The relations can be easily derived by the method of separated variables. But this
approach gives expressions, which are difficult both to evaluate numerically and to analyse
(Korobkin, 1996c). Another technique suggested by Frankel (1990) is used below.

4. PRESSURE DISTRIBUTION

Equations (8) and (16) show that the potential distribution along the beamf(x,0,t) is
given as

f(x,0,t) = O`
n = 1

dn(t)cn(x) 2 E
t

0

v(t)dt ( 2 1 , x , 1), (19)

pn(t) = 2 d·n(t). (20)

Correspondingly, condition (3) provides

fy(x,0,t) = O`
n = 1

ln(t)cn(x) 2 v(t) ( 2 1 , x , 1), (21)

ln(t) = a·n(t).
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Consider the new functionsfm(x,y,t), m = 1,2,3,... which satisfy the equations

∂2fm

∂t2
=

∂2fm

∂x2 +
∂2fm

∂y2 ( 2 1 , x , 1, y , 0),

∂fm

∂x
= 0 (x = ± 1, y , 0), (22)

∂fm

∂y
= lm(t)cm(x) ( 2 1 , x , 1, y = 0),

fm =
∂fm

∂t
= 0 (t = 0).

Equation (21) yields

f(x,0,t) = O`
m = 1

fm(x,0,t) 2 E
t

0

v(t)dt ( 2 1 , x , 1).

Therefore,

dn(t) = O`
m = 1

E
1

2 1

fm(x,0,t)cn(x)dx

as follows from Equations (19) and (13), and

pn(t) = 2 O`
m = 1

C
·

nm(t), (23)

Cnm(t) = E
1

2 1

fm(x,0,t)cn(x)dx, (24)

as follows from (20).
In order to solve the problem (22), we use the approach suggested by Frankel (1990).

The boundary conditions onx = ± 1, y , 0 in (22) are satisfied via a continuation offm

by means of symmetric reflections relative tox = 2 1 and x = 1. The new functions,
which are now determined in the whole lower half-plane, are denoted bywm(x,y,t). The
functions satisfy the following equations

∂2wm

∂t2
=

∂2wm

∂x2 +
∂2wm

∂y2 (y , 0, t . 0),

∂wm

∂y
= lm(t)( 2 1)i(x)cm(x) (y = 0, t . 0), (25)

wm =
∂wm

∂t
= 0 (t = 0),
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which can be derived in the same manner as was done by Frankel (1990) for the wave-
maker problem. Herei(x) is the integer number such that 2i(x) 2 1 is the maximal uneven
number which is smaller thanx. For example,i(x) = 0 where2 1 # x , 1, i(x) = 1
where 1# x , 3 and i(x) = 2 where 3# x , 5. It follows from the definition of the
functionswm that fm(x,y,t) = wm(x,y,t) where uxu , 1. Problem (25) is simpler than (22)
and its solution gives

fm(x,0,t) =
1
p E E

s(x,t)

∂wm

∂y
(j,0,t)

djdt

√(t 2 t)2 2 (x 2 j)2 (26)

where2 1 , x , 1, t . 0. The integration domains(x,t) is the right isosceles triangle
with its base on the axisOt and its tip at the pointj = x, t = t (Fig. 3). A new integration
variablej = x + (t 2 t)s makes it possible to rewrite formula (26) as

fm(x,0,t) =
1
p E

t

0
3 E

1

2 1

∂wm

∂y
(x + (t 2 t)s,0,t)

ds

√1 2 s2 4dt. (27)

Substituting Equation (27) into Equation (24) and taking equation Equation (25) into
account gives

Cnm(t) =
1
p E

t

0

lm(t)Snm(t 2 t)dt, (28)

Snm(t) = E
1

2 1

Knm(ts)
ds

√1 2 s2 , (29)

Knm(h) = E
1

2 1

( 2 1)i(x + h)cos(lnx)cos(lm(x + h))dx, (30)

where2 ` , h , + `. From the definition of the functioni(z) it follows that

i(z + 2) = i(z) + 1, 2 ` , z , + `.

