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Abstract The initial stage of unsteady two-dimensional flow caused by the impulsive horizontal motion of a float-
ing circular cylinder is investigated by using methods of asymptotic analysis. Initially the cylinder is half-submerged
and the liquid free surface is flat and horizontal. The liquid is of infinite depth. Then the cylinder suddenly starts
to move horizontally with a speed given as a function of time. The liquid is assumed ideal and incompressible and
its flow potential. The initial flow is provided by pressure-impulse theory, with an account of a possible separa-
tion of the liquid free surface from the trailing face of the rigid surface of the cylinder. The initial position of the
separation point on the surface of the moving body is determined by using the condition that the fluid velocity is
finite at the separation point (Kutta condition). The motion of the separation point along the surface of the cylinder
is numerically determined with the help of the second-order outer solution of the problem and the Kutta condition
at the moving separation point. It is shown that the length of the wetted part of the cylinder surface increases at a
rate proportional to the speed of the cylinder. The speed of the separation point depends on the Froude number. The
pressure on the wetted part of the cylinder can be below the atmospheric pressure for relatively high speed.

Keywords Asymptotic analysis · Free-surface flows · Hydrodynamic impact · Sedov’s model · Separation effects

1 Introduction

We consider a circular cylinder of radius a which is half-submerged into a liquid of infinite depth. Initially both
the liquid and the cylinder are at rest. The free surface of the liquid, |x′| > a, y′ = 0, is flat and horizontal.
Here primes stand for dimensional variables. The origin of the Cartesian inertial coordinate system x′Oy′ is taken
at the center of the cylinder before the impulsive motion. At the instant, t ′ = 0, the cylinder suddenly starts to
move horizontally at a given speed (dh′/dt ′)(t ′), where h′(t ′) is the horizontal displacement of the cylinder, and
(dh′/dt ′)(0+) = v0, v0 > 0. The resulting impulsive flow is viewed as arising from a horizontal impact on the dry
part of the cylinder. The liquid is assumed incompressible. Surface tension and viscous effects are not taken into
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account in the present analysis. The liquid flow induced by the body motion is two-dimensional and irrotational.
The atmospheric pressure patm is positive and constant. The speed of the body is much smaller than the sound
speed in the liquid, but large enough to induce separation of the liquid from the rigid surface of the moving body
along its rear part. We assume that the separation point on the body surface is unique at the rear and positioned
in such a way that the liquid velocity at this point is finite. This condition is known as the Kutta condition. It can
be shown that in this case both the velocity field of the flow and the hydrodynamic pressure are continuous at the
separation point. However, we allow the hydrodynamic pressure along the wetted part of the body surface to be
below the atmospheric pressure patm. If the pressure drops to a critical value pcav, which is close to zero, then
cavitation may start along a certain part of the wetted surface. Cavitation effects are not included in the present
model. However, we examine the pressure distribution and distinguish the conditions of the cylinder motion under
which the hydrodynamic pressure drops to the critical value.

We shall determine the motion of the separation point during the initial stage, the shape of the free surface close
to the separation point and the pressure distribution along the wetted part of the body surface. The displacement
h′(t ′) of the body and the displacements of the liquid particles are assumed much smaller than the length scale a
of the problem during the initial stage under consideration. The main attention in this study is drawn to the initial
motion of the separation point along the cylinder surface.

The problem of unsteady separation of a liquid from the surface of a floating body which moves with large
acceleration is of practical importance. Separation effects should be taken into account for accurate predictions of
hydrodynamic loads acting on the body and for reliable predictions of the body motions. This problem is rather
different from that of viscous separation due to high acceleration of the body. However, viscous effects might be
relevant close to the rigid surface and, in particular, close to the separation point (separation line in the three-
dimensional problem). It is assumed that the global flow after the impact is governed by inertia and gravity forces
with viscous and capillary forces possibly playing a local role close to the separation point. This assumption should
be critically validated because at present there is no well-established model of unsteady impulsive separation. The
present study is an attempt to generalize Sedov’s model of hydrodynamic impact with separation to problems where
the free-surface displacement is included. Viscous and capillary forces are not included in this study.

The problem of hydrodynamic impact with separation was formulated by Sedov in his monograph [1, Chap. 4],
where he developed methods of solving two-dimensional problems of impact by using the theory of analytic
functions. Within Sedov’s model of impact the liquid is assumed to be of infinite depth, homogeneous, and incom-
pressible. The flow of the liquid is potential. Sedov’s model provides the flow just after impact, at t ′ = 0+, and
the length of the liquid surface which is instantly separated from the body surface at the impact instant. The flow
after impact, t ′ > 0, is not considered. In Sedov’s model, the boundary conditions are linearized and imposed on
the initial position of the liquid boundary before impact. The dynamic condition on the free surface is integrated in
time providing that the velocity potential is equal to zero on the free surface just after impact. The boundary of the
floating body is divided into two parts: firstly a “contact region” which is a region of liquid contact with the body
after impact, where the normal derivative of the velocity potential is equal to the normal component of the velocity
of the rigid surface. Secondly there is a region, where the liquid instantly separates from the rigid surface and the
potential is equal to zero. The size of the separation region is unknown in advance and has to be determined as
part of the solution. This mixed boundary-value problem is solved by using conformal mapping of the flow region
onto the unit circle. Sedov formulated two inequalities based on physical reasoning. One condition requires that
the pressure impulse, which is an integral of the hydrodynamic pressure over a small time interval, is non-negative
along the liquid boundary, and the second inequality requires that the separated free surface cannot intersect the
surface of the moving body. The position of the separation point is determined by using the condition that the flow
velocity is continuous at the separation point. It was shown that this condition provides the solution with positive
pressure impulse in the contact region.

The first problem of hydrodynamic impact with separation solved by Sedov was that of horizontal impulsive
motion of a vertical floating plate [1, pp. 171–179]. Two-dimensional problems of horizontal and oblique impacts of
a half-submerged elliptic cylinder were studied by Kudryavtseva [2] and Korchagin [3,4]. Experimental results for
a half-submerged elliptic cylinder which starts to move impulsively were published in [2]. These results confirmed
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a main assumption of Sedov’s theory that separation starts suddenly along a certain non-zero part of the body
surface. The size of the separated liquid surface was measured and found to be slightly smaller than that predicted
by Sedov’s model. However, the experiments were not designed to measure accurately the flow characteristics but
to demonstrate the main features of the horizontal impact.

