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a b s t r a c t

The two-dimensional water entry and exit of a body whose shape varies in time in
a prescribed way is investigated through analytical and numerical modelling. For this
purpose, an analytical model has been developed which extends the modified Logvinovich
model of water impact to bodies with time-varying shape. A modified von Karman approach
has been developed to describe the exit stage, and a rational derivation of the water exit
model which is in use in offshore engineering is presented. CFD simulations are used to
assess the accuracy of the analytical model. Several case studies of water entry and exit are
presented. The analytical model provides very good force predictions during the entry
stage in all cases, but the accuracy of the model in the exit stage depends on the
maximum penetration depth. In particular, the appearance of high fluid forces on the body
directed downward in both the entry and exit stages is remarkable.

& 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Studies on violent free-surface flows are motivated by various industrial applications from different areas. In coastal and
offshore engineering, one may be concerned by water-wave impacts on structures (see Faltinsen et al., 2004; Peregrine,
2003). In the marine industry, water impacts such as sloshing, slamming and water on deck are of important concern as
they induce critical loads on marine structures (see Faltinsen et al., 2004; Faltinsen and Timokha, 2009; Kapsenberg, 2011).
Substantial work has also been done on water entry with applications to aerospace structures (see Seddon and Moatamedi,
2006 for an overview). The pioneering work of von Karman (1929) and Wagner (1932) (see also Wagner, 1931) on water
impact modelling was motivated by the landing of seaplanes. These days the aeronautical industry is strongly concerned by
water impacts during emergency landing on water (ditching), see Bensch et al. (2001), Climent et al. (2006) and Toso (2009).
Some military applications also involve high-speed free-surface piercing bodies like the water entry and exit of missiles.
Ricochet and bouncing of projectiles are also interesting violent free-surface flows, involving water entry and subsequent
water exit (see Hicks and Smith, 2011; Truscott et al., 2009).

Water impacts offer many challenges to hydrodynamicists in terms of modelling. Indeed, despite the present high level
of development of Computational Fluid Dynamics (CFD) techniques, the numerical simulation of water-impact related
problems remains difficult because of the presence of moving boundaries, very localised high-pressure zones and small
scale phenomena such as thin splash jets. In particular, it is difficult to accurately predict the pressure distributions due to
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high levels of noise induced by the numerical algorithms used to model the fluid–structure interaction. Obtaining reliable
CFD results becomes even more difficult when additional physical phenomena affect the results: deformation of the
structure, air-cushioning, ventilation, fluid compressibility and cavitation.

Experimental studies on water impact are therefore very important for the validation of numerical simulations and
analytical models, but they also present difficulties (see Kapsenberg, 2011). In particular, pressure measurements are very
sensitive to small details of impact (see Haboussa et al., 2008; Kaminski and Bogaert, 2009), and therefore, measuring the
resultant hydrodynamic forces at given speeds might be more reliable (see El Malki Alaoui et al., 2012). A few full scale
experiments have been carried out in the ship industry. However, the full scale ditching of an instrumented aircraft might
present prohibitive cost and safety issues.

Although analytical models of water impact can be seen as less flexible than CFD, they can offer an interesting alternative
to CFD and experiments. Analytical models are usually viewed as complementary to CFD and experiments, and are
commonly employed to assess the accuracy of CFD techniques. For examples see Aquelet et al. (2006), Gong et al. (2009),
Oger et al. (2006) and Qian et al. (2006). Moreover, the robustness and the lower computational cost of analytical
approaches make them attractive for practical applications. Indeed, the analytical theory introduced by Wagner (1931), the
so-called original Wagner model, is still widely used in the ship industry to estimate slamming loads. In addition, from the
assumptions of Wagner (potential flow theory and linearisation of the boundary conditions), various analytical and semi-
analytical models of water impact have been derived in order to enhance the accuracy and the domain of validity of the
Wagner model. A better description of the pressure distribution in the vicinity of the splash jet has been obtained by the use
of matched asymptotic expansions, as shown by Wagner (1932), Cointe and Armand (1987) and Howison et al. (1991). Zhao
et al. (1997) introduced a generalised Wagner model in which the pressure is computed according to the nonlinear Bernoulli
equation and the exact kinematic boundary condition is satisfied in the computation of the velocity potential. The
generalised Wagner model shows great improvements in terms of force prediction. This is especially true for large deadrise
angles, where the force is overestimated by the original Wagner model. Later, Korobkin (2004) observed that a similar
improvement had been obtained by Vorus (1996) using the flat-disc approximation together with the nonlinear dynamic
free-surface condition. The common feature of the Vorus model and the generalised Wagner model is the use of the
nonlinear Bernoulli equation, so Korobkin (2004) proposed the Modified Logvinovich Model (MLM) in which the pressure
on the body is computed using the nonlinear Bernoulli equation, and the velocity potential on the body boundary is
approximated by a Taylor expansion of the velocity potential of the original Wagner model (see details in Section 2). The
computational cost of the MLM is therefore lower than that of the generalised Wagner model or the Vorus model, and it
gives accurate results in terms of force for relatively large deadrise angles, as reported by Korobkin (2004) and Tassin et al.
(2010). The MLM has been used to study the impact of bodies with asymmetric contours by Korobkin and Malenica (2005)
and the impact of a wedge with roll motion by Qin et al. (2011). Moreover, a three-dimensional version of the MLM
was proposed by Korobkin (2005) and developed further by Tassin et al. (2012). Progress has also been made on three-
dimensional analytical models of water impact by Scolan and Korobkin (2001), Gazzola (2007) and Tassin et al. (2012).
Furthermore, examples of analytical water impact models including hydroelastic coupling, ventilation, aeration, cavitation
or separation have been reported by Scolan (2004), Gazzola and de Lauzon (2008), Khabakhpasheva and Korobkin (2013),
Semenov and Yoon (2009), Korobkin (2006), Takagi (2004), Khabakhpasheva et al. (2013) and Reinhard et al. (2011).

In this paper, we consider the two-dimensional analytical and numerical modelling of the partial water entry and
subsequent partial exit of a body. The body goes through a water entry stage followed by a water exit stage. This study is
restricted to relatively small penetration depths compared with the wetted width, so there is no air cavity behind the body
and the upper part of the body remains dry. The exit phenomenon is therefore rather different from the water exit of a body
which is initially totally submerged, as considered in Greenhow (1988). Also, in contrast to the study of Greenhow (1987),
the deadrise angle of the body is small enough that the water entry stage can be treated as an impact. In addition, in the
present analysis, the shape of the body can change in time. The body is symmetric about a vertical plane. The development
of a semi-analytical model of water entry and exit is first motivated by the extension of the 2D+t approach (strip method)
used in the naval industry for the design of planing hulls to more general body shapes such as an aircraft fuselage (for
ditching applications). In contrast to the geometry of typical planing hulls which are rather prismatic (see Iafrati and Broglia,
2008), the curvature of an aircraft fuselage is much more pronounced. Therefore, instead of reducing the three-dimensional
water impact problem to the water entry of a wedge at constant speed, the 2D+t approach reduces the three-dimensional
impact of a curved hull to the water entry and exit of a body whose shape varies in time. For example, as illustrated in Fig. 1,
the 2D+t analysis of an ellipsoid of revolution moving horizontally at a fixed penetration depth in water leads to the study of
the water entry and exit of a circular cylinder whose radius is changing in time (first expanding and then contracting). The
analytical approach developed in this study can be extended to hydroelastic problems involving water entry and exit, as
presented in Piro and Maki (2013b). Moreover, this approach can be used to study other problems involving the water entry
of bodies whose shape is changing such as the compliant-hull concept for planing craft studied by Vorus (2004) to reduce
wave-impact shocks.