Fig. 3. The geometry of the integration domain for determining the velocity potential.
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Therefore,i(h + 1) = i(h 2 1) + 1 and the integration interval in formula (30) can be
divided into the following two parts: 1)2 1 , x , x*(h) where i(x + h) = i(h 2 1); 2)
x*(h) , x , 1 wherei(x + h) = i(h 2 1) + 1. The functionx*(h), 2 1 # x* # 1, is such
that there exists an integer numberN(h), with which h + x*(h) = 2N(h) + 1. Then

Knm(h) = ( 2 1)i(h 2 1) H E
x*(h)

2 1

2 E
1

x*(h)

Jcos(lnx)cos(lm(x + h))dx. (31)

The valuei(h 2 1) is calculated with the help of the formula

i(z) = sgn(z)O`
i = 0

H(uzu 2 (2i + 1)), (32)

whereH(z) = 1 for z . 0 andH(z) = 0 for z # 0. By algebra we find from Equation
(31) that

Knm(h) = 2 ( 2 1)i(h 2 1)Fcos(ln 2 lm)
sin lmh 2 sin lnh

lm 2 ln
(33)

+ cos(lm + ln)
sin lmh + sinlnh

lm + ln
G mÞn,

Knm(h) = ( 2 1)i(h 2 1)Fx*(h)coslnh +
1
ln

sin lnhG m = n. (34)

We denote (2 1)i(h 2 1) by z(h), z(h) = ± 1, andx*(h)( 2 1)i(h 2 1) by x(h). It is important
to notice that [dx/dh](h) = 2 z(h). It can be found from formula (33) thatKnm(h) =
Kmn(h) andKnm(0) = 0, nÞm. Without loss of generality, we can assume thatn . m and,
therefore,ln . lm. Then Equations (33) and (34) yield

Knm(h) =
2z(h)( 2 1)n + m

ln(1 2 l2
m/l2

n)
Ssin lmh 2

lm

ln
sin lnhD, (35)

Knn(h) = x(h)coslnh +
1
ln

z(h)sin lnh, (36)

Knn(0) = 1. (37)

Taking Equations (28) and (37) into account, we obtain

C
·

nm(t) =
1
p E

t

0

a·m(t)S9
nm(t 2 t)dt + a·n(t)dnm. (38)

From Equations (23) and (38) it follows that

pn(t) = 2 a·n(t) 2
1
p
O`

m = 1

E
t

0

a·m(t)S9
nm(t 2 t)dt. (39)
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Formulae (35) and (36) and the definitions ofz(h) andx(h) show thatKnm(h) = Knm(2h);
therefore, we find from Equation (29)

Snm(t) = 2E
1

0

Knm(ts)
ds

√1 2 s2 . (40)

Correspondingly,

S9
nm(t) = 2E

1

0

K 9
nm(ts)

sds

√1 2 s2 , (41)

where

K 9
nm(h) = 2z(h)( 2 1)n + m

lm/ln

1 2 l2
m/l2

n
(coslmh 2 coslnh) (42)

for n . m, and

K 9
nn(h) = 2 x(h)ln sin lnh. (43)

Substituting formulae (42) and (43) into (41) and introducing new integration variables
= sinu, we obtain

S9
nm(t) = 4( 2 1)n + m

lm/ln

1 2 l2
m/l2

n
(sm(t) 2 sn(t)),

sm(t) = E
p/2

0

z(t sin u)cos(lmt sin u)sin udu, (44)

n . m, S9
mn(t) = S9

nm(t),

S9
nm(t) = 2 2lnE

p/2

0

x(t sin u)sin(lnt sin u)sin udu. (45)

In particular,S9
nm(0) = 0 for all n and m. This means that the integral terms in Equation

(39) do not depend on any characteristics at the moment of observationt.
At the initial stage of the impact, 0, t , 2, the coefficientsS9nm(t), S9nn(t) can be

expressed with the help of the Struve functionsH0(z) andH1(z) where

H0(z) =
2
p E

p/2

0

sin(zsin u)du, H1(z) =
2
p

2 H09(z).

Indeed,z(tsinu) ; 1 andx(tsinu) = 1 2 tsinu where 0, t , 2. Therefore,

S9
nm(t) = 2p( 2 1)n + m

lm/ln

1 2 l2
m/l2

n
[H1(lnt) 2 H1(lmt)],
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S9
nn(t) = 2 plnFJ1(lnt) + tSH1(lnt)

lnt
2 H0(lnt)DG.

The coefficients pn(t) are ofO(n 2 1) asn→` owing to Equation (16) and the fact that
p(1,0,t) 2 n(t)Þ0 in general case. Therefore, the convergence of the series in Equation
(16) is not fast enough for numerical calculations. It is proposed to calculate the pressure
from the hydrodynamical part of the original problem assuming the functionsa·n(t), n =
1,2,... andn(t) known. In particular, the pressure at the centre of the beam is given at the
initial stage, 0, t , 3, as

p(0,0,t) = v(t) 2 O`
n = 1

a·n(t) + O`
n = 1

lnSE
t

0

a·n(t)J1[ln(t 2 t)]dt

2
4
p

H(t 2 1) E
t 2 1

0

a·n(t)MFarcsin
1

t 2 t
,ln(t 2 t)GdtD, (46)

M[x,z] = E
p/2

x

sin(zsin u)sin udu.