Sedov’s problem of two-dimensional floating-body impact with separation was studied numerically in [5] for
a wedge and an ellipse. A discrete vortex method was used. The separation zone was determined numerically by
iterations. First the problem was solved without any separation and the distribution of the pressure impulse along the
body surface was calculated. The pressure impulse was found to be negative along a part of the rear side of the body
surface. It was suggested to evaluate the point on the body surface where the pressure impulse has a minimum, and
take this point as an approximation of the separation point. Then the mixed boundary-value problem with respect
to the pressure impulse was solved again and a new position of the minimum pressure was evaluated. This iteration
process converges to the actual position of the separation point such that the pressure impulse is positive along the
wetted part of the body surface.

A general theory of impact with separation for a non-homogeneous fluid was developed in [6], where it was
proved that the problem of floating-body impact with separation has a unique solution. Sedov’s model was applied to
the problem of floating-plate impact and was extended to finite flow regions of different shapes in [7] by asymptotic
methods, a conformal-mapping technique, dual integral equations and variational principles [8, Chap. 1].

The formulation of Sedov’s problem of hydrodynamic impact with separation, which includes the inequalities
with respect to the pressure impulse and the shape of the separated free surface, was transformed to a nonlinear
Hammerstein-type integral equation in [9,10], where the impact of a floating elliptic cylinder was studied for a
liquid of finite depth. This method made it possible to determine the flow field and separation zone at the same time.
Numerical calculations revealed that the separation zone can be multi-connected. This is an important result which
would be difficult to obtain by other methods which require preliminary information on positions of separation
zones. A nonlinear Hammerstein-type integral equation was also used in [11] to solve the three-dimensional prob-
lem of a floating circular-disk impact with separation. Hammerstein-type integral equations were successfully used
in the analysis of static problems of elasticity with contact regions between two elastic bodies that were unknown
in advance; see [12,13], [14, pp. 187–195], [15, pp. 245–262].

Problems of unsteady potential flow with an unknown region of liquid–solid contact were studied in [16] by the
theory of variational inequalities [8, Chap. 1, Sect. 3.5]. The derived variational inequality was reduced to a problem
in the minimization of a nonlinear functional. The corresponding numerical algorithm was developed by Gazzola
[17] for both rigid and elastic bodies. This approach is formally capable of describing separation of liquid from the
entering surface if the pressure drops to a critical value pcav; however, at present this approach is used without this
option.

The separation of the liquid from the rigid surface of a body during its impact onto the liquid free surface
was studied for a weakly compressible liquid in [18] and for an incompressible liquid in [19]. Within these two-
dimensional models the liquid was allowed to separate from the rigid surface with the formation a cavity where the
hydrodynamic pressure becomes less than the ambient atmospheric pressure. It was shown that the cavity is very
thin and the flow velocity is finite at the separation points. Note that the separation effects were described within
the leading-order solutions valid during the initial stage of the impact. Motions of the separation points were found
both within the weakly compressible and incompressible liquid models.

In this paper the problem of circular-cylinder impact is formulated in non-dimensional variables with a being
the length scale, a/v0 the time scale, v0a the scale of the velocity potential and ρv2

0 the scale of the hydrodynamic
pressure, where ρ is the liquid density.

Asymptotic methods are used to obtain the flow during the initial stage of impact with the small parameter being
the ratio between the body displacement h′(t ′) and the radius of the cylinder a. This variable is denoted as h(t) and
it is a small parameter in our asymptotic analysis. For the purpose of this study we can restrict ourselves to the case
of constant velocity of the body, when h(t) = t . The present model of hydrodynamic impact with separation can be
viewed as a generalization of Sedov’s model. Correspondingly, we assume that the leading-order solution as h → 0
describes the flow just after the impact and is that predicted by Sedov’s model. We shall derive the second-order
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small-displacement solution that accounts for the motion of the separation point by using the Kutta condition. Then
we calculate the second-order shape of the free surface close to the separation point and argue that an inner solution
is required to describe this part of the free surface. The inner solution, close to the separation point, is derived and
studied only for high Froude numbers. It is shown that gravity plays an important role in unsteady separation of
liquid from the surface of the moving body.

In this paper the leading-order and the second-order outer solutions as h(t) → 0 are calculated numerically
by the method of finite elements. This method was used in [10] to solve Sedov’s problems for both homogeneous
and non-homogeneous fluids. The results were found to be in fairly good agreement with those predicted by the
method based on the Hammerstein-type integral equation. Convergence of the finite-element solutions for regions
of complicated shapes was studied.

There are two critical points of the flow in the problem of horizontal impact. First is the separation point on
the rear side of the moving body, and the second is the intersection point at the front of the body. This study is
concerned with the first critical point. The flow near the front intersection point is similar to that in the problem of
an impulsively moved vertical plate [20]. From the analysis presented in [21] for the problem of vertical impact of
a floating body, we know that the second-order outer solution matches the leading-order inner solution close to the
front intersection point if the angle α between the tangent to the body surface and the initial position of the free
surface is greater than π

4 . This is the case for the floating semi-submerged circular cylinder, in particular. In this case
the second-order outer solution can be derived without taking account of the inner flow near the front intersection
point. This means that the flow close to the separation point and the motion of this point are not affected by the inner
solution at the intersection point, up to the second order with respect to the small parameter of the problem, and can
be determined independently of that inner solution. If the angle α is less than π

4 , then the inner solution close to the
front intersection point provides an important contribution to the outer solution. The order of this contribution is
lower than that of the second-order outer solution. In such a case, the motion of the separation point is expected to
be governed by the flow details close to the front intersection point. This case is not considered in the present study.

The mathematical formulation of the problem is presented in Sect. 2. Stretched polar coordinates are introduced
such that the position of the separation point is fixed. The second-order “outer” solution of the problem is derived
in Sect. 3. This asymptotic solution is formally valid for small displacement h(t) of the body. The resulting mixed
boundary-value problems for potentials are solved by the finite-element method. The initial velocity of the separa-
tion point as a function of the Froude number is obtained in Sect. 3.1. The pressure distribution along the wetted part
of the moving body is studied in Sect. 3.2. It is shown that, in stretched polar coordinates, the pressure distribution
after impact is independent of the motion of the separation point. This means that no condition with respect to the
hydrodynamic pressure can be used to determine the position of the separation point. The free-surface shape close
to the separation point is analysed in Sect. 3.3 by using method of matched asymptotic expansions. Conclusions
are drawn in Sect. 4.