In contrast to the extensive research on the water entry problem, very little work has been dedicated to the water exit
problem. As a consequence, the water exit problem is not as well formulated as the water entry problem via the Wagner
theory and contradictory arguments can be found in the literature. The difficulties arise from the de-wetting phenomenon:
as the body moves away from the liquid, the surface of the body in contact with the fluid (the wetted area) contracts. Some
of the water particles are leaving the body surface and the parameters governing this phenomenon are not clearly identified.
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Fig. 1. 2D+t analysis of an ellipsoid of revolution of semi-axis A, B and C moving horizontally in the x-direction. (a) Three-dimensional view of the 2D+t
decomposition (initial free surface level depicted in blue) and (b) 2-D water entry and exit problem in the first control plane in contact with the water
surface. (For interpretation of the references to color in this figure caption, the reader is referred to the web version of this article.)
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Indeed, enforcing a non-penetration condition on the body surface under a high pressure during the entry stage is easier to
treat than deciding whether a fluid particle should leave the surface of the rising body as the pressure drops below atmospheric
pressure, or remain attached to the body surface. Similarities can be found between the de-wetting phenomenon and the
separation phenomenon that might occur during the water impact of a curved body. Indeed, during the water impact of a
curved body, the wetted area may expand without reaching the maximum breadth of the body (see Lin and Shieh, 1997).
Experiments on the water entry of spheres have shown that the wetting properties of the body surface strongly affected
the separation, and the presence or absence of cavity formation (see Duez et al., 2008; Techet and Truscott, 2011). To our
knowledge, the only reported experiment designed to measure the hydrodynamic force during the water exit of a floating
body has been made by Tveitnes et al. (2008). However, Piro and Maki (2012) showed by a CFD investigation that in the
conditions of the experiments, the flow was driven by gravity. Another interesting experiment related to water exit was
carried out by Reis et al. (2010) in order to investigate the cat-lapping phenomenon.

From the modelling point of view, most studies agree that water exit is not the time reversal of water entry. Chapman
et al. (1997) and Gillow (1998) argue that, from the mathematical point of view, the solution of the Wagner problem is only
stable for a wetted surface of increasing area. However, one can find several studies on water entry and exit based on the
Wagner or the von Karman model (see Baarholm and Faltinsen, 2004; Bensch et al., 2001 for example). In these studies, the
formula for the hydrodynamic force during the exit stage is obtained by modifying the formula derived for the entry stage.
This idea was already used by Kaplan (1987), but it lacks clear justification.

In the following sections, we present a semi-analytical model of water entry and exit based on the MLM and the
von Karman approach. The MLM has been extended to the water entry of a body whose shape varies in time, and is used
for the entry stage. The original MLM was modified with the aim to match it with the model of water exit. A modified
von Karman approach consistent with the MLM is proposed for the exit stage. In the proposed von Karman approach, the
position of the contact point is given by the intersection between the body and a reference water level corresponding to
the vertical position of the contact point at the transition between the entry and exit stages. The pressure is computed by
the linearised Bernoulli equation and the time derivative of the velocity potential is determined by solving the boundary-
value problem satisfied by the acceleration potential. It is shown that enforcing a Kutta condition at the contact point
leads to the same formula as the one used by Kaplan (1987) for a rigid body. With the help of the acceleration potential,
we avoid the difficult calculation of the velocity potential in the wake region. The presence of a wake region during
the exit stage is responsible for the restriction of the Wagner model to the entry stage only. Several case studies are
presented: the water entry and exit of a wedge, the water entry and exit of a parabola, and finally the water entry and exit
of an expanding and contracting circular cylinder. Comparisons with CFD results are presented for each case in order to
show the capabilities of the model.

The paper is arranged as follows. Section 2 introduces the analytical model of water entry and exit. Section 3 describes
the CFD solver and its main characteristics. Results for rigid bodies and a body whose shape varies in time are discussed in
Section 4. Conclusions are drawn in Section 5.
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2. Analytical model of water entry and exit

In this section we describe a two-dimensional semi-analytical model of water entry and exit of a body whose shape is
changing in time. The liquid is initially at rest and occupies the lower half plane (z ≤ 0). The z-axis points vertically up. The
position of the body surface at time instant t, t ≥ 0, is described by the equation z¼ Zbðy; tÞ, where Zb is a given function such
that Zbð−y; tÞ ¼ Zbðy; tÞ and Zbð0;0Þ ¼ 0 (see Fig. 2). We assume Zbðy;0Þ≥0 so that the body lies above the waterline at time
t ¼ 0 of first contact. The region of contact between the body and the liquid corresponds to the interval −cðtÞoyocðtÞ. The
water entry stage is defined as the time interval ½0; t0� during which the wetted surface is expanding: _cðtÞ≥0, where the dot
stands for the time derivative. During the exit stage, the wetted surface is contracting: _cðtÞo0 for t4t0.

Similar to the asymptotic theory of water impact of rigid bodies, the water entry and exit problems are formulated using
potential flow theory in which gravity, compressibility and viscosity are neglected. See Oliver (2002) for more details on the
Wagner theory.

2.1. Water entry stage

This section describes the extension of the MLM to the water entry of a body whose shape varies in time. The main
features of this model are the computations of the contact point position, the hydrodynamic pressure and the hydrodynamic
force.

2.1.1. Contact point position
Within the MLM as described by Korobkin (2004), the contact point position y¼ cðtÞ is determined according to the

Wagner condition. For a symmetric body, Korobkin (1996) showed that this condition can be written asZ π=2

0
Zb½cðtÞ sin γ; t� dγ ¼ 0; t ≤ t0: ð1Þ

Eq. (1) yields that c(t) only depends on the current body position Zbðy; tÞ and does not depend on the previous history of the
body motions and body deformations. That is, there is no memory effect in this approach in terms of the size of the contact
region. The derivative _cðtÞ can be obtained by differentiating both sides of Eq. (1) with respect to t.

2.1.2. Hydrodynamic pressure
Assuming zero atmospheric pressure at the free surface, the hydrodynamic pressure in the liquid domain is given by the

nonlinear Bernoulli equation:

pðy; z; tÞ ¼−ρðφt þ 1
2 ∇φj2Þ;
�� ð2Þ

where φ is the velocity potential, ρ is the liquid density, φt denotes the partial derivative of φwith respect to t and we use the
subscripts notation to denote partial derivatives in the following equations. Note that φ is governed by the Laplace equation
in the fluid domain and satisfies the dynamic and kinematic boundary conditions on the free surface (a material boundary
with zero pressure) and on the impermeable body contour. Following Korobkin (2004), we introduce

Pðy; tÞ ¼ pðy; Zbðy; tÞ; tÞ; ð3Þ

ϕðy; tÞ ¼ φðy; Zbðy; tÞ; tÞ; ð4Þ
which are the pressure and the velocity potential on the body surface z¼ Zbðy; tÞ. Using Eq. (4), the body boundary condition,
φz ¼ Zbt þ Zby � φy, and substituting Eqs. (2) and (3) we find

Pðy; tÞ ¼ −ρ ϕt−
ZbtZby

1þ ðZbyÞ2
ϕy þ

1
2
ðϕyÞ2−ðZbtÞ2
1þ ðZbyÞ2

" #
: ð5Þ
Fig. 2. Water entry of a body whose shape is changing in time.
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Note that potential flow theory is the only assumption used to derive Eq. (5) and that φ in (4) is the solution of the fully
nonlinear boundary value problem governing the water impact (see Battistin and Iafrati, 2003 for details). Also note that
the vertical water entry of a rigid body at constant speed V studied in Korobkin (2004) corresponds to the case
Zbtðy; tÞ ¼ V .