The series in Equation (46) are suitable for numerical evaluations.
In order to determine the asymptotic behaviours ofan(t) anda·n(t) whenn→`, we con-

sider the initial value problem (17), (18). The right-hand side in Equation (17) can be

approximated by
2

pn
[p(1,0,t) + ev·(t)]( 2 1)n + 1 for n»1 as it follows from Equation (5)

and Equation (15). Therefore,

an(t) =
2( 2 1)n + 1

pnv2
n

Sp(1,0,t) + ev·(t) 2 F1 +
evg

v 2 eGcosvntD + …

where n→`, v2
n = bl4

n/e. Differentiating this asymptotic formula with respect to time,
we obtain

a·n(t) =
2( 2 1)n + 1

pnvn
S1 +

evg

v 2 eDsin vnt + …

Thus, an(t) = O(n 2 5), a·n(t) = O(n 2 3) as n→`, and both the beam deflection and the
bending stress distribution can be effectively evaluated with the help of the normal
mode method.

5. NUMERICAL RESULTS

The system (17), (9), wherepn(t) are given by formula (39), with the initial conditions
(10), (18) was solved numerically by the Runge-Kutta method. The number of the eigen-
modesNmod was limited by 5 in the main part of the calculations. The step in time was
taken astN/20, wheretN is the period of the highest modeNmod taken into account. It was
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revealed that a time step which is greater thantN, leads to the instability of the numerical
scheme. The integrals in (39) were evaluated by the Simpson’s rule with the same fixed
time step. The functionsS9nm(t) were calculated numerically. It should be noted that it is
undesirable to evaluate these functions at the same time as solving the system (9), (17)
because it would lead to enormous computer time. It was suggested to utilize the special
forms of the functions given by formulae (44) and (45). The numerical procedure was
divided into the following two parts: first the quantitiessn(j/100), S9nn(j/100), 0 # j #
2000, were calculated; after that the system was solved numerically, the functionsS9nm(t)
being evaluated with the help of the linear interpolation. This technique makes it possible
to reduce the computer time.

The numerical calculations were performed for the beam described by Kvålsvold and
Faltinsen (1993) but simply supported on its edges. In this caseL = 0.75m, E = 7 ×
1010 N/m2, J = 1.106 × 10 2 5 m3, h = 12cm, m = 36.6kg/m2, r = 103 kg/m3. The total
mass of the structure was taken as 500kg/m, the acceleration due to gravity as 9.81m/sec2.
The initial impact velocityV0 is 5.4m/sec, corresponding to the drop height of 1.5m. The
sound speed for pure water is 1500m/secand for the air-water mixture with the concen-
tration of air 1% it is taken as 120m/sec. The non-dimensional parameters in the problem
(1)–(10) for the pure water are therefore

e = 0.0488,b = 0.0008,g = 0.0009,v = 0.444

and for the mixture

e = 0.0488,b = 0.127,g = 0.01,v = 0.444.

The non-dimensional periods of the first and fifth modes aret1 = 19.7, t5 = 0.243 for the
pure water, andt1 = 1.58, t5 = 0.02 for the mixture. The time steps in the calculations
were 0.001 and 0.00125, respectively. The numerical analysis was carried out for the
initial stage, the duration of which is equal to 4 in the both cases. For the pure water, the
linear scale is 75cm, the deflection scale is 2.7mm, the time scale is 5× 10 2 4 sec, the
stress scale is 20MPa and the pressure scale is 8.1MPa. For the mixture, the linear scale
is 75cm, the deflection scale is 3.375cm, the time scale is 6× 102 3 sec, the stress scale
is 252MPa and the pressure scale is 0.648MPa.