2 Formulation of the problem

The liquid flow after impact, t > 0, is described in non-dimensional variables (without primes) by the velocity
potential �(x, y, t), which satisfies the following equations

∇2� = 0 in �(t), (1)
∂�

∂n
= ḣ(t) cos θ on S11(t), (2)

∂�

∂t
+ 1

2
(∇�)2 + 1

Fr2 y = 0,
∂F

∂t
+ ∇� · ∇F = 0 on S12(t) and S2(t), (3)

�
(
x, y, 0+) = �0(x, y), (4)

where�(t) is the flow region; S11(t) is the contact region between the liquid and the surface of the cylinder, S12(t)

is that part of the free surface, the liquid particles of which were in contact with the rigid surface of the cylinder
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Fig. 1 Sketch of the flow in the moving non-dimensional coordinates x1, y1. Here S11(t) is the contact region between the liquid and
the surface of the cylinder, S12(t) is that part of the free surface, the liquid particles of which were in contact with the rigid surface of
the cylinder when t < 0, S2(t) is that part of the free surface, which was originally horizontal

when t < 0; S2(t) is that part of the free surface, which was originally horizontal (see Fig. 1). The position of the
liquid free surface is described by the equation F(x, y, t) = 0. The dynamic and kinematic boundary conditions (3)
are imposed on the actual position of the liquid boundary, ∇� = (∂�/∂x, ∂�/∂y) and ∇F = (∂F/∂x, ∂F/∂y).
Here Fr = v0/

√
ga is the Froude number, g is the gravitational acceleration. The body boundary condition (2) is

imposed on the wetted part of the moving cylinder S11(t); ḣ(t) is the non-dimensional horizontal velocity of the
body; ḣ(0+) = 1 and h(0) = 0. The position of the surface of the moving cylinder is described by the equations
x = h(t)+r cos θ, y = r sin θ , where r = 1. Before impact, the wetted part of the half-submerged circular cylinder
corresponds to −π < θ < 0. The pressure P(x, y, t) in the flow region is given by Bernoulli’s equation:

− P(x, y, t) = ∂�

∂t
+ 1

2
(∇�)2 + 1

Fr2 y. (5)

The pressure is hydrostatic before impact. The initial condition (4) is imposed at the time instant just after impact,
t = 0+, where �0(x, y) is the solution of the problem within Sedov’s model of impact.

The scheme of the flow during the early stage after impact is shown in Fig. 1. The point Cs is the separation
point, at which the liquid surface separates from the surface of the cylinder. Note that the liquid particles of the
free surface S12(t) were in contact with the surface of the cylinder before it started to move suddenly. According to
Sedov’s theory of horizontal impact [1, pp. 171–179], the initial length of the free surface S12(0+) is unknown in
advance and it is determined with the help of the condition that the flow velocity at the separation point is finite. In
this study we assume that the Froude number, Fr, is large enough that the liquid surface separates from the surface
of the cylinder along an interval −π < θ < θs(t), where θs(t) has to be determined as part of the solution. The
initial value of this function θs0 = θs(0+) is given by the solution of the problem within Sedov’s theory.

The potential �0(x, y) is the solution of the following mixed boundary-value problem with inequalities

∇2�0 = 0, in �(0), (6)
∂�0

∂n
= cos θ, �0 ≤ 0 on S11

(
0+)

, (7)

∂�0

∂n
≥ cos θ, �0 = 0 on S12

(
0+)

, (8)

�0 = 0 on S2(0), (9)

�0 → 0 as r → ∞. (10)

This problem is solved numerically by the finite-element method. The position of the separation point is determined
by iterations as in [5]. The value for θs0 was found to be −1.97103, where all displayed digits are correct in terms of
the solution derived in [2] by a conformal-mapping technique. Note that more than 67◦ of the rear face is suddenly
exposed. The flow velocity calculated numerically is continuous at the separation point, and the spatial derivatives
of the flow velocity share a square-root singularity at this point.

In order to derive the second-order outer solution, it is convenient to introduce the moving-coordinate system
(x1, y1), where x = x1 +h(t) and y = y1, and the new unknown potential ϕ(x1, y1, t) = �(x1 +h(t), y1, t). Here
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x1 = r cos θ and y1 = r sin θ , where r and θ are polar coordinates with the origin attached to the center of the
cylinder. It is convenient to describe the position of the free surface S12(t), which separated from the surface of the
moving cylinder at t = 0+, in the polar coordinate system by the equation r = 1 + rf (θ, t) and the position of the
original free surface S2(t) in the Cartesian coordinates by the equation y1 = ξ(x1, t), where rf (θ, t) and ξ(x1, t)

are new unknown functions.
Within the moving-coordinate system and with respect to the new unknown function the original problem reads

∂2ϕ

∂r2 + 1

r

∂ϕ

∂r
+ 1

r2

∂2ϕ

∂θ2 = 0 in �(t), (11)

∂ϕ

∂r
= ḣ(t) cos θ on S11(t), (12)

∂ϕ

∂t
− ḣ(t)

[
ϕr cos θ − 1

r
ϕθ sin θ

]
+ 1

2

[
1

r2 ϕ
2
θ + ϕ2

r

]
+ r sin θ

Fr2 = 0 on S12(t) and S2(t), (13)

∂ϕ

∂r
− ḣ(t) cos θ = ∂rf

∂θ

[
1

(
1 + rf (θ, t)

)2

∂ϕ

∂θ
+ sin θ

1 + rf (θ, t)
ḣ(t)

]

+ ∂rf

∂t
on S12(t), (14)

∂ϕ

∂y1
= ∂ξ

∂x1

[
∂ϕ

∂x1
− ḣ(t)

]
+ ∂ξ

∂t
on S2(t), (15)

ϕ → 0 as r → ∞, (16)

ϕ
(
θ, r, 0+) = �0(r cos θ, r sin θ). (17)

The solution of the problem is sought under the additional condition that the flow velocity is continuous in the flow
region up to its boundary. This condition is used to determine the position of the separation point θs(t) and the inner
flow close to the intersection point in front of the cylinder.