Subsequent approximations are introduced in the following steps. Within the MLM, the body potential ϕ is approximated
by the velocity potential provided by the original Wagner model, φðwÞ, and a Taylor expansion of φðwÞ about z¼0:

ϕðy; tÞ ≈ φðwÞðy; Zbðy; tÞ; tÞ ≈ φðwÞðy;0; tÞ þ Zbðy; tÞ � φðwÞ
z ðy;0; tÞ; ð6Þ

where φðwÞ is the solution of the following linear boundary-value problem:

φðwÞ
yy þ φðwÞ

zz ¼ 0 ðzo0Þ; ð7aÞ

φðwÞ ¼ 0 ðz¼ 0; jyj ≥ cðtÞÞ; ð7bÞ

φðwÞ
z ¼ Zbtðy; tÞ ðz¼ 0; jyjocðtÞÞ; ð7cÞ

φðwÞ-0 ðy2 þ z2-∞Þ: ð7dÞ
In Eqs. (7) the boundary conditions are imposed on the initial free surface level (z¼0). The calculation of φðwÞ, and therefore
the approximation of ϕ, is much simpler than the computation of φ. Finally, substituting Eq. (6) into Eq. (5) gives us the
pressure on the wetted part of the body:

Pðy; tÞ ¼−ρ φðwÞ
t þ φðwÞ

y � Zbty � Zb
1þ ðZbyÞ2

þ ½φðwÞ
y �2

2½1þ ðZbyÞ2�
þ ðZbtyÞ2 � Zb2
2½1þ ðZbyÞ2�

þ Zbtt � Zbþ 1
2
ðZbtÞ2

)
;

(
ð8Þ

where φðwÞ
t ðy;0; tÞ and φðwÞ

y ðy;0; tÞ are calculated at z¼0 using the Wagner model (7). In Eq. (8) we have assumed that
Zbty ¼ Zbyt in the mixed partial derivatives of the given function Zbðy; tÞ. The velocity potential should be continuous on the
liquid boundary z¼0. The Wagner model gives (see Appendix A.1)

φðwÞðy;0−; tÞ ¼ −I1ðy; tÞ
π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

q
; ð9Þ

where jyjocðtÞ and I1ðy; tÞ is defined by

I1ðy; tÞ ¼ PV
Z c

0

2τθðτ; tÞ dτ
ðτ2−y2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−τ2

p ; ð10Þ

where PV denotes a principal value integral. The function θðy; tÞ in (10) is the stream function on the body surface, calculated by

θðy; tÞ ¼ −
Z y

0
Zbtðτ; tÞ dτ: ð11Þ

Note that for a rigid body penetrating water without changing its shape, we have Zbtðy; tÞ ¼ V and θðy; tÞ ¼ −V � y. Then
Eqs. (A.8) and (10) provide the well known result φðwÞðy;0−; tÞ ¼ V

ffiffiffiffiffiffiffiffiffiffiffiffiffi
c2−y2

p
(Wagner, 1932) and the derivatives φðwÞ

t ðy;0−; tÞ and
φðwÞ
y ðy;0−; tÞ required in (8) are easy to calculate. However, for a body whose shape is changing in time, the calculation of these

derivatives is not straightforward. In order to avoid the difficulties associated with the differentiation of Eq. (9) with respect to t and
y, we formulate the corresponding boundary-value problems for these two derivatives, φðwÞ

t ðy; z; tÞ and φðwÞ
y ðy; z; tÞ, and solve them

by using a similar technique as in Appendix A.1.
Differentiating Eqs. (7) with respect to time, we derive the boundary-value problem for the time derivative φðwÞ

t ðy; z; tÞ:

∂2φðwÞ
t

∂y2
þ ∂2φðwÞ

t

∂z2
¼ 0 ðzo0Þ; ð12aÞ

φðwÞ
t ¼ 0 ðz¼ 0; jyj≥cðtÞÞ; ð12bÞ

φðwÞ
tz ¼ Zbttðy; tÞ ðz¼ 0; jyjocðtÞÞ; ð12cÞ

φðwÞ
t -0 ðy2 þ z2-∞Þ: ð12dÞ

This problem is solved in Appendix A.2. Note that the function φðwÞ
t is square-root singular at y¼ 7cðtÞ. The solution at z¼0 is

φðwÞ
t ðy;0−; tÞ ¼ −½I2ðy; tÞ þ πD0�

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

p ; y ocðtÞ;
���� ð13Þ
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where

I2ðy; tÞ ¼ PV
Z cðtÞ

−cðtÞÞ

θtðτ; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−τ2

p
τ−y

dτ; ð14Þ

θtðy; tÞ ¼−
Z y

0
Zbttðτ; tÞ dτ; ð15Þ

D0 ¼
_cðtÞcðtÞ

π
I1ðcðtÞ; tÞ−

1
π
I2ðcðtÞ; tÞ: ð16Þ

Similarly, φðwÞ
y is determined as the solution of the following mixed boundary-value problem:

∂2φðwÞ
y

∂y2
þ ∂2φðwÞ

y

∂z2
¼ 0 ðzo0Þ; ð17aÞ

φðwÞ
y ¼ 0 ðz¼ 0; jyj≥cðtÞÞ; ð17bÞ

φðwÞ
z ¼ Zbtðy; tÞ ðz¼ 0; jyjocðtÞÞ; ð17cÞ

φðwÞ
y -0 ðy2 þ z2-∞Þ: ð17dÞ

The solution of this problem is given in Appendix A.3. On the liquid boundary, we obtain

φðwÞ
y ðy;0−; tÞ ¼ 1

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

p I3ðy; tÞ; y ocðtÞ;
���� ð18Þ

where we define

I3ðy; tÞ ¼ 2y � PV
Z cðtÞ

0

Zbtðτ; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−τ2

p
τ2−y2

dτ: ð19Þ

Substituting Eqs. (13) and (18) into (8) leads to

Pðy; tÞ
−ρ

¼ 1

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

p −_cðtÞcðtÞI1ðcðtÞ; tÞ þ I3ðy; tÞ �
Zbty � Zb
1þ ðZbyÞ2

" #

þ 1
c2ðtÞ−y2 �

½I3ðy; tÞ�2
2π2½1þ ðZbyÞ2�

þ ðZbtÞ2
2

þ ðZbtyÞ2Zb2
2½1þ ðZbyÞ2�

þZbttZbþ 1

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

p I2ðcðtÞ; tÞ−I2ðy; tÞ½ �: ð20Þ

Note that the pressure Pðy; tÞ can be decomposed into

P ¼ Pv þ Pa; ð21Þ
with Pv depending only on the body velocity (Zbt):

Pvðy; tÞ
−ρ

¼ 1

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

p −_cðtÞcðtÞI1ðcðtÞ; tÞ þ I3ðy; tÞ �
Zbty � Zb
1þ ðZbyÞ2

" #

þ 1
c2ðtÞ−y2 �

½I3ðy; tÞ�2
2π2½1þ ðZbyÞ2�

þ ðZbtÞ2
2

þ ðZbtyÞ2Zb2
2½1þ ðZbyÞ2�

; ð22Þ

and Pa depending only on the body acceleration (Zbtt). Here Pa can be rearranged as follows:

Paðy; tÞ
−ρ

¼ ZbttZbþ I4ðy; tÞ
π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

q
; ð23Þ

where we define

I4ðy; tÞ ¼ PV
Z cðtÞ

0

−2τθtðτ; tÞ
ðτ2−y2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−τ2

p dτ: ð24Þ

In order to compute the pressure, one has to evaluate I1ðcðtÞ; tÞ, I3ðy; tÞ and I4ðy; tÞ from Eqs. (10), (19) and (24). This involves
the calculation of principal value integrals of the following form:

PV
Z cðtÞ

0

f ðτ; tÞ
ðτ2−y2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−τ2

p dτ; ð25Þ
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where f ðy; tÞ is a function which satisfies Hölder's condition with respect to y. Using the theory of Cauchy principal value
integrals (see Gakhov, 1966), the integral defined in Eq. (25) can be transformed into an improper integral of the form:

PV
Z cðtÞ

0

f ðτ; tÞ
ðτ2−y2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−τ2

p dτ¼
Z cðtÞ

0

f ðτ; tÞ−f ðy; tÞ
ðτ−yÞðτ þ yÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−τ2

p dτ: ð26Þ

The Hölder condition on f ensures that the improper integral in the right-hand side of Eq. (26) converges.