The impact onto the pure water is analysed first. In order to estimate the number of
modes, which are necessary to take into account to express the elastic and hydrodynamic
characteristics, we consider a simplified model where the integral terms in Equation (39)
are neglected. Equation (16) shows that the pressure distribution is given in this model as

p(x,0,t) = v(t) 2 wt(x,t), (47)

and the beam Equation (5) takes the form

e
∂2w
∂t2

+
∂w
∂t

+ b
∂4w
∂x4 = v(t) + e

dv
dt

( 2 1 , x , 1, t . 0). (48)

Equation (48) describes the deflection of a beam with viscous damping. The deflections
are caused by the uniform loadn(t) + ev·(t). This equation has to be solved together with
Equation (9) for the structure motion under the boundary condition (6) and the initial
conditions (7) and (10). From the hydrodynamical point of view, formula (47) implies
that the fluid flow is assumed to be one-dimensional and the horizontal velocity of the



699Elastic response of catamaran wetdeck to liquid impact

fluid along the beam is neglected. This simplified model gives the approximate solution
of the original problem (1)–(10) for small timest, as it follows from Equation (39) that
the contributions of the integral terms are small ast→0. It is expected that the simplified
model underpredicts the stresses in the beam. Indeed, in the case of one-dimensional flow,
the main part of the energy, which is obtained by the fluid during the impact, will be
taken away by the compression waves from the liquid layers adjacent to the beam. In the
real flow some part of the energy is “trapped” near the beam surface, which increases the
pressures and, therefore, the beam deflection and stresses. Equation (47) was used first by
Bleich (1960).

The evolution of the maximum strain in the beam evaluated within the framework of
the simplified model is shown in Fig. 4a and b. There are two curves in each figure plotted
for Nmod = 20 (thick line) andNmod = 10 (Fig. 4a), 5 (Fig. 4b) (thin lines). The maximum

Fig. 4. Maximum strain forc = 1500m/sec. (a) Nmod = 20 (thick line), Nmod = 10 (thin line). (b)Nmod = 20
(thick line), Nmod = 5 (thin line).
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bending stress is equal approximately to 300MPa, 1000ms corresponds to a stress level
of 70MPa. Fig. 4 demonstrates the convergence of the results withNmod increasing. From
practical point of view, the results evaluated with 20 modes can be treated as the “exact”
ones. The first five normal modes provide “reasonable” agreement with the “exact” ones.
The first five normal modes provide “reasonable” agreement with the “exact” solution.
The locations of the maximum stress as functions of time are shown in Fig. 5 forNmod

= 20 and 5. The stress peaks far from the beam centre, the distance of the peak from the
centre being 2/3L approximately. The stresses at the beam centre are relatively low and
do not provide correct data for the structural analysis. The results are valid only if there
are no limitation on the lowest pressure value. The hydrodynamic force drops very quickly
after the impact and becomes negative, i.e. the liquid pulls the beam down, after dimen-
sional timet9 = 1.2msec. The pressure at the beam centre becomes negative approximately
at the same time. The results obtained with the help of the simplified model correspond
to our intuitive understanding of the water impact as a process of small duration, during
which main characteristics peak sharply just after the impact moment and vanish thereafter.

Taking into account the information provided by the simplified model the numerical
analysis of the original model was performed forNmod = 5 and 0, t9 , 2 msec. All
results are compared with those given by the simplified model, where the first five modes
were retained. The evolution of the maximum strain amplitude and the location of the
maximum bending moment as a function of time are shown in Fig. 6a and b, respectively.

It is seen that the contribution of the integral terms in Equation (39) is very small. This
is expected for small times, but not at the end of the calculation interval, wheret = 4 in
the non-dimensional variables. The latter quantity cannot be treated as small. The velocity
of the structure is shown in Fig. 7. The velocity decreases very quickly and changes its
direction att9 = 3 msec. The body starts to move up trying to lift the liquid. The pressure
at the beam centre (Fig. 8) was evaluated with the help of the formula (46) (thick line)
and by the normal mode method (thin line). The curves are very close to each other, but
the explanation of this “agreement” is not straightforward. The calculations withNmod =
10 revealed a little deformation of the thick line, which represents the formula (46), and

Fig. 5. Position of the maximum stress forc = 1500m/sec: Nmod = 20 (thick line),Nmod = 5 (thin line).
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Fig. 6. Comparison between the original (thick line) and the simplified (thin line) models (c = 1500m/sec). (a)
Maximum strain. (b) position of the maximum bending stress.

great changes of the thin line. Therefore, Fig. 8 indicates that a few first terms of the
series in Equation (16)) may give a reasonable approximation to the “exact” solution, but
this approximation cannot be improved by increasing the number of terms in the series.

