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Numerical study of jet flow generated by impact on weakly
compressible liquid
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The early stage of two-dimensional jet flow generated by an impulsive start of a wedge, initially
floating on a free surface otherwise flat, is investigated taking into account liquid compressibility.
During this short initial stage the flow close to the intersection points is self-similar. Velocity of the
body is assumed much smaller than the sound speed in the liquid at rest. The acoustic solution of
this problem reveals that the flow velocity is singular about the intersection points. In order to obtain
a uniformly valid description of the flow, an inner solution is derived by using stretched variables,
which are dependent on the Mach number of the problem. It is shown that, for small Mach numbers,
the inner flow is approximately potential and is governed by the Laplace equation. The solution of
the boundary-value problem is achieved numerically through an iterative procedure. A modified
velocity potential, which significantly simplifies the boundary conditions on the free surface, is
introduced. Accurate solutions are presented in terms of free surface shapes and jet lengths for
different dead-rise angles of the wedge. The analogy between this problem and that of jetting flow
caused by shock wave impact on a wedge-shaped cavity is discussed as well. © 2006 American
Institute of Physics. �DOI: 10.1063/1.2182003�
I. INTRODUCTION

The role played by compressibility effects on the jetting
flow induced by the impulsive vertical motion of a wedge
initially floating on a liquid surface is investigated. Due to
the impulsive start, a system of both compression and relief
waves is generated, which propagates approximately with
the sound speed c0. If the body velocity V is small compared
to the speed of sound, the relief waves are approximately
circular with radius c0t�, where t� is the dimensional time
�see Fig. 1�. During the early stage, the flows about the in-
tersection points and near the wedge apex are independent of
the flow details outside of the fronts of the relief waves and
can be described in terms of self-similar solutions. This stage
lasts until the fronts of the relief waves originated from the
intersection points and from the wedge apex come in contact.
In the present article attention is focused on the flow about
the intersection point between the free surface and the solid
during this early stage.

The study is motivated by the wish to resolve the flow
singularities which arise within both linear compressible and
nonlinear incompressible modeling of the flow generated at
the intersection points of the wedge with the liquid surface.
The problem of sudden vertical motion of a floating wedge
was studied by Iafrati and Korobkin1 within the potential
theory of incompressible liquid flow. The flow region was
divided into the main flow region and small vicinities of the
intersection points between the wedge sidewalls and the liq-
uid free surface. It was shown that, in the leading order, the
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inner flow is nonlinear and self-similar during the initial
stage of the impact. Close to the intersection points the free
surface is turned over and the jets are originated. Asymptotic
analysis of the inner solution showed that the jet is predicted
to be of infinite length with the jet thickness rapidly decaying
with the distance from the jet root and the flow velocity
growing linearly, correspondingly. On this respect, formally
speaking, the analysis by Iafrati and Korobkin,1 is incom-
plete because it does not provide an explanation of the origin
of the jets and gives no idea about how the jet length can be
estimated, which causes confusion in practical implications
of the derived initial asymptotics. The early stage we are
concerned with is of very short duration but this is the stage
during which the jets are initiated. It is shown in the follow-
ing that the compressible stage, neglected in Iafrati and
Korobkin1 is responsible for the finite values of the jet length
and velocity.

It is worth noting that infinite jets within the incompress-
ible liquid model are well known in the theory of water entry
problems.2 Due to physical reasons—the liquid particles in
the jets move inertially and independently, the feedback of
the jet flow to the flow in the main region can be well
neglected—the jet flow was not studied in depth for a long
time. Analysis of such spray jets was initiated by attempts to
calculate kinetic energy evacuated from the main flow region
with these jets.3 Surprisingly, it was found that the jet energy
is comparable with that in the main bulk of the liquid. Later
on, a better method of estimating the jet energy was
suggested,4 which does not require details of the flow in the
jet region. Nevertheless, in the problem of blunt body impact

5
onto a liquid free surface, Korobkin argued that the com-
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pressibility effects should be taken into account to obtain
both the shape and the length of the spray jet.

The interest for this jetting flow, and then for such a
short period during which the jetting is originated, is further
motivated by the strong similarity that the present flow con-
figuration has with the other problem of practical interest,
like the drop impact on a rigid surface, or the shaped charge
problem. In the framework of the drop impact on a solid
surface, Lesser and Field6 studied the impact of a liquid
wedge on a flat plate �see Fig. 2� within the acoustic approxi-
mation. The pressure distribution inside the liquid wedge
was analytically obtained. Lesser and Field discussed the sin-
gular behavior of the velocity field close to the intersection
point, that is r̄�1 in their notation, where r̄=r� / �c0t�� and r�
is the distance from the intersection point, but they were not
concerned with the jet flow. They wrote “A flaw in the lin-
earized theory can be also seen by noting that the velocity
field is logarithmically infinite as r̄→0. This is not a serious
difficulty as far as the pressure field is concerned, however, it
means that linearized expressions for the perturbed packet
shape will be inaccurate at the corner r̄=0¼. Sideways flow
velocities have been measured using high speed photography
both for the impact of spherical drops and also jets of liquid.
It seems clear that when the interfaces make an angle with
the colliding surface that sideways flow velocities can be
several times higher than the impact velocity.”