2.1.3. Hydrodynamic force
From Eq. (20), one can see that Pv behaves asymptotically like

Pvðy; tÞ∼ρ
AðtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

p −ρ
BðtÞ

c2ðtÞ−y2 ; y -cðtÞ;
���� ð27Þ

where A(t) and B(t) are positive. In the original Wagner model, BðtÞ ¼ 0 and the pressure tends to þ∞ but is integrable at
jyj ¼ cðtÞ. In the MLM, the positive peak pressure is finite in the neighbourhood of jyj ¼ cðtÞ as ½c2ðtÞ−y2�−1 is a stronger
singularity than ½c2ðtÞ−y2�−1=2. However, near jyj ¼ cðtÞ the pressure is negative and not integrable, as ½c2ðtÞ−y2�−1 is not
integrable at jyj ¼ cðtÞ. In Korobkin (2004), the hydrodynamic force is obtained by integrating the hydrodynamic pressure
from −cnðtÞ to cnðtÞ, the region of the wetted area where the pressure is positive, cnðtÞ being the closest point to c(t) where
PvðcnðtÞ; tÞ ¼ 0. A similar process was first suggested by Zhao et al. (1997) for the integration of the pressure in the
generalised Wagner model, judging that the negative pressures obtained close to jyj ¼ cðtÞ are unphysical. In both Korobkin
(2004) and Zhao et al. (1997), it is assumed that the body is rigid and falling at constant speed or that jZbt jTjZbtt j and
therefore that: PvðcnðtÞ; tÞ ¼ 0 implies jPðcnðtÞ; tÞj01. In the present case of a body that enters and exits the water, just before
the transition (t ¼ t−0 Þ, the velocity of the body tends to 0 but the acceleration stays positive so we must find that jZbtt jTjZbt j.
As a consequence, the pressure peak due to Pv tends to 0 and Pa becomes dominant. With Pao0, the pressure might become
negative all over the wetted surface, but Pv remains non-integrable, even for small velocities. In order to deal with this issue,
it is suggested to integrate the pressure in the following way to obtain the vertical hydrodynamic force F:

FðtÞ ¼
Z cnðtÞ

−cnðtÞ
Pvðy; tÞ dyþ

Z cðtÞ

−cðtÞ
Paðy; tÞ dy; ð28Þ

with cnðtÞ being the closest point to c(t) where PvðcnðtÞ; tÞ ¼ 0. For consistency with the exit model described in Section 2.2,
we integrate Pa over the entire wetted surface.

2.2. Water exit stage

In order to deal with the exit stage, a modified von Karman approach is proposed. The main features of this approach are
the computations of the contact point position and the hydrodynamic pressure.

2.2.1. Contact point position
Within the von Karman approach, the contact point position is determined as the geometric point of intersection

between the initial water level and the body: ZbðcðtÞ; tÞ ¼ 0. As this position is independent of the fluid flow, it can be also
used during the exit stage. However, in order to enforce the continuity of the contact point position between the entry stage
and the exit stage, the reference water level was modified, leading to the following condition:

ZbðcðtÞ; tÞ ¼ Zbðcðt0Þ; t0Þ; t ≥ t0: ð29Þ
Note that this condition makes it also possible to take into account the rise of the free surface during the entry stage.

2.2.2. Hydrodynamic pressure
Within the original von Karman approach, the pressure is given by the linearised Bernoulli equation:

Pðy; tÞ ¼ pðy; Zbðy; tÞ; tÞ ¼−ρφðkÞ
t ðy;0; tÞ; ð30Þ

where φðkÞ is the velocity potential of the von Karman model during the exit stage. However, in order to be consistent with
the entry stage and ensure a smooth transition, it is suggested to use the linearised equation (5) and a Taylor expansion with
respect to z of the acceleration potential similar to (6):

ϕtðy; tÞ ≈ φðkÞ
t ðy; Zbðy; tÞ; tÞ ≈ φðkÞ

t ðy;0; tÞ þ Zbðy; tÞ � φðkÞ
tz ðy;0; tÞ; ð31Þ

where φðkÞ
tz ðy;0; tÞ ¼ Zbttðy; tÞ. Altogether, this gives

Pðy; tÞ ¼−ρ½Zb � Zbtt þ φðkÞ
t ðy;0; tÞ�: ð32Þ

It is therefore necessary to determine φðkÞ
t during the exit stage. In order to do this, one may think of solving the problem for

the velocity potential φðkÞ and differentiating the result in time. However, during the exit stage, the velocity potential is the
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solution of the following boundary value problem:

φðkÞ
yy þ φðkÞ

zz ¼ 0 ðzo0Þ; ð33aÞ

φðkÞ ¼ 0 ðz¼ 0; jyj ≥ cðt0ÞÞ; ð33bÞ

φðkÞ
t ¼ 0 or φðkÞ ¼ gðyÞ ðz¼ 0; cðtÞ ≤ jyj ≤ cðt0ÞÞ; ð33cÞ

lim
jyj-cðtÞ−

jφðkÞ
t jo∞ or lim

jyj-cðtÞ−
jφðkÞ

y jo∞ ðz¼ 0; jyjocðtÞÞ; ð33dÞ

φðkÞ
z ¼ Zbtðy; tÞ ðz¼ 0; jyjocðtÞÞ; ð33eÞ

φðkÞ-0 ðy2 þ z2-∞Þ: ð33fÞ
The boundary condition (33c) is valid in the wake region of the free surface (z¼ 0; cðtÞ ≤ jyj ≤ cðt0Þ). But the function g(y) in
the wake region has to be determined together with the velocity potential. As no splash jet is forming during the exit stage,
a Kutta condition must be satisfied at jyj ¼ cðtÞ to model the flow separation. A similar problem arises during the water
impact of a flat plate at high horizontal speed (see Reinhard et al., 2011) where a Kutta condition is imposed at the trailing
edge to model the flow separation. Note that Baarholm and Faltinsen (2004) simulated water impacts underneath horizontal
decks using a boundary element model and “imposing a condition that requires the velocity potential to be continuous and
the flow to be horizontal” at the separation point during the exit stage. One can see from Eq. (33c) that the boundary
condition satisfied in the wake region by φðkÞ

t is similar to the boundary condition satisfied in Eq. (12b) on the free surface.
The acceleration potential is therefore the solution of the following boundary value problem:

∂2φðkÞ
t

∂y2
þ ∂2φðkÞ

t

∂z2
¼ 0 ðzo0Þ; ð34aÞ

φðkÞ
t ¼ 0 ðz¼ 0; jyj ≥ cðtÞÞ; ð34bÞ

lim
jyj-cðtÞ−

jφðkÞ
t jo∞ ðz¼ 0; jyjocðtÞÞ; ð34cÞ

φðkÞ
tz ¼ Zbttðy; tÞ ðz¼ 0; jyjocðtÞÞ; ð34dÞ

φðkÞ
t -0 ðy2 þ z2-∞Þ: ð34eÞ

From Appendix A.2, the solution of Eqs. (34) is of the form

φðkÞ
t ðy;0−; tÞ ¼ −½I2ðy; tÞ þ πE0�

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

p ; y ocðtÞ;
���� ð35Þ

where E0 is a real constant to be determined using the Kutta condition (34c):

E0 ¼ −I2ðcðtÞ; tÞ=π: ð36Þ
Substituting E0 into Eq. (35) and rearranging leads to

φðkÞ
t ðy;0−; tÞ ¼ I4ðy; tÞ

π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

q
; y ocðtÞ;

���� ð37Þ

where I4ðy; tÞ is defined in Eq. (24). The vertical component of the force is finally obtained by integrating the hydrodynamic
pressure over the wetted surface:

FðtÞ ¼ −ρ
Z cðtÞ

−cðtÞ
Zbðy; tÞ � Zbttðy; tÞ þ

I4ðy; tÞ
π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

q� �
dy; ð38Þ

which is identical to integrating Paðy; tÞ over the wetted surface (see Eq. (23)). In this approach, the force depends on the
acceleration only and not on the velocity of the body during the exit stage.