Energy characteristics are very important in mechanics. They indicate which part of the
total energy is adopted by the beam and which mode provides the main contribution.
Moreover, these global quantities are usually much easier to evaluate with good accuracy
than local ones such as pressure. The kinetic energyEk and the potential energyEp of the
beam are given in the non-dimensional variables by the formulae

Ek = O`
n = 1

a·2
n(t), Ep =

b

e
O`
n = 1

l4
na2

n(t),
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Fig. 7. Velocity of the structure (c = 1500m/sec) predicted by the original model (thick line) and by the simplified
model (thin line).

Fig. 8. Pressure at the beam centre (c = 1500m/sec) predicted by the normal mode method (thin line) and by
the direct calculations (thick line).

their scale being 1/2mLV2
0. The contributions of thejth mode into the kinetic energyEkj(t)

and into the potential energyEpj(t) are defined as

Ekj(t) =
a·2

j (t)
Ek

, Epj(t) =
(b/e)l4

j a2
j (t)

Ep

.

It was found that the potential energy increases gradually, it is 3.641 att = 3.5, when the
bending stress peaks, and 3.877 att = 4. The contribution of the first modeEp1(t) grows
with time but is quite small: it is of 18% att = 3.5 and 22% att = 4. The kinetic energy
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is much less than the potential energy. It peaks att = 1.83 being 0.88 and decreases
thereafter:Ek(3.5)= 0.5,Ek(4) = 0.36. The main contribution into the kinetic energy comes
from the first mode and is greater than 90% fort . 0.91.

In the case of the impact onto the air-water mixture, the oscillation period of the first
mode is comparable with the time scale. That is why the interaction between the elastic
beam and the fluid is more pronounced. The results provided by the original model are
shown in Figs 9 and 10 with the thick line, and by the simplified model with the thin
line. Location of the maximum stress is shown in Fig. 9a. The stress peaks at the beam
centre. The strain amplitude in the beam under its impact onto the mixture is higher than
those for the pure water (Fig. 9b). This conclusion is unexpectable. We think usually that

Fig. 9. Comparison between the original (thick line) and the simplified (thin line) models (c = 120m/sec). (a)
position of the maximum bending stress. (b) Maximum strain.
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the aeration of the liquid can be treated as a damping factor. Indeed, the hydrodynamic
force (Fig. 10a) and the pressure (Fig. 11) for the air-water mixture are lower than those
for the pure water. However their durations are longer and, therefore, the “action” of the
hydrodynamic loads on the plate is higher than for the pure water. This corresponds to
the experimental measurements by Lewison (1970). He found that the presence of the air
between a falling plate and the water surface essentially reduces the loads on the plate,
but the loads last longer. From the point of view of the structural design, it is not clear
in advance what is better-high loads of short duration (pure water) or low loads, which last
longer (water aerated with air). It is seen that the simplified model provides a reasonable
approximation and can be recommended for further analysis. As to the global character-
istics-hydrodynamic force (Fig. 10a) and the structure velocity (Fig. 10b)-the results given

Fig. 10. Comparison between the original (thick line) and the simplified (thin line) models (c = 120m/sec). (a)
Hydrodynamic force. (b) Velocity of the structure.
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by the simplified model can be considered as “exact” ones. The difference between the
pressures predicted by the formulae (46) and (16) increases with time (Fig. 11). Positive
pressure at the beam centre lasts much longer than that given by the normal mode method.

The obtained results demonstrate that the simplified model, where the liquid flow is
assumed one-dimensional, can be used for the analysis of the water impact problem in
the particular situation considered here. The flow along the beam is due to the beam
deflection only. The beam deflection itself is quite small, but the velocities of the beam
elements can be comparable with the velocity of the impact and, moreover, they are not
distributed uniformly along the beam. Thus the reasons for the fluid velocity along the
beam to be small are not clear in advance, and further analysis is required.

In order to show the role of the beam characteristics and the edge conditions, the water
impact of the plate described by Kvålsvoldet al. (1995) was simulated within the frame-
work of the simplified model. In this caseL = 0.25m, E = 21 × 1010 N/m2, J = 1.067×
10 2 8 m3, h = 8 mm, the density of the beam materialrb is 7850kg/m3, m = rbh, andr
= 103 kg/m3. The total mass of the structure is 500kg/m and the drop height is 0.5m. The
sound speed in the water is 1500m/sec. The calculations were performed for spring con-
ditions at the beam edgeswxx ± kwx = 0, w = 0 wherex = ± 1 (see Kvålsvoldet al., 1995,
Korobkin, 1996b) withk = 3.5 and for simply-supported beam (k = 0). Twenty modes
were taken into account. The maximum strain amplitudes are shown in Fig. 12a. The
strains peak att9 < 2.2msecand are very high. The maximum strain is about 2200ms
for k = 0 and 4000ms for k = 3.5. The location of the maximum strain is at the edge
point for k = 3.5 and far from the beam centre fork = 0 (Fig. 12b). The evolutions of
strain at the plate centre for bothk = 0 andk = 3.5 are similar to each other at the initial
stage 0, t9 , 2 msecand quite low (Fig. 12c). Therefore the simplified edge conditions
with k = 0 can be used in analysis of the strain distribution far from the beam edges just
after the impact moment. In the experiments by Kvålsvoldet al. (1995) withk = 3.5 the
maximum strain amplitude at the plate centre was about 1700ms, and the strain peaks at