Next, the same flow configuration was experimentally
analyzed by Dear and Field.7 Impacts of liquid wedges were
studied for different values of the contact angle, showing

FIG. 1. Sketch of the relief waves envelop due to the sudden start of the
floating wedge.
FIG. 2. Sketch and notation adopted for the inner problem.
that, as long as the angle is larger than a critical value, the
propagation velocity of the contact point is smaller than the
speed of sound and high speed jets are produced. The role of
the elasticity of the target on the critical contact angle was
also discussed. In addition to the liquid wedge case, the im-
pact of liquid drops onto a plate was analyzed. Several im-
pact conditions were realized varying the size of the drop and
the impact velocity. In the problem of liquid drop impact
onto a rigid surface, the flow in a small vicinity of the pe-
riphery of the contact region, where the jets are originated,
can be approximately treated as the flow caused by an
equivalent liquid wedge impact. The angle between the plate
and the liquid wedge free surface is equal to the instant value
of the corresponding angle between the tangential to the drop
free surface and the plate. This “quasistatic” approximation
well explains the importance of the liquid wedge impact
study for more general configurations.

The impact of a liquid drop on a solid surface has been
experimentally analyzed by Field et al.8 following the ana-
lytical work done by Lesser9 about the jetting flow generated
by the impact of a liquid drop onto rigid and elastic target.
Lesser9 showed that, during an initial stage of the drop im-
pact, the liquid edge moves faster than the sound and the
liquid inside the drop is divided in two regions, one encom-
passed by the envelop of the relief waves and the region
outside this envelop, where the flow is not yet affected by the
impact. In a later stage, the angle � formed at the intersection
between the drop contour and the solid surface grows �see
Fig. 7� until the velocity of the drop edge becomes less than
the sound speed. After that the acoustic waves propagate
deeper into the drop and the liquid at the edge, being com-
pressed by the developed high pressures, gives rise to the
jetting flow. Very high pressures, up to three times the
“water-hammer pressure,” occur just before the jetting flow
commences. Velocities of the jets have been found to be
much higher than the impact velocity. More recently, the
high-speed drop impact on a rigid surface has been numeri-
cally investigated by Haller et al.10 with the aim of achieving
an improved theoretical estimate of the jetting time.

In the present article the flow generated by sudden ver-
tical motion of a floating wedge is investigated in the very
early stage during which compressibility effects, neglected in
Iafrati and Korobkin,1 matter. The set of equations governing
the flow nearby the contact point is formulated in terms of
self-similar variables. In the small Mach number limit, the
solution provided by the acoustic approximation gives the
flow field in the main region but is not uniformly valid close
to the intersection point. It is shown that in such a region, in
which the acoustic solution is not applicable, the flow in the
leading order is governed by the incompressible liquid equa-
tions, for which the far-field conditions are defined by the
acoustic solution. Hence, the inner problem is formulated in
terms of a suitable set of stretched variables with the aim of
resolving the velocity field close to the intersection points.
The stretching is dependent on the Mach number of the prob-
lem. It is shown that, in the low Mach number limit, the
inner flow is approximately potential, and the inner velocity
potential satisfies the Laplace equation. Within the inner re-

gion the flow velocity is much higher than that in the acous-
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tic region but the hydrodynamic pressure is very low. This
observation explains why the high-speed jet flow is de-
scribed by the incompressible fluid equations in the leading
order for small Mach number of the problem. The inner
problem is solved with the help of an iterative, fully nonlin-
ear, numerical procedure. The solution is presented in terms
of the free surface shape and both length and velocity of the
jet for several dead-rise angles.

High-speed jets are governed not so much by a particular
way of their generation but mainly by the liquid compress-
ibility and the configuration of the flow region. If so, one can
expect that the jets produced by a shock wave impact onto a
wedge-shaped cavity are similar to the jets caused by a float-
ing wedge impact. In Sec. III D it is shown that indeed this is
the case.

The impact of a planar shock front onto a wedge-shaped
cavity was considered by Soboleff11 within the acoustic ap-
proximation. Godunov et al.,12 following the original work
by Soboleff,11 discovered that the acoustic solution predicts
singular velocity field at the cavity apex. They formulated
the inner problem in stretched variables with the aim of re-
solving this singularity and estimating the jet velocity. In that
asymptotic analysis, Godunov et al.12 assumed that the inci-
dent shock wave is weak with the ratio �p / ��0c0

2� being a
small parameter of the problem, where �p is the pressure
jump through the shock front and �0 is the density of the
liquid at rest. However, they did not perform numerical
analysis of the derived inner problem and still used the
acoustic solution for interpretation of the experimental data.
In the present article it is shown that the inner boundary-
value problem obtained for the floating wedge configuration
is mathematically similar to the problem derived by Go-
dunov et al.12 and can be used for estimation of the velocity
of the jet produced by a shock impacting a wedge-shaped
cavity. Results obtained through the proposed asymptotic
predictions compare well with the theoretical results by
Tulin,13 who managed to estimate the jet tip velocity as a
function of both the pressure jump at the shock wave �p and
the cavity angle � �see Fig. 7� by using the reasonings of the
linear theory. Comparisons with experimental data by Kozin
and Simonov14 and by Kinelovskii �private communication�
are also established in terms of ratios of the jet velocities for
different cavity angles. The comparison is rather good, which
confirms the theoretical assumption that the jet velocity is
approximately linear dependent on the shock wave intensity
�p but its dependence on the opening angle of the cavity is
not trivial.