2.2.3. Discussion and comparison with previous work
In order to compare the approach described above with the approach used by Kaplan (1987) and others afterwards (see

Baarholm and Faltinsen, 2004 for example), let us assume that the velocity and the acceleration of the wetted surface are
uniform in space: Zbtðy; tÞ ¼ VðtÞ and Zbttðy; tÞ ¼ _V ðtÞ. If no distinction is made between the entry stage and the exit stage
(i.e. if one considers that the velocity potential is governed by Eqs. (7) instead of Eqs. (33) during both the entry and the exit
stages), then the original Wagner theory leads to the following well known formula:

FðtÞ ¼ −ρ
π

2
_V ðtÞc2ðtÞ−ρπVðtÞ_cðtÞcðtÞ; ð39Þ
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where the term proportional to _V ðtÞ is the so-called added mass term and the term proportional to V(t) is commonly called
the slamming term. During the entry stage, the body goes down (Vo0) and the wetted surface is expanding: _cðtÞ ≥ 0.
During the exit stage, the body goes up (V40) and the wetted surface is contracting: _cðtÞo0. So the contribution of the
slamming term to the force is always positive (i.e. directed upwards). In the work of Kaplan, the slamming term is
suppressed in the exit stage. In fact, one can read in Kaplan (1992) that “this treatment is based on considerations of vertical
momentum transfer only upon water entry and not during conditions associated with water exit”. Although a similar
justification can be found in other papers, such as Bensch et al. (2001), this process still lacks a clear justification. One
possible explanation of the origin of this process might be that large upward forces were obtained from Eq. (39) during the
exit stage, and were judged unphysical as they might have been in contradiction with experimental measurements. The
remedy would therefore have been to keep only the added mass term which has a downward contribution to the force
during exit. However, it is interesting to point out that the introduction of a Kutta condition as suggested in Eqs. (34), widely
used to model flow separation, leads to the same result as the formula of Kaplan for exit. This can be checked by substituting
V and _V into Eq. (38) and by neglecting the term Zb � Zbtt , which comes from the MLM formulation. This could therefore
indicate that Eqs. (7) were used instead of Eqs. (33) when computing the velocity potential during the exit stage and that Eq.
(39) was modified in order to be consistent with experimental results.

One can see that the force strongly depends on the contact point position c(t). Therefore, Eq. (38) might give an accurate
prediction of the force provided that the contact point position is known. As explained in Section 2.2.2, the velocity potential
is the solution of Eqs. (33) during the exit stage and, as a consequence, the Wagner condition (1) is not valid during the exit
stage. For this reason, it is suggested to use a von Karman-type condition for the computation of the contact point position (29).
However, it is well known from studies on water entry that the von Karman condition does not provide an accurate prediction of
the contact point position. Indeed, Wagner showed that accounting for the elevation of the free surface was important to accurately
predict the contact position. Important improvement would probably be provided to the model by taking into account the fluid
flow for the computation of the contact point position. Unfortunately, we have not found a condition equivalent to the Wagner
condition for the exit stage.
2.3. Implementation of the analytical model

The construction of an analytical solution based on the model described in Sections 2.1 and 2.2 involves the following
subsequent steps:
(a)
 the computation of the contact point position,

(b)
 the computation of the time-derivative of the contact point position during the entry stage,

(c)
 the computation of the hydrodynamic pressure,

(d)
 the computation of the hydrodynamic force by integrating the hydrodynamic pressure.
Note that the contact point position c(t) is determined from Eq. (1) and the time derivative of the contact point position
_cðtÞ is obtained by substituting the value of c(t) previously calculated into the time-derivative of Eq. (1) during the entry
stage. As soon as _cðtÞ becomes negative, the exit stage starts and the contact point position is computed using Eq. (29).
For this purpose, the elevation of the free surface at the instant of transition, Zbðcðt0Þ; t0Þ, has to be determined precisely.
In order to study the water entry and exit of arbitrary shapes, we used a numerical procedure which assumes that the
body surface is defined in a discretised form at a number of nodes, denoted yn, and interpolated linearly between each
node:

Zbðy; tÞ ¼ Zbðynþ1; tÞ−Zbðyn; tÞ
ynþ1−yn

� ðy−ynÞ þ Zbðyn; tÞ; yn ≤ y ≤ ynþ1: ð40Þ

With such a description, the speed and acceleration of the body surface also evolve linearly between each node.
Substituting Eq. (40) into Eq. (1), the position of the contact point c(t) is determined by the secant method during the
entry stage. Note that the determination of c(t) during the exit stage is trivial, as the shape is interpolated linearly. In
Eqs. (22), (23), (32) and (37), the singular terms of the hydrodynamic pressure distribution are factorised, and the
functions I3ðy; tÞ and I4ðy; tÞ defined in Eqs. (19) and (24) are well behaved with respect to y. Thanks to this formulation,
we accurately approximate the pressure distribution using a linear interpolation of I3ðy; tÞ and I4ðy; tÞ between each
node. For this purpose, I1ðcðtÞ; tÞ, I3ðyn; tÞ, I3ðcðtÞ; tÞ and I4ðyn; tÞ are computed by substituting the discretised form of the
body position (40) and its derivatives into Eqs. (10), (19) and (24). Making use of the formula presented in Eq. (26), the
quantities I1ðcðtÞ; tÞ, I3ðyn; tÞ, I3ðcðtÞ; tÞ and I4ðyn; tÞ are rearranged into terms which can be integrated in closed form, and
terms which can be reduced to elliptic integrals, for which standard numerical procedures exist. The position of cnðtÞ is
determined by the secant method using the values of I1ðcðtÞ; tÞ, I3ðyn; tÞ, I3ðcðtÞ; tÞ and I4ðyn; tÞ previously computed. During
the entry stage, the force is obtained by integrating Pv and Pa in Eq. (28) analytically from node to node using the same
linear interpolation of I3ðy; tÞ and I4ðy; tÞ between the nodes. During the exit stage, the hydrodynamic force is obtained
by integrating Pa in Eq. (38) in the same way.
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The nodes were uniformly distributed along the y-axis for the case studies presented in Section 4, the distance between
the nodes being 5 mm for the wedge and the parabola and Rðt0Þ=500 for the expanding and contracting cylinder.

3. CFD method

This section describes the Computational Fluid Dynamcis (CFD) methodology used to generate the reference results
for the entry and exit cases studied in this paper. A custom solver built on the open-source finite-volume CFD library
OpenFOAMs is used to numerically solve the Navier–Stokes equations governing the air–water flow. See Piro and Maki
(2013b) for more details.

3.1. Governing equations

The arbitrary Lagrangian–Eulerian (ALE) form of the Navier–Stokes Equations is solved using the finite-volume technique
(more details can be found from many sources, see Jasak, 2009 as an example). This approach allows for solution on moving
and deforming meshes. The governing equations are given below:

∇ � u!¼ 0; ð41Þ

∂ρ u!
∂t

þ ∇ � ρ u!ð u!− u!gÞ ¼−∇pþ ∇ � ðμð∇ u!þ∇ u!⊤ÞÞ; ð42Þ

where u! is the fluid velocity, u!g is the grid velocity, ρ and μ the fluid density and dynamic viscosity, and p the fluid
pressure. The results generated for this paper neglect gravity to be consistent with the analytical model that is presented
in Section 2. Turbulence is also neglected in this work because the time scales of the current problems are too short for
a turbulent flow to develop and influence the results. The values of μ used are 10−3 kg m−1 s−1 for water and 1:48�
10−5 kg m−1 s−1 for air, and the values of ρ are 1000 kg m−3 for water and 1 kg m−3 for air.

The entry and exit of bluff and wedge-shaped bodies can generate complex free-surface topology. For example during
entry a very thin jet emerges from a region where the pressure gradient is largest. To solve for the evolution of the fully
nonlinear air–water interface, the volume-of-fluid (VOF) method is employed. Ubbink and Issa (1999) provide a good
reference for the use of VOF on arbitrary unstructured finite-volume discretisation of the fluid domain. In this work a special
advection equation is used that provides a sharp transition between the two phases. The advection equation governing the
phase-indicator variable α is

∂α
∂t

þ ∇ � ðα u!Þþ ∇ � ðαð1−αÞw!Þ¼ 0; ð43Þ

where α is the scalar indicator variable that takes a value between 0 and 1, 0 representing air and 1 is water. The last term in
this equation uses a compressive velocity field w! that is oriented normal to the air–water interface. The factor αð1−αÞ is zero
away from the interface. Details on the computation of w! can be found in Piro and Maki (2013a). The solver used is the
interDyMFoam solver in OpenFOAM version 2.1.1 modified to include the compression velocity of Piro and Maki (2013a).

3.2. Discretisation

The geometry and the fluid solution for the problems studied in this paper are symmetrical about the y¼0 plane. The
CFD simulations are performed on a fluid discretisation that encompasses one-half of the body and corresponding fluid
domain. The discretisation of the fluid domain is generated with the snappyHexMesh utility available in the OpenFOAMs

library. This utility takes a uniform background grid, removes the cells that are not in the fluid domain (i.e. inside the body),
and refines the grid near the body and in any other user-specified region. This automatic process generates a mesh that is
uniform everywhere except in the immediate neighbourhood of the body boundary, and in regions where there is a
transition in the level of refinement. In this work, refinement is used in the region where the air–water interface passes.