Fig. 11. Pressure at the beam centre (c = 120m/sec) predicted by the normal mode method (thin line) and by
the direct calculations (thick line).
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Fig. 12. Strains in the plate used in the experiment by Kvålsvoldet al. (1995). (a) Maximum strain. (b) position
of the maximum bending stress. (c) Strain at the plate centre.

t9 = 5 msec. Fig. 12c indicates that the simplified model provides reasonable correspon-
dence with the experimental data. The numerical calculations by Kvålsvoldet al. (1995)
predict the value 2100ms for the strain amplitude. In the experiment the plate dropped
onto the free liquid surface and the outflow of the liquid was not restricted as in the
problem considered here. The total hydrodynamic force predicted by the simplified model
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is positive at the initial stage 0, t9 , 7 msecin contrast to the cases analysed above.
This means that the beam characteristics are very important in the impact problem, and
it would be not correct to extrapolate the results, which were obtained for a particular
beam, to other cases.

The elastic plating used in the experiments by Zhu and Faulkner (1994) was tested in
the next series of numerical simulations. The experiments were complex, the structure
used had two side flanges and complicated geometry of the bottom. Three-dimensional
effects were well pronounced. Here we take only one plate from the experimental bottom
plating and treat it as a beam. The conditions of the impact process, which is considered
in the present analysis, differ very much from the experimental ones. The effect of the
trapped air is neglected here. The air-cushion phenomenon is analysed in the next section.
The plate characteristics in the experiments wereL = 0.075m, E = 196 × 109 N/m2, J =
2.25 × 10 2 9 m3, h = 3 mm, the density of the beam materialrb is 7700kg/m3, m = rbh,
andr = 103 kg/m3. The total mass of the structure is 65kg/m and the drop height is 1.5m.
The plate edges were fully clamped in the experiment, and are assumed simply supported
in the present numerical analysis. Both the hydrodynamic loads on the plate and the stress
level were quite low in the experiment. Zhu and Faulkner (1994) explained the results of
their measurements by the presence of the air trapped between the plate and the water
surface. In order to incorporate the air-cushion effect into the present simplified model,
we assume that the air, which can be entrapped beneath the plate, is instantly mixed with
the water. This leads to the reduction of the sound speed in the fluid but not of its density.
Numerical calculations withc = 100m/secwere performed. It was revealed that the model
predicts very high stresses. In the experiment the strain peak at the plate centre was 740ms
and positive, the model predicts the maximum strain about 4500ms and negative. That is
why the effects connected with the air presence were disregarded, and the sound speed
is taken to be 1500m/sec. In this case the strains are lower, but nevertheless exceed the
experimental data five times. On the other hand, the strain peaks far from the plate centre,
where the strain gauge was placed. The strains at the plate centre (Fig. 13a) are much
lower. The first peak of the strain at the centre (Fig. 13b) occurs just after the impact
moment and can be attributed to the acoustic effects. The peak value of the strain corre-
sponds to the experimental data. In the experiment the fluid outflow from the impact region
becomes, with time, more important than the acoustic effects, and the strains drop not so
low as those predicted by the present simplified theory. The hydrodynamic loads are very
high at the impact moment, but drop quickly after that. They are approximately constant
for t9 . 0.2msec, i.e. before the stresses reach their maximum values.

In the present analysis it is assumed that there is no air between the water surface and
the elastic plate at the impact moment, or that the air layer exists initially but disappears
instantly at the impact moment. This approach may be correct if the initial thickness of
the layer is small. If not, the presence of the air has to be incorporated into the model.