II. MATHEMATICAL FORMULATION

A. Description of the problem

As soon as the wedge, initially floating on a still liquid
surface, starts suddenly to penetrate into the liquid, a system
of wavelets is emitted from both the body surface and the
disturbed part of the liquid free surface giving rise to the
pattern shown in Fig. 1. If the impact velocity V is much
smaller than the speed of sound c0, the envelop of the fronts
of the relief waves is made of circular arcs of radius c0t�,

namely ACF, A�C�F� and B�GB, about the intersection
points and the wedge apex, and of two rectilinear fronts, BF
and B�F�. Here t� is the dimensional time. Prime denotes
dimensional variables. The flow inside the regions BECF
and B�E�C�F� is one dimensional whereas the flow inside
the regions CFA, E�B�GBE, and C�F�A�is two dimensional
and self-similar during the initial stage under consideration.
This distinguished stage lasts until C and E �and, correspond-
ingly, C� and E�� meet each other, which happens at t�= t*�,
with t*�= �DP � / �2c0�. The flow inside the region E�B�GBE is
not considered here.

Within the acoustic approximation the pressure inside
BECF is constant,

p� = �0c0Vi, �1�

where the velocity Vi is equal to the normal velocity of the
wedge surface, Vi=V cos �, �0 is the density of the liquid at
rest and � is the dead-rise angle of the wedge.

In the frame of reference attached to the wedge wall, the
flow inside CFA, where the jet is initiated, is self-similar
when 0� t�� t*�. Variables are written in terms of the corre-
sponding, time-independent, self-similar ones as

u��x�,y�,t�� = ViU��,��, v��x�,y�,t�� = ViV��,�� ,

�2�
p��x�,y�,t�� = �0Vic0P��,��, �� = �0R���,�� ,

where u� and v� denotes the velocity components directed
along and normal to the body surface, �� is the local liquid
density and

� =
x�

c0t�
, � =

y�

c0t�
�3�

are the self-similar spatial variables. Let M =Vi /c0 denote the
Mach number. The Euler equations in terms of the new vari-
ables read

L�U� = R�
−1P�, L�V� = R�

−1P�,

�4�
L�P� = �1 + MnP��U� + V�� ,

where

L = �� − MU� � /�� + �� − MV� � /�� �5�

and

R� = �1 + MnP�1/n �6�

is the equation of state for the liquid, n being a characteristic
coefficient of the liquid, which is n=7.15 for pure water. The
set of Euler equations has to be solved with the following
boundary conditions:

P = P1D�M�, U = 0, V = 0 �CF� , �7�

P = 0, U = 0, V = − 1 �AF� , �8�
V = 0 �CL� , �9�
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P = 0, V�1 + Mh����� = U tan � − h��� + �h���� �AL� .

�10�

Additional details about the boundary conditions along the
front of the relief waves can be found in Korobkin.15 In the
pervious equations P1D�M� is the one-dimensional pressure
behind the shock front FB, and h��� is a function represent-
ing the free surface shape �Fig. 2�, which is

� tan � = � + Mh��� . �11�

The solution of the boundary-value problem �Eqs. �4�–�10��
depends on the only parameter M that is small in the present
analysis. Assuming that the unknown functions and their first
derivatives approach finite limits as the Mach number M
becomes small, we arrive at the acoustic approximation. The
acoustic solution has to be considered as the leading-order
outer solution of the original problem and has to be verified
against the basic assumption.

B. Acoustic approximation

The limiting values of the unknown functions as the
Mach number of the problems becomes small �but different
from zero� are denoted with the superscript �0�. It should be
noted that P1D�M�→1 and

�AL� → �0 � r � 1, �̂ = �	 ,

�AF� → �r = 1, � � �̂ � 	/2	 ,

�CF� → �r = 1, 	/2 � �̂ � 		

in the limit M→0, where the polar coordinates r and �̂ are

defined in such a way that �=r cos �̂ and �=r sin �̂. In the
leading order the outer flow is potential

U�0� = 
�, V�0� = 
�, P�0� = �
� + �
� − 
 , �12�

but the velocity potential 
�� ,�� is not a harmonic function
as it satisfies the following equation:

�1 − �2�
�� − 2��
�� + �1 − �2�
�� = 0.

However, the acoustic pressure P�0��� ,�� is a harmonic

function within the deformed coordinates R and �̂, where the
new radial coordinate R is connected with the original radial
coordinate r by Chaplygin’s transform r=2R / �1+R2�. This
transform has been used by Dobrovol’skaya16 in the self-
similar problem of wedge entering acoustic half-plane.

Within the new coordinates R and �̂, the acoustic pressure

P�0��R , �̂� is governed by the boundary-value problem

R2PRR
�0� + RPR

�0� + P
�̂�̂

�0�
= 0 �0 � R � 1,� � �̂ � 	� ,

P�0� = 0 ��̂ = ��, P
�̂

�0�
= 0 ��̂ = 	� ,

P�0� = 1 �	/2 � �̂ � 	�, P�0� = 0 �� � �̂ � 	/2� ,
solution of which has the form
P�0� =
2

�


n=0

�
Rn

n
cos�n�	/2 − ���sin�n��̂ − ��� , �13�

where �=	−�, n=0�2n+1�, and 0=	 / �2��. This solu-
tion has been derived by Lesser and Field6 in analytical form
but, for the present analysis, form �13� is preferable.