Table 1 shows mesh characteristics for the three different cases in this paper. Specifically, the number of cells in the mesh
and the length scale of the smallest cell relative to the body size are given. Also, Fig. 3 shows the mesh around the cylinder
with a close-up near the body. The cylinder is the darker gray portion of the figure.
Table 1
Mesh characteristics for the three cases.

Case Number of cells Minimum cell size

Wedge 29 200 3.750�10−4B
Parabola 1 013 760 6.313�10−4B
Cylinder (k¼1.10,1.25) 112 123 6.256�10−3R0
Cylinder (k¼1.025,1.05) 1 635 109 1.563�10−3R0



Fig. 3. View of the mesh used for the cylinder cases with refinement near the body (shown in gray). Picture on right shows a close-up of the mesh near
the body.
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The time step size is adaptively chosen during the simulations such that the maximum local Courant Number throughout
the domain is less than 0.3. Typical time step sizes in this work range from 5.0�10−5 to 10−3 s depending on the case and
time within the simulation. Testing has been done with a constant time step size to ensure that the adaptive step size does
not compromise the solution accuracy.

The spatial and temporal discretisations determine the amount of CPU time required to complete the CFD simulations.
For the expanding and contracting cylinder, the required CPU time ranges from 4.8 h on 1 processor for k¼1.10 (coarser
mesh) to 82.7 h on 12 processors – 992.4 total CPU hours – for k¼1.05 (finer mesh).
3.3. Dynamic mesh and boundary conditions

The entry and exit simulations use both the moving and deforming mesh strategies. Moving mesh denotes cases where
the entire mesh is translated and rotated with the body motion. The entry and exit of both the wedge and parabola use the
moving-mesh strategy.

The fluid grid points on the body boundary are moved with the body in the deforming mesh simulations. On all other
boundaries, the grid points are static. The internal grid point motion is assumed to be governed by Laplace's equation. The
deforming mesh strategy is used for the expanding and contracting circular cylinder simulations.

In both cases, the ALE equations (41) and (42) govern the solution of the velocity and pressure in an inertial reference
frame. The grid moves relative to this inertial reference frame. In this frame, the body boundary condition is the fluid

velocity equals the body velocity. The velocity at the bottom boundary is set to a fixed value of 0
!

in all cases. At the top
boundary, the velocity is set to a zero-normal-gradient (or an outlet condition). The pressure boundary conditions are zero-
normal-gradient on all boundaries except the top, where it is set to a fixed value of zero.
4. Results

This section presents results for several case studies of water entry and exit to which the analytical model is applicable. In
addition, comparisons with CFD results are presented for several cases. The water entry and exit of a wedge, a parabola, and
an expanding and contracting cylinder are considered. The wedge and the parabola are important cases for the assessment
of the accuracy of the analytical model on simple cases for applications involving structures subject to water entry and exit
such as ship structures or wave energy harvesting devices (see De Backer et al., 2010).
4.1. Water entry and exit of a wedge

Let us consider the water entry and exit of a rigid wedge with a deadrise angle β of 101 as considered in Piro and Maki
(2011, 2013b). The body position is defined as Zbðy; tÞ ¼ jyj � tan β þ ZðtÞ, with ZðtÞ ¼ ðV1=2Þt2 þ V0t and β¼ 101. The initial
velocity is V0 ¼−4 m s−1 and V1 is such that Zðt0Þ ¼−ðB=4Þ tan β, where B¼ 1 � cos β m is the total width of the wedge
specimen and t0 is the instant of transition between entry and exit (t0 ¼−V0=V1). Within these conditions, V1 ¼ 2V2

0=ðB tan βÞ.
Note that the chines of the wedge remain dry during entry and exit: cðtÞoB=2. Fig. 4 depicts the nondimensional force
Fn ¼ F=ðρV2

0BÞ as a function of the nondimensional time tn ¼ t=t0 during the water entry and exit of the wedge. One can see
that the force is positive (directed upward) in the first part of the entry stage and that the force is negative afterwards. Indeed,
the effect of acceleration/deceleration ( €Z ¼ V1), which is rather similar to the added mass effect, increases as the wetted area
increases and that of the “slamming term” decreases as the velocity decreases (see Eq. (39)). It is remarkable that large
downward forces appear during water entry (tno1). Moreover, the magnitude of the greatest downward force is greater than
the maximum positive force. One can see that the results by the analytical model and CFD are in very good agreement during the
entry stage and that the analytical model makes it possible to take into account the rise of the free surface during the exit stage:
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Fig. 4. Nondimensional force evolution as a function of the nondimensional time during the water entry and exit of a wedge.
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Fig. 5. Nondimensional force evolution as a function of the nondimensional time during the water entry and exit of a parabola.
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Fnðtn ¼ 2Þ≠0. In particular, the amplitude of both extreme forces predicted by the analytical model and by CFD are very close.
However, the CFD simulation predicts a longer exit stage which is not as well captured by the analytical model.

4.2. Water entry and exit of a parabola

The water entry and exit of a rigid parabola is now considered. The body position is defined as Zbðy; tÞ ¼ y2 � tan ðβÞ=Bþ ZðtÞ,
with ZðtÞ ¼ ðV1=2Þt2 þ V0t, V0 ¼−1 m s−1, V1 ¼ 19:5376 m s−2, B¼1 m and β¼ 201. Note that with these parameters the
maximum local deadrise angle at the contact point is about 15.2685 1 at tn ¼ t=t0 ¼ 1. The nondimensional force (Fn ¼ F=ðρV2

0BÞÞ
is depicted in Fig. 5 as a function of the nondimensional time (tn). Similar to the case of the wedge, the force becomes directed
downward during the entry stage. However, the time evolution is different. In particular, in contrast to the wedge, one can see
that the force predicted by the analytical model is non-zero at tn ¼ 0þ (the force obtained by the analytical model starts at t¼0+).
This is a well known result of the original Wagner model, which is based on incompressible flow theory and gives a finite force at
the first instant of point contact between a blunt body and the water surface. Indeed, within theWagner theory the force is equal
to F0 ¼ 2πρV2

0R at t¼0+, with R the radius of curvature of the blunt body at y¼0 and V0 the velocity of the body at t¼0+.
Although the MLM tends to the same limit at t¼0+, this limit cannot be reached by integrating the pressure distribution as
described in Section 2.1.3, as the wetted area tends to a single point. However, the force can be extrapolated to the Wagner limit
(F0) at t¼0+. It is interesting to note that the acceleration has no effect on this limit as the added mass is zero when c(t)¼0. The
extreme negative forces predicted by both methods at tn¼1 (the time of deepest immersion) are very close to each other. In
contrast to the wedge case study, for the parabola, the magnitude of the extreme downward force is smaller than the magnitude
of the extreme upward force. This highlights an interesting difference between the water entry and exit of a blunt body and the
water entry and exit of a wedge. The good agreement between the two approaches is confirmed by comparing the pressure
coefficient distributions (Cp ¼ P=ð0:5ρV2