6. AIR-CUSHION EFFECT

The influence of the air, which is present between the water surface and the falling
elastic body, on both the bending stresses in the bottom plating and the loads on it is
studied in this section. Initially the liquid occupies the stripy9 , 0, ux9u , L, and the air
occupies the narrow region 0, y9 , hc, ux9u , L, hc/L«1 (see Fig. 14). The air region is
covered above with an elastic beam, which is simply supported on its edges,x9 = ± L.
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Fig. 13. Strains in the plate used in the experiment by Zhu and Faulkner (1994). (a) Strain at the plate centre.
(b) Details of the first peak of the strain.

The beam is the bottom of the body, which can move only in the vertical direction. At
the initial moment,t9 = 0, the liquid, the air and the body are at rest and the beam is
undeformed. Then the body moves instantly at a velocityV0 directed downwards and starts
to compress the air layer. The body motion thereafter is due to its initial velocity, gravity
force and the interaction with the air and the liquid. When the body moves downwards,
the pressure inside the cavity grows. The air pressure initiates the liquid motion and the
beam deflection, both of which reduce the air pressure.

We shall determine the pressure inside the cavity and the bending stresses in the beam
under the following assumptions: (i) both the liquid and the air flows are plane and sym-
metrical with respect to the vertical linex9 = 0; (ii) the liquid is ideal and weakly compress-
ible; (iii) the air is a polytropic gas, its equation of state being
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Fig. 14. Sketch of the flow in the presence of air layer.

pa9 = g 2 1ra0c2
a0[(ra9/ra0)g 2 1], whereg = 1.4, ra0 andca0 are respectively the air density

and the sound speed in the air at the rest under the normal conditions, andp9a is the
deviation of the pressure from its initial value; (iv) the beam deflection is governed by
the Euler equation, the beam edges being simply supported; (v) the thickness of the air
layer hc is small,hc/L«1, but such that (LV0/hcca0)2«1; (vi) the Mach numberMc = V0/ca0

is small; (vii) the ratioca0/c is less than unity, wherec is the sound speed in the liquid;
and finally (viii) deflection of the beamw9(x9,t9) is of the order of the initial thickness of
the air layer.

The assumption (v) implies that in the leading order the pressure inside the cavity is a
function of the time only,pa9 = pa(t9). The liquid flow is caused by the air pressure, which
is approximately uniform. Therefore to leading order, the liquid flow is one-dimensional
and the interface between the air and the liquid can move only vertically as a rigid plate,
its position at the momentt9 being given by the equationy9 = z9(t9). The assumptions (vi)
and (vii) imply that the liquid flow can be approximately described within the framework
of the acoustic theory. In particular, the vertical velocityn9 in the liquid (the horizontal
component of the liquid velocity can be neglected under the assumptions mentioned above)
is given asn9(y9,t9) = 2p9/rc, wherep9(y9,t9) is the liquid pressure,r is the liquid density.

Non-dimensional variables are used below. The quantityhc/V0 is taken as the time scale,
hc as the scale of the body displacement, the liquid surface displacement and the beam
deflection,L is taken as the length scale, the quantityra0c2

a0/g as the pressure scale, and
2Lhc as the scale of the cavity volume. The non-dimensional variables are denoted by the
same symbols without a prime.

The kinematic and dynamic conditions on the interface between the air and the liquid
provide the equation which governs the interface displacement

dz

dt
= 2 a1pa(t) (t . 0), (49)

z(0) = 0,

wherea1 = ra0c2
a0/(grcV0). The mass conservation law yields
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ra9a = 1, (50)

where9a(t) is the volume of the cavity at the momentt. The position of the upper boundary
of the cavity is described by the equation

y = 1 2 sb(t) + w(x,t),

wheresb(t) is the body displacement in the vertical direction,sb(0) = 0. The cavity volume
is given as

9a(t) = 1 2 sb(t) 2 z(t) + E
1

0

w(x,t)dx. (51)

The equation of the air state yields

pa(t) = 9 2 g
a (t) 2 1.

The beam deflection is governed by the Euler equation

a2

∂2w
∂t2

+ a3

∂4w
∂x4 = pa(t) + a2

dvb

dt
( 2 1 , x , 1, t . 0),

w = 0, wxx = 0 (x = ± 1, t . 0), (52)

w = wt = 0 ( 2 1 , x , 1, t = 0),

wherea2 = mV2
0g/(ra0c2

a0hc),a3 = EJhcg/(ra0c2
a0L4). The displacement of the bodysb(t) and

the body velocityvb(t) can be determined from the equations of the body motion

dvb

dt
= a4 2 a5

∂3w
∂x3 (1,t),

dsb

dt
= vb(t) (t . 0), (53)

vb = 1, sb = 0 (t = 0),

where a4 = [MT/(MT 2 Mb)](ghc/V2
0), a5 = 2EJh2

c/(V2
0L3[MT 2 Mb]), Mb = 2Lmb, and b is

the plate width. Equations (49)–(54) present a model which is used to analyse the influence
of the air-cushion phenomenon on the impact process.