The velocity potential is recovered with the help of Eqs.
�12� and �13� and boundary conditions �7�–�9�. It can be
shown that, in a small vicinity of the intersection point, r
�1, the velocity potential behaves like


 � − Ar0cos�0�� , �14�

where �=	− �̂ and A=22−0sin�	2 / �4��� / �	�1−0��. It is
important to notice that the asymptotic formula �14� is simi-
lar to the corresponding formula derived by Iafrati and
Korobkin1 within the incompressible liquid model. The pe-
culiarity of the present case affects only the expression of the
factor A. In Eq. �14� 1/2�0�1, which implies that the
acoustic solution predicts unbounded velocity of the flow at
the intersection points. In order to obtain a uniformly valid
description of the flow during the stage under consideration,
an ‘inner’ solution must be considered within stretched vari-
ables. Since M is the only small parameter in the problem,
the stretching should be dependent on it.

C. Nonlinear inner flow

The inner solution about the intersection point P �see
Fig. 2� can be obtained by using a set of stretched variables
�� ,�� which are related to � and � through the relations

� = a�M��, � = a�M�� .

By substituting these variables into the far-field condition
�14� and using �12�, we find

U,V = O�a0−1�, P = O�a0�

in the inner region as M→0. Equation �10� provides h
=O�a0−1�. Both Eq. �11� and operator �5� will be nonlinear
in the leading order as M→0 if and only if

M · a0−1 = O�a� ,

thus implying that the function a�M� behaves like

a�M� = �AM�1/�2−0�. �15�

Note that, if the order of a�M� is taken lower than that given
by Eq. �15�, we arrive in the limit as M→0 at the acoustic
approximation with no hope to resolve the velocity field
singularity.

The inner problem is conveniently reformulated in terms
of the new inner variables

U = M−�1−0�/�2−0�A1/�2−0�ũ��,�� ,

V = M−�1−0�/�2−0�A1/�2−0�ṽ��,�� ,

P = M0/�2−0�A2/�2−0�p̃��,�� ,

h = M−�1−0�/�2−0�A1/�2−0����� ,

�16�
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� = �MA�1/�2−0��, � = �MA�1/�2−0�� ,

r = �MA�1/�2−0�� ,

where the new unknown functions ũ�� ,��, ṽ�� ,��, p̃�� ,��,
and ���� are assumed bounded together with their first de-
rivatives as M→0. Equation �6� shows that close to the in-
tersection point R��1+MP=1+O�M2/�2−0�� as M→0,
which means that, in the leading order, the inner flow can be
treated as incompressible.

The right-hand side of the last equation in �4� is of the
order of O�M−1� but the left-hand side is of the order
O�M0/�2−0�� and tends to zero as M→0. Therefore,

ũ� + ṽ� = O�M2/�2−0�� �17�

and, by using the asymptotic formula R�=1+O�M2/�2−0��,
Eqs. �4� provide in terms of the new unknown functions ũ
and ṽ

L̃�ũ� = p̃� + O�M2/�2−0��, L̃�ṽ� = p̃� + O�M2/�2−0�� ,

�18�

where

L̃ = �� − ũ� � /�� + �� − ṽ� � /�� . �19�

Equations �17� and �18� show that, in the leading order, the
flow inside the inner region can be treated as the potential
flow of an incompressible fluid with accuracy up to
O�M2/�2−0�� as M→0. Therefore, the problem can be refor-
mulated in terms of the inner velocity potential ��� ,��
which satisfies the Laplace equation

�� = 0 �in the flow region� ,

ũ = ��, ṽ = ��, �20�

p̃ = ��� + ��� − � − 1
2 ���

2 + ��
2 � .

The boundary conditions for Eq. �20� are

�� = 0 �� = 0,� � � j� , �21�

��� + ��� − � = 1
2 ���

2 + ��
2 � �AL� , �22�

���1 + ��� = ��tan � − ���� + ������ �AL� , �23�

where the free surface shape AL is described by

� tan � = � + ���� , �24�

and �� j ,0� denotes the coordinate of the jet tip. The inner
flow has to be matched to the acoustic solution in the outer
region, given by the asymptotic formula �14�, from which the
far field condition for the unknown velocity potential ��� ,��
is derived as

� � − �0cos�0�� �� → � � . �25�

The boundary-value problem �20�–�25� provides the leading
order inner solution of the original problem.

As � j denotes the jet length in the stretched coordinates,
in the original coordinates the jet length Ljet�t�� grows lin-

early with time as
Ljet�t�� = M−�1−0�/�2−0�A1/�2−0�� jVit�,

that corresponds to a velocity of the jet tip

Vjet = M−�1−0�/�2−0�A1/�2−0�� jVi, �26�

which indicates that Vjet /V→� as M→0. The quantity � j

has to be determined as a part of the solution of the inner
problem for the velocity potential ��� ,��.