The separation point is moving along the rigid surface starting from θs0. This motion may affect the asymptotic
behaviour of the solution for small displacements of the body. It is convenient to introduce a deformed angular
coordinate θ̃

θ̃ = θ + k(π + θ)θ, where k(t) = θs0 − θs(t)

θs(t)(π + θs(t))
(18)

such that the position of the separation point is fixed in the coordinate system (θ̃ , r) as θs0. Note that k(t) → 0 as
t → 0, θ̃ = −π for θ = −π and θ̃ = 0 for θ = 0. Laplace’s equation (11) in the new variables gives

∂2ϕ̃

∂r2 + 1

r

∂ϕ̃

∂r
+ 1

r2

∂2ϕ̃

∂θ̃2
= −2k(t)

r2

[
S0(θ̃ , t)

∂2ϕ̃

∂θ̃2
+ ∂ϕ̃

∂θ̃

]
in �(t), (19)

where

ϕ̃(θ̃ , r, t) = ϕ(θ, r, t), S0(θ̃ , t) = 1

2k(t)

⎡

⎣
(
∂θ̃

∂θ

)2

− 1

⎤

⎦ ,
∂θ̃

∂θ
= 1 + k(t)(π + 2θ),

the function θ = θ [θ̃ , t] is given by (18), S0(θ̃ , 0) = π + 2θ̃ and S0(θ̃ , t) = S0(θ̃ , 0) +O(k) as t → 0. It is seen
that the right-hand side in (19) is of order O(k) as t → 0.

The boundary condition (12) on the wetted part of the moving cylinder S11(t) retains its form in the new deformed
variable,
∂ϕ

∂r
= ḣ(t) cos θ on r = 1, θs0 < θ̃ < θ̃R(t), (20)

where θ = θ [θ̃ , t] and θ̃R(t) is the angular coordinate of the intersection point on the front side of the cylinder,
θ̃R(t) → 0 as t → 0. Equation 18 imply that

cos θ = cos θ̃ + k(t)(π + θ̃ )θ̃ sin θ̃ +O(k2)

as k → 0.
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The dynamic boundary condition (13) reads

∂ϕ̃

∂t
+ 1

2

[
1

r2

(
∂ϕ̃

∂θ̃

)2

+
(
∂ϕ̃

∂r

)2
]

− ḣ(t)

[
∂ϕ̃

∂r
cos θ −

(
sin θ

r
+ k̇

ḣ
θ(π + θ)

)
∂ϕ̃

∂θ̃

]
+ r sin θ

Fr2

= −k(t)
r

∂ϕ̃

∂θ̃

[
1

r
S0(θ̃ , t)

∂ϕ̃

∂θ̃
+ ḣ(π + 2θ) sin θ

]
on S12(t) and S2(t). (21)

The right-hand side in (21) is of the order of O(k). Note the term on the left-hand side with k̇/ḣ which accounts
for the motion of the separation point.

The kinematic boundary condition on the separated free surface in the new variables, r = 1 + r̃f (θ̃ , t), θ̃L(t) <
θ̃ < θs0, takes the form

∂r̃f

∂t
+ ∂r̃f

∂θ̃

[
ḣ

(
sin θ

r
+ k̇

ḣ
θ(π + θ)

)
+ 1

r2

∂ϕ̃

∂θ̃

]
+ ḣ cos θ − ∂ϕ̃

∂r

= −k(t)
r

∂r̃f

∂θ̃

[
2

r
S0(θ̃ , t)

∂ϕ̃

∂θ̃
+ ḣ(π + 2θ) sin θ

]
on S12(t). (22)

The kinematic condition (15) retains its form but the derivatives of the velocity potential are calculated by using
the following formulae

∂ϕ

∂x1
= ∂ϕ̃

∂r
cos θ − sin θ

r

(
∂θ̃

∂θ

)
∂ϕ̃

∂θ̃
,

∂ϕ

∂y1
= ∂ϕ̃

∂r
sin θ + cos θ

r

(
∂θ̃

∂θ

)
∂ϕ̃

∂θ̃
.

The initial condition (17) reads

ϕ̃
(
θ̃ , r, 0+)

= �0

(
r cos θ̃ , r sin θ̃

)
, (23)

where the equality θ(θ̃ , 0+) = θ̃ has been used.
The boundary-value problem (19)–(23) is more complicated than the original one (11)–(17). However, the new

formulation (19)–(23) in the deformed coordinates is more suitable for small-time asymptotic analysis because the
position of the separation point is fixed now.

3 Asymptotic solution in the main flow region

The solution of the problem (19)–(23), (15), (16) during the initial stage of the motion is sought in the form of
asymptotic expansions of the velocity potential ϕ̃(θ̃ , r, t) and the free-surface shapes, r̃f (θ̃ , t) and ξ(x1, t), which
use the non-dimensional displacement of the cylinder h(t) as a small parameter

ϕ̃
(
θ̃ , r, t

)
= ḣϕ0

(
θ̃ , r

)
+ ḣhϕ1

(
θ̃ , r

)
+ o(h),

r̃f

(
θ̃ , t

)
= h(t)R0

(
θ̃
)

+ h2(t)R1

(
θ̃
)

+ o(h2), (24)

ξ (x1, t) = h(t)ξ0(x1)+ h2(t)ξ1(x1)+ o(h2),

where ϕ0(θ̃ , r) = ϕ̃(θ̃ , r, 0+) = �0(r cos θ̃ , r sin θ̃ ). The asymptotic analysis is performed under the assumptions
that ḣ(t) = O(1), ḧh = o(1) and k(t) = O(h) as h → 0. The equation ḧh = o(1) is satisfied for the important
case of body motion at constant speed, and in the case ḣ = 1 +O(tα), where α > 0. The assumption k(t) = O(h)

is critical for the following analysis. This assumption implies that the speed of the separation point is of the order
of the speed of the body. To justify this assumption, suppose that k(t) = o(h). Then the mixed boundary-value
problem derived below for the second-order velocity potential ϕ1(θ̃ , r) contains no parameter and its solution gives
a velocity field with a square-root singularity at the separation point, so that the Kutta condition imposed at the
separation point cannot be satisfied with the second-order potential. If h(t) = o(k), then the second-order potential
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will be proportional to the unknown speed of the separation point and it will be singular at this point. However,
if k(t) = O(h), then the second-order potential is dependent on the speed of the separation point, which can be
determined by using the Kutta condition. This condition requires that the flow velocity is bounded at the separation
point. The asymptotic expansions (24) should be considered as “outer” expansions. These expansions are not valid
close to the intersection point in front of the body, where the inner solution discovered by Needham et al. [20]
has to be used and matched to the outer solution derived in the present paper. It will be shown that the asymptotic
solution (24) is also not valid close to the separation point where the inner solution should be used instead. This
inner solution will be shown to be self-similar.