0Þ), which are plotted in Figs. 6 (entry stage) and 7 (exit stage). One can see that during
the early stage of impact (Fig. 6(a)) the pressure coefficient is positive all over the wetted surface and that the pressure peak is
well pronounced. Air is modelled in the CFD simulation, so the water surface is slightly deformed due to the air-flow and the
force is non-zero just before tn¼0. As time increases, the amplitude of the pressure coefficient decreases and a region of negative
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Fig. 6. Distribution of pressure coefficient Cp as a function of y/B at successive times during the water entry of a parabola: (a) from tn ¼−0:29306 to
tn ¼ 0:097688 (b) from tn ¼ 0:19538 to tn ¼ 0:58613 (c) from tn ¼ 0:68382 to tn ¼ 1:0746.
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pressure coefficient appears in the centre of the wetted region (Fig. 6(b)). This is due to the decrease of the entry velocity and to
the decrease of the local deadrise angle at the contact point. One can see in Fig. 6(c) that the pressure peak keeps on decreasing
until it vanishes just before tn¼1. Note that at tn ¼ 0:87919, the pressure predicted by the MLM is already negative all over
the wetted surface. After the transition, the pressure coefficient distributions obtained from the analytical model and the CFD
simulation remain close to each other (Fig. 7(a)). In particular, one can see that the contact point position is well estimated by the
modified von Karman approach. However, later in the exit stage, differences increase (Fig. 7(b)). Finally, one can see that both the
magnitude of the pressure distribution and the position of the contact point are rather different when the parabola is about to
leave the water (Fig. 7(c)). This last remark suggests that the prediction of the contact point position in the analytical model could
be improved. Indeed, it is not surprising to see that, like the von Karman model for water entry, the von Karman model for exit
also underestimates the wetted area. Furthermore, nonlinearities could also be expected to have an increasing influence on the
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pressure distribution as the velocity increases in the water exit stage. From the negative pressure coefficient distributions
observed in Figs. 6 and 7, cavitation is likely to occur for high decelerations. As reported in Korobkin (2003) and Reinhard (2013),
such decelerations could happen during the free-fall of a light-weight body impacting the water surface at high speed. This
phenomenon would keep the pressure from dropping as low as predicted here and therefore limit the suction effect mentioned
by Bensch et al. (2001) and Korobkin (2003).

4.3. Water entry and exit of an expanding and contracting circular cylinder

The water entry and exit of a circular cylinder initially laying in point contact with the water surface and whose radius
increases and decreases is considered in this section. This problem comes from the 2D+t analysis of a curved body which
moves horizontally at a fixed penetration depth (see Fig. 1). In such an analysis, the flow is studied in fixed vertical planes
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which are “crossed” by the body (Fig. 1(a)). In the case of an ellipsoid of revolution, the three-dimensional problem
is reduced to a sequence of two-dimensional problems which are similar to the water entry and exit of an expanding
and contracting cylinder (Fig. 1(b)). In the present analysis, a slightly different case is considered in order to simplify the

expression of the body position. Let the body position be defined as Zbðy; tÞ ¼ R0−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RðtÞ2−y2

q
, with R0 ¼ 0:65 m and

RðtÞ ¼ R0 þ R1t þ R2t2. Note that this case corresponds to the approximation of the ellipsoid shape by a panel of double
curvature. The equivalent velocity R1 and acceleration coefficient R2 are determined such that the ratio of the maximum
radius Rðt0Þ of the cylinder to its initial radius R0, k¼ Rðt0Þ=R0, is respected. Several values of k ranging from 1.025 to 1.25 are
considered. Note that the position of the centre of the circular cylinder remains fixed at z¼ R0 during entry and exit and that
R1 and R2 are such that t0 ¼ 0:5 s in the simulations. In order to make a link between the results obtained and the well
known results of the entry of a circular cylinder at constant speed and fixed radius, it is interesting to introduce a parameter
ζ defined as ζ¼ −Zbð0; t0Þ=Rðt0Þ ¼ ½Rðt0Þ−R0�=Rðt0Þ, which indicates the relative penetration depth at t¼t0. Here ζ indirectly
gives information on the accuracy of the Wagner theory and the MLM during the entry stage, see Korobkin (2011). Note that
0:024 ≤ ζ ≤ 0:2 for the values of k considered and therefore it is expected to be in the domain of validity of the Wagner

theory. Fig. 8 depicts the evolution of the nondimensional force Fn ¼ F=ðρR2
1R0Þ as a function of the nondimensional time tn

for several values of the parameter k. One can see that the shape of the force curve is rather close to the one obtained for the
parabola in Fig. 5. Indeed, these two body shapes are blunt and are expected to have similar behaviours. For both, the force
starts impulsively and decreases until tn¼1. Note that the duration of negative force is also very long. During the entry stage,
agreement between the two approaches is very close for all cases. For the k¼1.025 case (Fig. 8(a)), the agreement during
the exit stage is comparable to the one found for the parabola case. However, as the penetration parameter k increases,
the discrepancy increases significantly during the exit stage. It clearly appears that the analytical model overpredicts
the magnitude of the negative force during the exit stage for the highest values of k. Note that for the greatest value of k the
local deadrise angle at the contact point reaches 551 at t¼t0 within the Wagner theory.

In Fig. 8(a) and (b) the force time series from the CFD simulations show high frequency oscillations, particularly during
entry. This is due to the resolution of the pressure peak and jet root. The Courant number restriction limits the pressure
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Fig. 8. Evolution of the nondimensional hydrodynamic force as a function of the nondimensional time during the water entry and exit of an expanding
cylinder for several values of k.



Fig. 9. Pressure coefficient Cp ¼ P=ð0:5ρR2
1Þ as a function of the angle along the cylinder at three time instants for k¼1.025.
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peak to moving approximately a third of a cell per time-step. The resolution of the peak thus changes in each time-step,
depending on how close it is to a boundary face centre. This source of oscillation is magnified by finer grids since as the peak
becomes more defined there is also a larger change in resolution. The second source of oscillation in the force time series is
from the resolution of the jet root. The pressure profile of the k¼1.025 case is shown in Fig. 9 as a function of angular
position, with 01 corresponding to the centreline and 901 a horizontal position. The figure shows that the pressure in the
jet-root (angles just greater than that of the peak) is not smooth. As this jagged pressure profile moves along the body,
oscillations are seen in the total force.
5. Conclusion

In this paper, an analytical model suitable to describe the water entry and exit of a body whose shape varies in time is
proposed. This model is based on the modified Logvinovich model (MLM) for the entry stage. An extension of the MLM
to bodies of varying shapes has been suggested for this purpose. A linear model of water exit based on the fundamental
concepts of the von Karman model of water entry is proposed. In the present model, the method employed for the
computation of the contact point position is modified in order to account for the rise of the free surface during entry. In
order to compute the pressure, the acceleration potential is introduced and a Kutta condition is enforced at the contact
point. It is shown that the present methodology leads to a formulation similar to the one used by Kaplan (1987). Explicit
formulae are derived for the computation of the derivatives of the velocity potential of Wagner using the theory of analytic
functions and introducing the acceleration potential and the complex velocity. The analytical model has been used to study
the water entry and exit of rigid bodies and bodies whose shapes vary in time. In addition, CFD simulations have been run in
order to provide reference results to the case studies considered. It is shown that important suction forces occur during the
entry and exit stages. Although the exit model seems simple, it makes it possible to provide rational force predictions where
the Wagner theory ceases to be valid. The model provides good results for bodies with small deadrise angles. However,
when large penetration depths and large deadrise angles are concerned, some clear limitations arise. This work shows the
possibility to predict accurately the suction effects during the water entry and exit. The results obtained from the analytical
model presented in Section 4.2 show that the absolute hydrodynamic pressure is likely to drop below the vapour pressure of
the liquid for large decelerations. In that sense, the model can be used to predict the onset of cavitation, which would have a
limiting effect on downward forces. Furthermore, in the light of the expanding and contracting cylinder studied in Section
4.3, this model can be used to study hydroelastic problems involving water entry and exit. Repeated water entry and exit,
such as an oscillating floating body, would however require a special treatment. Indeed, in the present state of the model, a
cumulative rise of the reference water level would appear in that case.

Significant effort should be dedicated to the derivation of a better formulated exit model equivalent to the Wagner model
of water entry. The results presented in Section 4 suggest that both the computation of the contact point position and of the
pressure distribution could be improved. We suspect that the nonlinear terms of the Bernoulli equation might affect
the pressure condition in the wake region. The notion of “contact point” itself, which is well established in the water entry
theory (as there is a turnover region), might be less clearly defined in the exit stage because the water surface detaches
smoothly from the solid surface.
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Experimental investigations seem to be unavoidable in order to confirm the phenomena. For this purpose, one may be
interested in performing water entry and exit experiments of the rigid bodies considered in Sections 4.1 (wedge) and 4.2
(parabola). In order to reproduce the conditions assumed in the analytical model (gravity neglected), the experimental
conditions have to be such that jV1jTjgj (g being the gravity acceleration here) and that the parameter ðV0Þ2=ðBV1Þ has
the same value when comparing two cases. Reproducing experimentally the water entry and exit of the expanding and
contracting cylinder is more challenging. One could imagine a device with several actuators able to bend a plate with the
right shape.
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Appendix A. Solutions of the mixed boundary value problems

This appendix details the derivation of the solutions of the mixed boundary value problems (7), (12) and (17) using the
complex potential theory and the theory of analytic functions.