The solution of the inner problem is rather complicated
due the to nonlinearity of boundary conditions �22� and �23�
along the free surface, shape of which is unknown. By fol-
lowing the same approach as that used in Iafrati and
Korobkin,1 such boundary conditions can be greatly simpli-
fied by introducing a modified velocity potential

S��,�� = ���,�� − 1
2�2, �27�

which satisfies the Poisson equation �S=−2 in the flow re-
gion. In terms of this new function, the boundary condition
along the body contour and the kinematic condition on the
free surface becomes

Sn = 0 on AL and � = 0. �28�

By using Eq. �28�, the dynamic condition takes the form

S�
2 + 2S = 0 on AL , �29�

where Sn and S� are the normal and tangential derivatives of
the unknown function S�� ,�� along the liquid boundary. By
substituting �27� into condition �25�, the far field behavior of
the modified velocity potential is found to be

S��,� � − 1
2�2 − �0cos�0�� �� → � � . �30�

The new form of the boundary conditions �28�–�30� is simi-
lar to that found for the incompressible case except for dy-
namic condition �29�. The latter is now much simpler and
can be integrated along the free surface thus yielding

S = − 1
2 �� + C�2, �31�

where � is the curvilinear coordinate along the free surface
and C is an arbitrary constant of integration �Fig. 3�.

In the case of a finite angle at the intersection point
�� j ,0� between the free surface and the body contour, the

FIG. 3. Definition of the curvilinear abscissa �.
analysis of the local flow reveals that the velocity potential
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given by Eq. �31� matches the boundary condition �28� if and
only if C=0, when � is oriented from the intersection point
toward the far field. From this consideration it follows that,
once the free surface shape has been obtained, the distribu-
tions of S and � along it are given by

S = − 1
2�2, � = 1

2 ��2 − �2� . �32�

In this way, the inner problem is reduced to the solution
of Eq. �20� with boundary conditions �21� and �32� along the
body contour and the free surface, respectively, and far field
condition �25�. The solution of this nonlinear boundary value
problem is achieved with an iterative numerical approach
that is described in the next section. On this regard, one
difficulty concerns the way in which the boundary condition
is enforced at the far field as Eq. �25� only provides the
behavior of the solution in the limit �→�.

In order to reduce the size of the computational domain,
the asymptotic behavior of the solution is evaluated by using
an approach similar to that used in Iafrati and Korobkin.1

The main point consists in mapping the fluid domain onto a
simpler, wedge shaped, domain through the transformation

�=�� / �̃���, with �= �̃��� being the equation of the free sur-

face, where �̃���→� as �→�. In terms of the new angular
variable �, the fluid domain in the far field corresponds to
0����. By studying the asymptotic behavior of the solu-
tion, improved far field conditions are obtained for the free
surface shape

�̃��� = � +
0

2 − 0
�0−2 + �2��� , �33�

and for the modified velocity potential in the far field

S̄��,�� = −
1

2
�2 − �0cos�0�� +

0
2

�2 − 0�

��

�
sin�0�� + �4 − 30

3 − 20
� cos�2�1 − 0���

2 cos�2�� �
��20−2 + S̄2��,�� , �34�

which, along the free surface �=�, takes the value

S̄��,�� = −
1

2
�2 +

0
2

2�3 − 20�
�20−2 + S̄2��,�� , �35�

where the products S̄2�� ,���2�1−0� and �2����2−0 tend to
zero as �→�. The previous expressions are used in the fol-
lowing not only to provide improved boundary conditions
that can be enforced at a finite distance, but also, through Eq.
�33�, to obtain a first guess for the free surface shape.

III. SOLUTION OF THE INNER PROBLEM

A. Numerical approach

The boundary value problem governing the inner solu-
tion is numerically solved through an iterative pseudotime
stepping procedure. Starting from a given free surface shape,
a boundary integral representation of the velocity potential is
adopted which gives the velocity potential at any point M of

the fluid boundary as
1

2
��M� = �

CL�AL�AC

��n�N�G�M,N�

− ��N�Gn�M,N��dS�N� , �36�

where G�M ,N� is the free space Green function for the two-
dimensional Laplace operator. The domain boundary AC is
introduced to represent the far field boundary, which is as-
sumed to be of circular shape and located at �=�F.

According to the boundary conditions on the body con-
tour, Eq. �21�, and on the free surface, Eq. �32�, the velocity
potential and its normal derivative are assigned along AL and
CL, respectively, whereas the velocity potential along the far
field boundary is given by the asymptotic expansion �34�.
Hence, the following boundary integral equation is obtained
for each point M � �CL�AL�AC�:

1

2
��M� + �

CL

��N�Gn�M,N�dS�N�

− �
AL�AC

�n�N�G�M,N�dS�N�

= �
CL

�n�N�G�M,N�dS�N�

− �
AL

��N�Gn�M,N�dS�N� . �37�

The solution of this boundary integral equation is achieved
through a zero order panel method. The boundary of the fluid
domain is discretized with straight line panels along which a
piecewise distribution for the velocity potential and for its
normal derivative is assumed. When M lies along AL�AC,
the velocity potential is known and the first term on the
left-hand side of Eq. �37� is moved to the right.