The leading-order solution in (24) is given by Sedov’s model. The potential ϕ0(θ̃ , r) is provided by the solution
of the mixed boundary-value problem (6)–(10). Leading-order deformations of the free surface, represented by the
functions R0(θ̃) and ξ0(x1), are of no concern in Sedov’s model which is aimed at calculations of hydrodynamic
forces and not at the flow details. The problem was solved in [2] by using conformal-mapping techniques and
methods of analytic functions. Recently this problem was also solved numerically by the finite-element method in
[10] with the results being essentially the same as in [2]. In particular, the angular coordinate of the separation point
was computed to be θs0 = −1.971 both by finite-element and conformal-mapping methods. The flow field was
computed to be continuous at the separation point, but the second derivatives of the potential such as ∂2ϕ0/∂θ̃

2 and
∂2ϕ0/∂θ̃∂r , for example, are square-root singular at this point. It is known that the derivative of the potential ϕ0(θ̃ , r)

with respect to θ̃ has a log-singularity at the intersection point θ̃ = 0, r = 1 [20]. The problem of floating-body
impact studied numerically in [10] is much more complicated than the problem of this paper. In [10], the liquid
is non-homogeneous and of finite depth, a floating elliptic cylinder starts suddenly to move both horizontally and
vertically, and rotate.

We shall determine the second-order potential ϕ1(θ̃ , r) and the initial velocity of the separation point, which
is proportional to k̇(0). Then we shall investigate the pressure distribution on the surface of the cylinder after
impact. Next we shall study the shape of the free surface predicted by the expansions (24) and demonstrate that
these expansions have to be corrected close to the separation point by using the method of matched asymptotic
expansions.

3.1 Second-order velocity potential

Inserting the asymptotic expansions (24) into the governing equations (19)–(22) with due account taken of Eqs. 6–10
and distinguishing the leading-order terms as t → 0, we obtain the following boundary-value problem with respect
to the potential ϕ1(θ̃ , r)

∂2ϕ1

∂r2 + 1

r

∂ϕ1

∂r
+ 1

r2

∂2ϕ1

∂θ̃2
= −2c

r2

[
∂2ϕ0

∂θ̃2

(
π + 2θ̃

)
+ ∂ϕ0

∂θ̃

]
,

(
r > 1, −π < θ̃ < 0

)
, (25)

ϕ1 = −1

2

(
∂ϕ0

∂r

)2

+ ∂ϕ0

∂r
cos θ̃ − sin θ̃

Fr2 ,
(
r = 1, −π < θ̃ < θs0

)
, (26)

∂ϕ1

∂r
= c(π + θ̃ )θ̃ sin θ̃ ,

(
r = 1, θs0 < θ̃ < 0

)
, (27)

ϕ1 = − 1

2r2

(
∂ϕ0

∂θ̃

)2

,
(
r > 1, θ̃ = −π and θ̃ = 0

)
, (28)

ϕ1 → 0, (r → ∞), (29)

where

c = lim
t→0

{
k(t)

h(t)

}
.

We need to solve (25)–(29) and determine the constant c by satisfying the condition that ϕ1(θ̃ , r) and its first
derivatives are regular at θ̃ = θs0. Note that the potential ϕ1(0, r) on the free surface, r > 1, has a log2-singularity
at the intersection point θ̃ = 0 and r = 1.
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It is convenient to introduce a new unknown function v(θ̃ , r) by the equation

ϕ1

(
θ̃ , r

)
= −c(π + θ̃ )θ̃

∂ϕ0

∂θ̃
+ v

(
θ̃ , r

)
. (30)

The function v(θ̃ , r) does not depend on the constant c, and we need to solve the following problem for Laplace’s
equation

∇2v = 0,
(
r > 1, −π < θ̃ < 0

)
, (31)

v = −1

2

(
∂ϕ0

∂r

)2

+ ∂ϕ0

∂r
cos θ̃ − sin θ̃

Fr2 ,
(
r = 1, −π < θ̃ < θs0

)
, (32)

∂v

∂r
= 0,

(
r = 1, θs0 < θ̃ < 0

)
, (33)

v = − 1

2r2

(
∂ϕ0

∂θ̃

)2

,
(
r > 1, θ̃ = −π and θ̃ = 0

)
, (34)

v → 0, (r → ∞). (35)

The solution of (31)–(35) has a log2-singularity at the intersection point θ̃ = 0 and r = 1 and its derivatives
are square-root singular at the separation point θ̃ = θs0 and r = 1. The problem is solved in this paper by the
finite-element method.

The boundary-value problem (31)–(35) can be regularized by introducing a new unknown function φ(θ̃, r) and
harmonic conjugate function ψ(θ̃, r) as

v = ∂φ

∂θ̃
,
∂φ

∂r
= 1

r

∂ψ

∂θ̃
,

1

r

∂φ

∂θ̃
= −∂ψ

∂r
. (36)

The functions φ(θ̃, r) and ψ(θ̃, r) will not be used in this paper to solve the problem (31)–(35). Instead, the
corresponding regularization technique which is detailed below will be applied to the problem (25)–(29).

The problem (31)–(35) can be reformulated in terms of the new unknown function ψ(θ̃, r) as

∇2ψ = 0,
(
r > 1, −π < θ̃ < 0

)
, (40)

∂ψ

∂r
= 1

2

(
∂ϕ0

∂r

)2

− ∂ϕ0

∂r
cos θ̃ + sin θ̃

Fr2 ,
(
r = 1, −π < θ̃ < θs0

)
, (41)

ψ = α1θ̃ + α2,
(
r = 1, θs0 < θ̃ < 0

)
, (42)

ψ = −1

2

∞∫

r

1

r3

(
∂ϕ0

∂θ̃

)2

dr,
(
r > 1, θ̃ = −π and θ̃ = 0

)
, (43)

ψ → 0, (r → ∞). (44)

Here α1 and α2 are constants of integration. The solution of the regularized problem (40)–(44) is sought in the
set of functions which are continuously differentiable up to and including the boundary of the region except at the
intersection point r = 1, θ̃ = 0, where first derivatives of the solution have a log-singularity.