The model was analysed numerically with the help of the normal mode method for the
plate used by Zhu and Faulkner (1994) in their experiments. The characteristics of the
plate are given in the previous section. The sound speed in the water isc = 1500m/sec,
and in the air isca0 = 330m/sec. The drop height was taken as 50cm. The air densityra0

is 1.23kg/m3. In this case,a1 = 0.02. The only quantity changing in the numerical experi-
ments is the thickness of the air layerhc. The thickness of the cavity was checked during
the calculations, which were stopped when the thickness becomes negative. The simula-
tions were performed forhc = 1 cm (a2 = 0.237,a3 = 1.46,a4 = 0.01,a5 = 0.346),hc =
2 cm (a2 = 0.118,a3 = 2.91,a4 = 0.02,a5 = 1.38) andhc = 4 cm (a2 = 0.06,a3 = 5.83,
a4 = 0.04, a5 = 5.54). The number of the normal modesNmod taken into account was
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limited by 10. The strains at the beam centre are shown in Fig. 15. Only in the first case,
hc = 1 cm, does the beam touch the liquid and penetrate its thereafter. The first contact with
the liquid occurs at the beam edges. After the contact moment, the horizontal dimension of
the cavity is unknown and has to be determined together with the problem solution. This
problem was analysed by Korobkin (1996a). When the thickness of the cavity is large
enough, the body does not touch the liquid. After the initial stage of the air compression,
the body changes the direction of its motion. It is seen that the increase of the cavity
thickness reduces the stresses but they are still very high. On the other hand, the loads
on the beam are quite low during the stage under consideration here (Fig. 16). The
maximum pressure decreases with the increase of the initial cavity volume.

In order to demonstrate the difference between the stress state in a beam under static
and dynamic loads, we consider the quasi-stationary problem withV0 = 0 andz9(t9) = 0.
In this problem, the body with an elastic bottom drops slowly down compressing the air
beneath it. We assume that the equilibrium state is approached when the body does not
touch the rigid bottom,y9 = 0, and the gravity force is balanced by the pressure inside
the cavity. The equation of the force balance gives the stationary pressure in cavity
p*9 = MTg/S, whereS is the area of the bottom. The static deflection of the beam is gov-
erned by the equation

EJ
d4w9

dx94 = p*9, (54)

which provides the maximum stress in the beamsmax as

smax = 3p*9l2h 2 2.

In the experiments by Zhu and Faulkner (1994) we haveMT = 13 kg, S = 0.03m2. There-
fore, p*9 = 4.25KPa andsmax = 8 MPa. This level of stresses corresponds approximately
to 40ms, which is very low and is not comparable with either experimental nor numerical
results. This means that the dynamical effects are of great importance, the quasi-static
approach may give misleading information.

7. CONCLUSION

The impact of an elastic body onto a liquid, when the possibility of the liquid to escape
from the impact region is highly limited, was considered in the present paper. It was
shown that the limitation on the liquid flow leads to high level of stresses in the elastic
bottom. Comparing the present results with the experimental data, we can conclude that:

1. any possibility of restricting the liquid flow near the impact region has to be avoided
at the design stage;

2. the air-cushion effect reduces the loads on the bottom platings significantly, but the
loads last longer. This effect itself does not seem to be able to prevent high stresses
under the impact;

3. the quasi-statical approach underpredicts the stress level;
4. the simplified model described in Section 5 can be recommended for the analysis of

the water impact if the liquid motion is restricted;
5. aeration of the water near the impact region does not lead to the reduction of the

stresses in the elastic platings;
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Fig. 15. Strains at the beam centre. Initial thickness of the air cavity is (a) 1cm, (b) 2cm, (c) 4cm.
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Fig. 16. Pressure inside the air cavity. Initial thickness of the air cavity is (a) 1cm, (b) 2cm, (c) 4cm.



714 Alexander Korobkin

6. maximum stress can occur far from the plate centre. It must be taken into account
before the experiment design;

7. from the point of view of structural analysis, the magnitude of the loads on the impact-
ing plate does not give sufficient information for the estimation of the stresses in the
plate.

The present analysis can be helpful for future experiments, which are very desirable.
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