The solution of integral equation �37� provides the ve-
locity potential along the body contour and its normal deriva-
tive along the free surface. Thus, the velocity field along the
free surface can be evaluated and used to update the free
surface shape in a time-stepping fashion by using

�S = �� − � ,

as a pseudovelocity field. Note that a formal proof of the
convergence properties of this choice cannot be easily de-
rived. Numerical tests and previous experiences on similar
problems1,17,18 have shown that it naturally pushes the free
surface towards the satisfaction of the kinematic constraint
on the free surface, given by condition �28�. As a matter of
fact, once convergence is achieved Sn is negligible and reit-
erating the solution simply shifts the free surface panels tan-
gentially to themselves, thus leaving the free surface shape
substantially unchanged.

The position of the panel centroids is integrated in time
using a second-order Runge-Kutta scheme. The time step is
chosen so that the product of the velocity by the time step is
always smaller than one fourth of the corresponding panel
size. Once the position of panel centroids has been updated,
the distribution of free surface panels is reinitialized with

new panel vertices located along a cubic spline curve passing
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through the centroids. At each step the size of the panels is
suitably redistributed in order to preserve the accuracy in the
description of the solution in the jet part and in highly curved
regions. The reinitialization is started from the tip of the jet
and the panel size progressively grows up to fill the dis-
cretized part of the free surface. During the iterative process,
the intersection point A between the free surface and the far
field boundary is kept fixed at the position assigned by the
far field asymptotics �Eq. �33��.

The distribution of the velocity potential along the new
free surface configuration can be reinitialized, according to
Eqs. �32�. However, the condition C=0 only holds once the
final free surface shape has been achieved. In the intermedi-
ate steps, the matching with the far field asymptotic behavior
has to be enforced instead. Let �L denote the curvilinear co-
ordinate at the point L for the new free surface shape and ��
the arc-length correction, from the matching between Eq.
�31� and far field asymptotics �35�, it follows that

−
1

2
��L + ���2 = −

1

2
�L

2 +
0

2

2�3 − 20�
�L

20−2,

from which

�� = �L�1 −
0

2

3 − 20
�L

20−4�1/2

− �L. �38�

In the calculations, this parameter, which should approach
zero, is adopted as an index of convergence for the solution.
In addition to this parameter, the convergence of the solution
is also evaluated on the basis of the integral of Sn

2 along the
free surface.

B. Shallow water model for the thin jet layer

Owing to the flow singularity at the intersection, a jet
develops along the body contour. In particular for dead-rise
angle smaller than 60°, this jet is too thin to be accurately
described within boundary elements approaches. With the
aim of avoiding the above-mentioned limitation and making
the accurate description of the flow in the thin region sim-
pler, a shallow water model is developed.

It is assumed that, in this region, the free surface is de-
scribed by

� = f��� ,

so that kinematic boundary condition �28� can be written as

S� = S�f� on � = f��� . �39�

The integration of the Poisson equation �2S=−2 along �
=const from �=0 to �= f��� provides

�
0

f���

S����,��d� + �S���,����=0
�=f��� = − 2f��� , �40�

and since

d

d�
�

0

f���

S���,��d� = �
0

f���

S����,��d� + f�S���, f���� ,
Eq. �40� together with �39� lead to
d

d�
�

0

f���

S���,��d� = − 2f��� , �41�

where the boundary condition along the body contour given
by Eq. �28� has been used.

Due to small thickness that characterizes the jet layer it
is possible to assume that the modified velocity potential
does not vary significantly across the jet layer, so that it can

be approximated as S�� ,���S�� , f����= S̃���. By incorpo-
rating this approximation into Eq. �41�, we find

�S̃����f����� + 2f��� = 0. �42�

This equation, together with dynamic condition �32� and
the relation

S̃� =
S�

�1 + f�
2

,

which follows from kinematic condition �39�, can be used to
build a space marching procedure and then to reconstruct the
free surface profile and the distribution of the velocity poten-
tial in the jet region. First, Eq. �42� is discretized between �i

and �i+1 �Fig. 4� thus leading to

S̃��i + 1�f�i + 1� − S̃��i�f�i�
��

+ �f�i + 1� + f�i�� = 0.

As S̃��i+1� is unknown and depends on f�i+1�, the previous
equation is solved iteratively in the following way:

f k�i + 1� = �f k−1�i + 1� + �1 − ��� 1 −
S̃��i�
��

1 −
S̃�

k−1�i + 1�
��

� ,

�43�

where k is the iteration index and � is a relaxation parameter.
In the calculation �=0.9 is usually adopted. Once the new
estimate f k�i+1� for free surface elevation at �i+1 is avail-

able, its value is used to evaluate S̃�
k�i+1� with the help of

the boundary conditions on the free surface. From geometri-
cal considerations it follows that

S̃�
k�i + 1� = −

S�
k�i + 1�

�1 + �f�
k�i + 1��2

, �44�

FIG. 4. Sketch of the discretization adopted in the shallow water region.
where
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f�
k�i + 1� =

f k�i + 1� − f�i�
��

. �45�

Due to the boundary condition �32�, S��i�=−��i� and then, let
ak�i�=���2+ �fk�i+1�− f�i��2, a new estimate of S�

k�i+1� is
given by

S�
k�i + 1� = S��i� + ak�i� ,

which is used into Eq. �44� to get S̃�
k�i+1�. This value is

substituted into Eq. �43� to derive a new estimate f k+1�i+1�.
The system of Eqs. �43�–�45� is reiterated to convergence.
Then the iterative process at the next position is started by

using the final values of f�i+1� and S̃��i+1� as first guess for
the iterative procedure at �i+2. The space marching procedure
is continued until a very small jet thickness is achieved.