Boundary conditions (42) and (43) match each other at r = 1, θ̃ = 0 and provide a continuous solution at this
point if and only if

α2 = −1

2

∞∫

1

1

r3

(
∂ϕ0

∂θ̃

)2

(0, r) dr. (45)

The coefficient α1 in condition (42) is determined in such a way that the solution is continuously differentiable at
the separation point. Indeed, the solution can be decomposed as

ψ
(
θ̃ , r

)
= α1ψ1

(
θ̃ , r

)
+ ψ2

(
θ̃ , r

)
, (46)
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where ψ1

(
θ̃ , r

)
and ψ2

(
θ̃ , r

)
are the solutions of the corresponding mixed boundary-value problems which fol-

low from (40)–(44). The derivatives of these two solutions ψ1

(
θ̃ , r

)
and ψ2

(
θ̃ , r

)
are square-root singular at the

separation point. However, these singularities will balance each other in the total solution (46) if the coefficient α1

is properly chosen. Note that the derivatives on the cylinder surface,

∂ψ1

∂r

(
θ̃ , 1

)
,
∂ψ2

∂r

(
θ̃ , 1

)
,

are square-root singular when θ̃ approaches the separation point from the side of the wetted surface, θ̃ → θs0 + 0,
and bounded when θ̃ approaches the separation point from the side of the free surface, θ̃ → θs0 − 0. The situation
is reversed for the derivatives with respect to θ̃ .

One needs to differentiate (46) in r , set r = 1 and θs0 < θ̃ < 0, multiply both sides of the formula by
√
θ̃ − θs0

and let θ̃ → θs0 + 0 taking into account that the derivative of the potential ψ(θ̃, r) is bounded at θ̃ = θs0. This
procedure gives

α1 = −B2r

B1r
, (47)

where we define

B1r = lim
θ̃→θs0+0

(
∂ψ1

∂r

(
θ̃ , 1

) √
θ̃ − θs0

)
and B2r = lim

θ̃→θs0+0

(
∂ψ2

∂r

(
θ̃ , 1

) √
θ̃ − θs0

)
.

The limits are calculated numerically. A similar procedure with differentiation with respect to θ̃ provides

α1 = −B2θ

B1θ
, (48)

where

B1θ = lim
θ̃→θs0−0

(
∂ψ1

∂θ̃

(
θ̃ , 1

) √
θs0 − θ̃

)
and B2θ = lim

θ̃→θs0−0

(
∂ψ2

∂θ̃

(
θ̃ , 1

) √
θs0 − θ̃

)
.

It is suggested to calculate α1 by using both formulae (47) and (48) in order to check the convergence and accuracy
of the result.

We apply the idea described above to the formula (30), where both ∂ϕ0/∂θ̃ and v(θ̃ , r) have singular derivatives at
the separation point. The second-order contribution to the flow velocity component ∂ϕ1/∂θ̃ , where r = 1, θ̃ > θs0,
is finite when θ̃ → θs0 if and only if the constant c in (30) is given by

c1

(
θ̃
)

= ∂v

∂θ̃

(
θ̃ , 1

) √
θ̃ − θs0, c2

(
θ̃
)

= ∂2ϕ0

∂θ̃2

(
θ̃ , 1

) √
θ̃ − θs0,

c3

(
θ̃
)

= c1(θ̃)

(π + θs0)θs0c2

(
θ̃
) , c = lim

˜θ→θs0+0
c3

(
θ̃
)
. (49)

Correspondingly, the second-order contribution to the flow-velocity component ∂ϕ1/∂r , where r = 1, θ̃ < θs0, is
finite when θ̃ → θs0 if and only if the constant c is given by

c4(θ̃) = ∂v

∂r

(
θ̃ , 1

) √
θs0 − θ̃ , c5(θ̃) = ∂2ϕ0

∂θ̃∂r

(
θ̃ , 1

) √
θs0 − θ̃ ,

c6(θ̃) = c4(θ̃)

(π + θs0)θs0c5(θ̃)
, c = lim

˜θ→θs0−0
c6(θ̃). (50)

The boundary-value problems for the potentials ϕ0(θ̃ , r) and v(θ̃ , r) were solved numerically by the finite-
element method described in [10] for a given position of the separation point. This method can be used for any
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Table 1 The constant c for
different Froude numbers

Fr ∞ 5 2 1 0.7 0.5 0.3

c −0.09 −0.11 −0.22 −0.60 −1.11 −2.08 −5.62

smooth shape of a floating body but with the angle α at the intersection point being larger than π
4 . For example, in

our problem both c3(θ̃) and c6(θ̃) were evaluated numerically for Fr = ∞ and θ̃ approaching θs0 with the result

c3(−1.92) = −0.086, c3(−1.94) = −0.087, c3(−1.95) = −0.088, c3(−1.96) = −0.090,

c6(−2) = −0.108, c6(−1.99) = −0.096, c6(−1.98) = −0.090.

We conclude that c = −0.09. The values of the constant c for different Froude numbers are listed in Table 1. The
table shows that the speed at which the gap between the cylinder surface and the free surface of separated liquid
is closed, grows as the Froude number decreases. The position of the separation point just after the sudden start of
the cylinder is independent of the Froude number. In other words, the initial portion of the separated free surface is
dictated by the impulsive motion of the body, but not its speed. The motion of the separation point after the impact
instant is dictated by the velocity of the body and the body dimension. The larger the body is, the quicker the gap
will be filled in. Also, the higher the body velocity is, the slower the gap will be filled in.

The constant c(Fr) is proportional to the initial velocity of the separation point

dθs
dt

= c(Fr) (π − |θs0|) |θs0| + o(1)

as t → 0 for constant body speed, ḣ(t) = 1. The ratio vs(0)/v0 =
∣∣∣dθs

dt (0)
∣∣∣, where vs(0) is the speed of the

separation point just after the body started suddenly to move at constant speed v0, is shown in Fig. 2 as a function
of the Froude number Fr. The separation point always moves upwards along the cylinder surface. The speed vs(0)
is greater than the body speed v0 for small Froude numbers, when the gravity effects are strong.

3.2 Second-order hydrodynamic pressure on the cylinder

Bernoulli’s equation (5) in the new stretched variables gives the pressure distribution along the wetted surface of
the cylinder, θs0 < θ̃ < 0, r = 1, as

−P(θ̃, 1, t) = ∂ϕ̃

∂t
+k̇(π+θ)θ ∂ϕ̃

∂θ̃
−ḣ

(

cos θ
∂ϕ̃

∂r
− sin θ

∂ϕ̃

∂θ̃

∂θ̃

∂θ

)

+1

2

⎡

⎣
(
∂ϕ̃

∂θ̃

)2
(
∂θ̃

∂θ

)2

+
(
∂ϕ̃

∂r

)2
⎤

⎦+ sin θ

Fr2 . (51)

Note that the physical pressure p is the sum of the dimensional hydrodynamic pressure ρv2
0P(θ̃, r, t) and the

atmospheric pressure patm. During the initial stage of the motion and for constant velocity of the body, h(t) = t ,
expansions (24), the body boundary condition (20) and Bernoulli’s equation (51) provide, at the leading order, as
t → 0