A.1. Calculation of the velocity potential

The mixed boundary value problem defined in Eqs. (7) can be solved by introducing the analytic function Φ defined in
zo0 as

ΦðξÞ ¼ ½φðwÞðy; z; tÞ þ iψðy; z; tÞ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2−c2ðtÞ

q
; ðA:1Þ

where the complex variable ξ¼ yþ iz and ψ is the stream function (φðwÞ
y ¼ ψz, φ

ðwÞ
z ¼−ψy). Also note that t appears as a

parameter in Eqs. (7) and therefore in the function Φ.
Using the following formulas:ffiffiffiffiffiffiffiffiffiffiffiffi

ξ2−c2
q

¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
y2−c2

q
ðyo−c; z¼ 0Þ; ðA:2aÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
ξ2−c2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
y2−c2

q
ðy4c; z¼ 0Þ; ðA:2bÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
ξ2−c2

q
¼ −i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
c2−y2

q
ðjyjoc; z¼ 0−Þ; ðA:2cÞ

one can show that the real part of Φ on the real-axis is given as follows:

R½Φðyþ i0−Þ� ¼ 0; jyj4cðtÞ; ðA:3aÞ

R½Φðyþ i0−Þ� ¼ θðy; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

q
; jyjocðtÞ; ðA:3bÞ

where θðy; tÞ ¼ ψðy;0; tÞ ¼−
R y
0 Zbtðτ; tÞ dτ is the stream function on the wetted surface (jyjoc). The latter formula for the

stream function along the wetted part of the body surface is also valid for the original nonlinear problem of symmetric body
impact. Note that limjξj-∞ΦðξÞ ¼ iC0, with C0 a real constant to be determined (0 ≤ C0o þ∞), so the solution of the Dirichlet
problem (A.3) in the lower half-plane (zo0) is

ΦðξÞ ¼ i
π

Z þ∞

−∞

R½Fðτ þ i0−Þ�
τ−ξ

dτ þ iC0 ¼
i
π

Z cðtÞ

−cðtÞ

θðτ; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−τ2

p
τ−ξ

dτ þ iC0: ðA:4Þ

From Sokhotsky–Plemelj's formula:

lim
ξ-yþi0−

i
π

Z cðtÞ

−cðtÞ

θðτ; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−τ2

p
τ−ξ

dτ¼ θðy; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

q
þ i

π
PV

Z cðtÞ

−cðtÞ

θðτ; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−τ2

p
τ−y

dτ; ðA:5Þ

where PV denotes the Cauchy principal value of the integral. Taking the imaginary part of Φ on the real-axis by using
Eq. (A.5) and the definition of Φ leads to

I½Φðyþ i0−Þ�jjyjo c ¼
1
π
PV

Z cðtÞ

−cðtÞ

θðτ; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−τ2

p
τ−y

dτ þ C0 ¼−φðwÞðy;0−; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

q
: ðA:6Þ

Enforcing the continuity of φðwÞðy;0−; tÞ at y¼ cðtÞ leads to the following condition:
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C0 ¼−
1
π
PV

Z cðtÞ

−cðtÞ

θðτ; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−τ2

p
τ−cðtÞ dτ: ðA:7Þ

Note that this condition is necessary to ensure that the kinetic energy is bounded in the fluid domain. Substituting Eq. (A.7)
into Eq. (A.6) and rearranging leads to

φðwÞðy;0−; tÞ ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

p
π

I1ðy; tÞ; y ocðtÞ;
���� ðA:8Þ

where

I1ðy; tÞ ¼ PV
Z cðtÞ

0

2τθðτ; tÞ dτ
ðτ2−y2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−τ2

p : ðA:9Þ

A.2. Calculation of the acceleration potential

The procedure described in Appendix A.1 can be used to find a solution of the boundary value problem defined in
Eqs. (12). Let us introduce the analytic function Φt defined as

ΦtðξÞ ¼ ½φðwÞ
t ðy; z; tÞ þ iψ tðy; z; tÞ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2−c2ðtÞ

q
; ðA:10Þ

where ψ t is the time derivative of the stream function ψ (φðwÞ
ty ¼ ψ tz, φ

ðwÞ
tz ¼−ψ ty). One can show that

R½Φtðyþ i0−Þ� ¼ 0; jyj4cðtÞ; ðA:11aÞ

R½Φtðyþ i0−Þ� ¼ θtðy; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

q
; jyjocðtÞ; ðA:11bÞ

where θtðy; tÞ is the partial t-derivative of θðy; tÞ. Note that limjξj-∞ΦtðξÞ ¼ iD0, with D0 a real constant to be determined
(0≤D0o þ∞). So by replacing subsequently Φ, φðwÞ, C0 and θ by Φt , φ

ðwÞ
t , D0, and θt , respectively, in Eqs. (A.4)–(A.6), one gets

φðwÞ
t ðy;0−; tÞ ¼ −½I2ðy; tÞ þ πD0�

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

p ; y ocðtÞ;
���� ðA:12Þ

where I2ðy; tÞ ¼ PV
R cðtÞ
−cðtÞÞðθtðτ; tÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−τ2

p
=ðτ−yÞÞ dτ and D0 is a constant to be determined. One can see that the constant D0

governs the asymptotic behaviour of φtðy;0−; tÞ at y¼ cðtÞ in Eq. (A.12):

φðwÞ
t ðy;0−; tÞ ∼−½I2ðcðtÞ; tÞ þ πD0�

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

p as y -cðtÞ−:
���� ðA:13Þ

In contrast to the velocity potential, the constant D0 is determined by enforcing the asymptotic behaviour of Eq. (A.12) at
jyj ¼ cðtÞ to be the same as the asymptotic behaviour of the time-derivative of Eq. (A.8). Differentiating Eq. (A.8) leads to

∂φðwÞ

∂t
ðy;0−; tÞ ¼ −_cðtÞcðtÞ

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

p I1ðy; tÞ−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

p
π

� ∂I1ðy; tÞ
∂t

∼
−_cðtÞcðtÞ

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

p I1ðcðtÞ; tÞ as y -cðtÞ−:
���� ðA:14Þ

Equating Eqs. (A.(13) and A.14) leads to

D0 ¼
_cðtÞcðtÞ

π
I1ðcðtÞ; tÞ−

1
π
I2ðcðtÞ; tÞ: ðA:15Þ

A.3. Calculation of the velocity

In order to determine a solution of the mixed boundary value problem defined in Eqs. (17), the following analytic
function W is introduced:

WðξÞ ¼ ½φðwÞ
y ðy; zÞ−iφðwÞ

z ðy; zÞ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2−c2ðtÞ

q
: ðA:16Þ

The real part of W on the real-axis reads

R½Wðyþ i0−Þ� ¼ 0; jyj4cðtÞ; ðA:17aÞ

R½Wðyþ i0−Þ� ¼−Zbtðy; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

q
; jyjocðtÞ: ðA:17bÞ

Note that φðwÞ
y ¼Oððy2 þ z2Þ−1Þ as jy2 þ z2j-∞ and jWðξÞj-0 as jξj-∞. Therefore W is given by
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WðξÞ ¼ i
π

Z cðtÞ

−cðtÞ

−Zbtðτ; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−τ2

p
τ−ξ

dτ: ðA:18Þ

From Sokhotsky–Plemelj's formula:

Wðyþ i0−Þ ¼−Zbtðy; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

q
þ i

π
PV

Z cðtÞ

−cðtÞ

−Zbtðτ; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−τ2

p
τ−y

dτ: ðA:19Þ

Therefore

φyðy;0−Þ ¼R
Wðyþ i0−Þ
−i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

p
" #

¼ 1

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−y2

p I3ðy; tÞ; y ocðtÞ;
���� ðA:20Þ

where I3ðy; tÞ can be rearranged as follows:

I3ðy; tÞ ¼ 2yPV
Z cðtÞ

0

Zbtðτ; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ−τ2

p
τ2−y2

dτ: ðA:21Þ
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