The shallow water model is activated when the angle
between the free surface and the body contour drops below a
threshold value. When the model is activated, the thinnest
part of the jet layer is removed from the boundary element
representation and it is replaced by the shallow water solu-
tion which is introduced as a known contribution to the
boundary integral representation. The shallow water model at
i=1 uses as input parameters the local thickness of the jet,
the value of f� and the modified velocity potential S provided
by the boundary element solver. To make discretization com-
parable, the spatial step �� is assumed to be equal to half of
the size of the first free surface panel attached to the jet
region.

A careful verification of the shallow water model and of
the coupling procedure with the boundary element approach
used in the bulk of the fluid domain has been done, proving
a substantial independence of the results of the angle at
which the shallow water model is activated. Further, for �
=60°, when the jet is not too thin and the boundary element
solver is still able to accurately describe the flow without a
prohibitive computational effort, two calculations have been
done, with and without shallow water model, obtaining sub-

TABLE I. Lengths of the jet vs the dead-rise angle. For �=60° two values
are reported, referring to calculations with and without the use of the shal-
low water model.

� � j

5 8.884

10 5.688

20 3.651

30 2.800

40 2.297

50 1.949

60 1.682 �1.693�
70 1.475

80 1.264

85 1.148
stantially the same solution �see Table I�.
C. Numerical results

The numerical model is used for deriving the solution of
the inner problem for several dead-rise angles. For each �,
the radius of the far field boundary �F is chosen such that the
orders of magnitude of the higher order terms neglected in
asymptotic expansions �33�–�35� are small enough. In the
results presented in the following, the far field radius ranges
from �F=500 for �=5° to �F=2000 for �=85°. As men-
tioned previously, asymptotic expansion �33� also provides a
first guess for the free surface shape from which the iterative
procedure starts.

In order to simplify the description of the solution in the
thin jet layer, the shallow water model is adopted for dead-
rise angles equal or smaller than 60°. The model is usually
activated when the angle between the free surface and the
solid contour drops below 10°. For smaller dead-rise angles
the free surface profile about the jet root takes a much
sharper curvature and for this reason the threshold value is
reduced to 5° and 3° for �=10 and �=5°, respectively. From
the calculations it is seen that, as soon as the shallow water
model is activated, the jet tip suddenly jumps to a position
very close to the final one and the parameter �� given by Eq.
�38� drops to very small values �10−7−10−9�. Next, the tip
position remains essentially fixed and main changes in the
free surface shape are confined to the curved region about the
jet root.

In the following, results obtained for several dead-rise
angles are presented. Though detailed pictures showing the
convergence histories are not reported, their behavior is simi-
lar to that obtained by Iafrati and Korobkin for the floating
wedge1 and floating plate18 impact cases. According to the
kinematic condition �28� the quantity

K = �
AL
� �S

�n
�2

dS

should decay as the final solution is approached. In the nu-
merical simulations it is seen that this quantity decays but,
once the final solution is reached, it starts to oscillate about a
finite value. This oscillating behavior is related to the move-
ment of the boundary between the jet region, where the shal-
low water model is adopted, and the bulk of the fluid. The
comparisons of the free surface configurations obtained after
very large number of iterations indicate that the differences
in the free surface profile are very small and are localized on
a narrow region �few panel lengths� about the borderline be-
tween the two regions.

Results are presented in terms of the length of the jet � j

and of the free surface shape. Jet lengths versus the dead-rise
angle � are listed in Table I and plotted in Fig. 5. As follows
from Eq. �26�, � j is strictly related to the jet velocity, which
increases with decrease of the dead-rise angle. The free sur-
face profiles are shown in Fig. 6. In particular, for �=60°,
two solutions are shown, substantially overlapped each other,
one with and one without the use of the shallow water
model.

With the aim of highlighting the Mach number depen-

dence of the jet velocity, as it follows from Eq. �26�, in
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Fig. 8 three curves are plotted which shown the behavior of
the ratio Vjet�M� /Vjet�0.2� for three dead-rise angles. In all
cases the jet velocity grows quickly as M→0, although the
growth is much more relevant for smaller dead-rise angles.

FIG. 5. Length of the jet vs the dead-rise angle.
FIG. 6. Free surface profiles for �=5, 10, 20, 30, 40, 50, 60, 70
D. Comparison with jet speeds induced by shock
wave impact

As already stated in the introduction, the problem dis-
cussed so far has affinity with that of drop impact onto a
solid surface7–9 and with the impact of a shock wave on a
wedge-shaped cavity.11–13 In the following, the main aspects
of the presented theory and of the results obtained are dis-
cussed and compared with what reported in the correlated
literature. From the sketches reported in Fig. 7 the analogies
of the wedge impact problem with the drop impact onto a

FIG. 7. Sketches of the flow configuration for the drop impact onto a solid
surface and for the shock wave impact with a wedge-shaped cavity.
, 80, and 85. Only the region about the jet root is displayed.
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solid surface and the interaction of a shock wave with a
wedge-shaped cavity in a fluid can be recognized. In all these
three cases there is the interaction between a wedge-shaped
liquid portion with a rigid surface which, in the wedge-
shaped cavity case, is represented by the symmetry plane.