−P
(
θ̃ , 1, t

)
= ϕ0

(
θ̃ , 1

)
δ(t)+ϕ1

(
θ̃ , 1

)
+

[
c
(
π+θ̃

)
θ̃+ sin θ̃

] ∂ϕ0

∂θ̃
+1

2

(
∂ϕ0

∂θ̃

)2

−1

2
cos2 θ̃+ sin θ

Fr2 +o(1),
where δ(t) is Dirac’s delta function. Equation 30 shows that the pressure in the contact region after impact, t > 0,
is of order O(1) and independent of the constant c:

− P
(
θ̃ , 1, t

)
= v

(
θ̃ , 1

)
+ sin θ̃

∂ϕ0

∂θ̃
+ 1

2

(
∂ϕ0

∂θ̃

)2

− 1

2
cos2 θ̃ + sin θ

Fr2 + o(1) (t > 0), (52)

where both v(θ̃ , 1) and (∂ϕ0/∂θ̃)(θ̃ , 1) are continuous at the separation point. This result implies that the pressure
distribution after impact does not depend on the motion of the separation point at the leading order as t → 0. This
means that the motion of this point cannot be determined by using any condition on the pressure distribution, or
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Fig. 2 Non-dimensional speed vs(0)/v0 of the separation point
at t = 0 as a function of the Froude number Fr

Fig. 3 Pressure distribution along the cylinder surface in the
non-dimensional variables. Calculations were performed for
p0 = 2.5 and Fr = 2, which corresponds to a radius a ≈ 1 m of
a cylinder starting suddenly to move at the velocity v0 ≈ 6.4 m/s

Table 2 Minimum values of the non-dimensional dynamic pressure Pmin and the horizontal coordinate x1 of the point on the surface
of the cylinder, where this minimum is achieved, for different Froude numbers

Fr 5 2 1.5 1.2 1.18 1.15 1.1 1.08 1.05

Pmin −0.53 −0.40 −0.28 −0.13 −0.11 −0.09 −0.05 −0.03 −0.004

x1 0.55 0.47 0.39 0.23 0.21 0.18 0.10 0.06 −0.06

its behaviour close to the separation point. Equations 20, 32 and 52 show that the pressure is continuous at the
separation point but the derivative (∂P/∂θ̃)(θ̃ , 1) is square-root singular at this point. We calculate

∂P

∂θ̃

(
θ̃ , 1

)
∼ −c2(θs0) [c(Fr) (π + θs0) θs0 + sin θs0]

(
θ̃ − θs0

)− 1
2 + o(1) (53)

as θ̃ → θs0, where (49), (50) were used and the coefficient c2(θ̃) was introduced in (49), c2(θs0) < 0, and the
constant c is shown to be dependent of the Froude number.

It is seen that the right-hand side in (53) is negative for large values of the Froude number Fr > Fr∗, and positive
if Fr < Fr∗, where the critical Froude number Fr∗ is such that c(Fr∗) ≈ −0.4. Table 1 gives that Fr∗ ≈ 1.27. There-
fore, if the body velocity v0 is greater than the critical velocity v∗ ≈ 1.27

√
ga, then the hydrodynamic pressure

ahead of the separation point is less than the atmospheric pressure, and is higher than patm if the body velocity is
smaller than the critical velocity. We conclude that gravity strongly influences the flow and pressure fields close to
the separation point.

Minimum values of the non-dimensional dynamic pressure Pmin for different values of the Froude number are
shown in Table 2 together with the horizontal coordinate x1 of the point on the cylinder surface at which this mini-
mum is achieved. It is seen that the pressure minimum occurs at the front part of the moving cylinder for Fr > 1.06
and the absolute value of this minimal pressure tends to zero with decreasing Froude number. If we assume that
approximately the critical pressure p′

cav is equal to zero, then the total pressure ρv2
0P +patm for Fr = 5 approaches

the critical value at x′
1 ≈ 0.44 m for a cylinder of radius a = 0.8 m starting to move suddenly at speed 14 m/s.

Therefore, for high-speed impulsive motion of a cylinder, cavitation might be observed, even on the frontal side of
the body surface. This effect requires a more careful analysis.
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The pressure distribution along the cylinder surface is shown in Fig. 3 in non-dimensional variables. The vertical
axis is for the total pressure p(θ̃, 1) = P(θ̃, 1) + p0, where p0 is the non-dimensional atmospheric pressure,
p0 = patm/ρv

2
0 . The calculations were performed for p0 = 2.5 and Fr = 2, which corresponds to a cylinder

of radius a ≈ 1m starting suddenly to move at the velocity v0 ≈ 6.4 m/s. The horizontal axis is for the angular
coordinate θ̃ . Only part of the cylinder surface close to the separation point θs0 = −1.971 is shown. It is seen that
the total pressure is below the atmospheric pressure ahead of the separation point. However, the total pressure is
clearly positive and no cavitation is expected along the wetted part of the moving cylinder.

3.3 The free-surface shape close to the separation point

The shape of the liquid free surface is determined by (22) and (15). Inserting expansions (24) into these equations
and collecting terms of orders O(1) and O(h) as t → 0 separately, we obtain

R0

(
θ̃
)

= ∂ϕ0

∂r

(
θ̃ , 1

)
− cos θ̃ , (54)

2R1

(
θ̃
)

= ∂2ϕ0

∂r2

(
θ̃ , 1

)
R0

(
θ̃
)

+ ∂ϕ1

∂r
(θ̃ , 1)− c sin θ̃

(
π + θ̃

)
θ̃ − ∂R0

∂θ̃

(
θ̃
) [

sin θ̃ + c
(
π + θ̃

)
θ̃
]
, (55)

where −π < θ̃ < θs0. In Eq. 55, the derivative ∂R0

∂θ̃
(θ̃ ) has a square-root singularity at the separation point, which

follows from (54), and other terms are bounded. Therefore, the expansion (24) of the free-surface shape in the region
of separation cannot be used near the separation point and the “inner” solution has to be derived in this vicinity.
The asymptotic solution (24) should be considered as the “outer” solution. The free-surface shape provided by this
“outer” solution is shown in Fig. 4, where the solid line corresponds to the leading-order and the dashed line to the
second-order shape of the free surface. The free-surface shape predicted by the leading-order outer solution looks
reasonable, with a 90◦ angle between the rigid surface and the free surface at the separation point. At the leading
order the free-surface shape is independent of gravity effects. The leading-order shape of the free surface is shown
only near the separation point, where this shape visibly differs from the second-order shape. The second-order
solution predicts intersection of the calculated free surface with the rigid surface of the moving body, which has no
physical meaning.

On the other hand, the second-order solution predicts the deformation of the free surface, which was originally
horizontal and on the left side of the body, without singularities. This part of the free surface is shown in Fig. 5 for
h = 0.1 in non-dimensional coordinates x and y. The free-surface shape on the left side of the body is governed by
the equation y = ξ(x − h(t), t), where the second-order free-surface elevation ξ(x1, t) is given by (24) with

ξ0(x1) = 1

r

∂ϕ0

∂θ̃
(−π, r), x1 = −r,

ξ1(x1) = 1

2r

(
∂ϕ1

∂θ̃
(−π, r)− πc

∂ϕ0

∂θ̃
(−π, r)+ ∂2ϕ0

∂r∂θ̃
(−π, r)

)
.

Note the different scales in the vertical and horizontal directions in Fig. 5. Deformations of this part of the free
surface are very small and can be disregarded during the initial stage of the flow.

The size of the small vicinity of the separation point, where the outer solution fails to predict the free-surface
motion, can be estimated as follows. In the expansion (24),

r̃f

(
θ̃ , t

)
= h(t)R0

(
θ̃
)

+ h2(t)R1

(
θ̃
)

+ o
(
h2

)
, (56)

the first term h(t)R0(θ̃) behaves as h
√
θs0 − θ̃ close to the separation point, and the second term as h2/

√
θs0 − θ̃ .

These two terms are of the same order if θs0 − θ̃ = O(h) as h → 0, where both terms are of the order O(h
3
2 ).

Therefore, the inner variable τ in the inner region can be introduced as

τ =
[
θs0 − θ̃

]
/h(t).

The outer solution (56) in the inner variable reads

123



252 M. Norkin, A. Korobkin

Fig. 4 The free-surface shape provided by the outer solution on
the rear part of the body. The solid line corresponds to the lead-
ing-order shape and the dashed line to the second-order shape of
the free surface. The leading-order shape is shown only close to
the separation point

Fig. 5 The free-surface shape on the left side of the moving
body for h = 0.1. Note the different scales in the vertical and
horizontal directions

r̃f (θ̃ , t) = c5(θs0)h
3
2

(√
τ + β

4
√
τ

)
+ o

(
h

3
2

)
(57)

at the leading order as h → 0 and τ = O(1), where β = sin θs0 + c(Fr)(π + θs0)θs0 and the coefficient c5 was
introduced in (50). Calculations give c5(θs0) ≈ 0.94.

The inner shape of the free surface is sought in the form

r̃f

(
θ̃ , t

)
= c5 (θs0) h

3
2H(τ)+ o

(
h

3
2

)
, (58)

where H(τ) is a new unknown function. This equation shows that the free-surface shape close to the separation
point is self-similar during the early stage of impact. Note that the velocity field is not corrected in the inner region,
but the free-surface shape only. Substituting (58) in the kinematic boundary condition (22), we find, at the leading
order, the equation with respect to the functionH(τ) which describes the free-surface shape close to the separation
point,

(β + τ)H ′(τ )− 3

2
H(τ) = −√

τ (τ > 0). (59)

The solution of the ordinary differential equation (59) must also satisfy the following condition at the separation
point:

H(0) = 0 (60)

and the matching condition at infinity:

H(τ)− √
τ ∼ β

4
√
τ

(τ → ∞), (61)

which follows from (57).
In this paper we consider only the case where β < 0. The solution of (59) is

H(τ) = − 2

3β
τ

3
2 , where 0 ≤ τ ≤ −β,

H(τ) = − 2

3β

[
τ

3
2 − (β + τ)

3
2

]
, where τ ≥ −β.
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(a)

(c)

(b)

(d)

Fig. 6 Free-surface shape close to the separation point for a Fr = 2 corresponding to c = −0.22 and β = −0.43; b Fr = 1.7
corresponding to c = −0.27 and β = −0.32; c Fr = 1.5 corresponding to c = −0.32 and β = −0.20; d Fr = 1.27 corresponding to
the critical case with c = −0.41 and β = 0. Part of the cylinder surface is also shown when h = 0.1

This solution is continuously differentiable and satisfies the required conditions (60) and (61). The shapes predicted
by the inner solution are depicted in Fig. 6 for different Froude numbers, in order to demonstrate how the free-surface
shape evolves depending on the Froude number. The angle between the free surface and the surface of the body at
the separation point is equal to π/2 when β = 0, which corresponds to Fr = 1.27 (see Fig. 6d). The free surface is
tangential to the surface of the body at this point when Fr > 1.27 (see Fig. 6a–c). Correspondingly, the pressure in
the contact region suddenly drops behind the separation point for Fr > 1.27 and grows for Fr < 1.27.

4 Conclusion

The initial stage of sudden horizontal motion of a floating circular cylinder was studied by using methods of asymp-
totic analysis. The small-time solution, at the leading order as t → 0, is that predicted by Sedov’s theory. The theory
predicts also the length of the liquid free surface which is instantly separated from the body surface at the impact
instant. Within this theory, the pressure impulse is positive in the contact region between the liquid and the surface
of the rigid body, and the angle between the free surface and the surface of the body is equal to π/2 at the separation
point. Sedov’s theory cannot predict the motion of the separation point and the pressure distribution after impact.

The hydrodynamic pressure is predicted by a second-order solution. The main attention was drawn to the initial
motion of the separation point along the cylinder surface. It has been shown that the second-order velocity potential
is dependent on the motion of the separation point. The velocity of the separation point is determined by using the
Kutta condition. It was shown that the separation point moves upwards increasing the wetted part of the cylinder
for any Froude number. This velocity is dependent on the Froude number.

123



254 M. Norkin, A. Korobkin

It has been shown that the pressure obtained in the deformed variables is independent of the motion of the
separation point at the leading order. The pressure in the contact region was found to be below the atmospheric
pressure if the Froude number is higher than 1.27. The minimum pressure can occur on the front part of the cylinder
for relatively high Froude numbers.

The second-order solution predicts an unbounded deformation of the free surface at the separation point. The
stretched inner variable and a new unknown function were introduced and the inner problem has been solved at the
leading order. It is shown that the free-surface shape close to the separation point is self-similar at leading order.
We showed that the angle between the free surface and the surface of the body is equal to zero in the inner region
if Fr > 1.27. When the Froude number approaches its critical value 1.27, the angle varies from zero to π/2. The
case of small Froude numbers, Fr < 1.27, has not been considered here.
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