The boundary-value problem governing the flow gener-
ated by the impact of a shock wave on a wedge-shaped cav-
ity was originally formulated and solved by Soboleff11 within
the acoustic approximation. Successively Godunov et al.,12

after analyzing the singular behavior of the acoustic solution
about the apex of the cavity, introduced a set of stretched
variables, similar to those adopted here, and derived the
boundary value problem governing the inner solution. How-
ever, they did not derive the inner solution but used the the-
oretical analysis of the singular behavior for the interpreta-
tion of some experimental data.

The flow generated by the impact of a shock wave on a
wedge-shaped cavity has been investigated also by Tulin.13

Within the linear theory, he provided an estimation of the tip
velocity as a function of the shock intensity and of the angle
of the wedge-shaped cavity. By adopting the notations used
in the present work, the result by Tulin13 can be presented in
the form

Vjet =
�p

�0c0
g��� , �46�

where g��� accounts for the dependence of the jet velocity
on the cavity angle and �p is the pressure jump through the
shock. If we use Eq. �1� to estimate the pressure jump
through the shock, we obtain

Vjet � Vig��� ,

where now Vi is a fictitious “impact velocity.” In the latter
equation the Mach number dependence of the jet velocity is
lost, as it appears in Eq. �26�, probably due to the linear
assumption.

Aside from the dependence on the Mach number, the

FIG. 8. Jet velocity as a function of the Mach number for three different
dead-rise angles �10° �solid�, 30° �dashed�, and 60° �dashed-dotted��.
effect of the wedge angle on the jet velocity can be separated
from Eq. �46� and compared with the numerical results de-
scribed in the previous section. In Tulin13 the function g��� is
given as follows

g����→	/2 � �2 +
8�	 − ��

3	2 � ,

g�	

4
� � 2.653, g����→0 � �2 +

0.725

�
� .

The comparison is established in terms of the ratio q between
the function g���, or of the parameter � j���, and the values
they take at �=5°. The results by Tulin13 provide

r��� =
Vjet���

Vjet�5 ° �
�

g���
g�5 ° �

and in the present case

r��� =
Vjet���

Vjet�5 ° �
�

� j���
� j�5 ° �

.

The ratios r��� are presented in Table II and shown in Fig. 9,
exhibiting a rather good agreement in terms of the relative jet
velocity.

In addition to the theoretical data by Tulin,13 in Fig. 9
experimental measurements by Kozin and Simonov14 and by
Kinelovskii �private communication� are also reported in
terms of the ratios of the jet velocities. A satisfactory agree-
ment is achieved, which confirms that the ratio of the jet
velocities is mainly governed by the cavity angle rather than
the experimental conditions.

IV. CONCLUSIONS

The jetting flow generated during the early stage after
the impulsive vertical start of a floating wedge has been in-
vestigated. It has been shown that during the initial stage the
flow close to the intersection points is self-similar and inde-
pendent of the flow details outside the fronts of the relief
waves within the stretched variables, which are dependent on
the Mach number. The boundary value problem governing
the self-similar solution has been solved accurately with an
iterative procedure which provides the free surface shape as

TABLE II. Effect of the cavity angle � on the jet speed. The comparison
with the Tulin �Ref. 13� results are established.

� �deg� � j /� j �5° � g��� /g �5° �

5 1.000 1.000

10 0.640 0.597

20 0.411 0.396

30 0.315 0.328

40 0.259 0.295

50 0.219 0.212

60 0.189 0.208

70 0.166 0.203

80 0.142 0.199

85 0.129 0.196
a part of the solution. By exploiting the self-similarity of the
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problem, the velocity of the jet tip has been estimated for
different values of the dead-rise angle of the wedge. It has
been shown that the velocity of the jet tip is controlled by the
liquid compressibility and, therefore, cannot be evaluated
within the incompressible liquid model. Correspondingly, the
jet length cannot be evaluated within the incompressible liq-
uid model and has to be taken as infinite in numerical calcu-
lations, once the compressibility effects are not accounted for
in analysis.

Owing to the analogies between the two problems, com-
parisons have been established with the results obtained in
the case of the shock wave interaction with a wedge-shaped
cavity, achieving a good agreement in term of the effect of
the cavity angle on the jet velocity.

The high-speed jets described in the present paper are
very thin and can be disintegrated at some distance from
their roots due to their instability and interaction with both
the surrounding air and the surface of the body. The instabil-
ity and subsequent breakup of the two-dimensional liquid jet
emanated into an inviscid gas was studied theoretically by
Ibrahim and Akpan.19 By using their results, one can esti-
mate the length of the jet up to the breakup point. Instability
mechanisms are not taken into account in the presented
analysis.

Note that in the present analysis the surface tension ef-
fects are not taken into account. We assumed that initially the
free surface is flat starting from the intersection points, this
is, we assumed that the static contact angle between the sur-
face of a floating body and the free surface at the intersection
point is not affected by the capillary forces. This is a strong
assumption and more accurate theory, which accounts that at
the impact instant the free surface close to the body is curved
due to capillary effects, should be developed. However, it is
also assumed that the curvature of the free surface after the

FIG. 9. Comparison of the angle dependence of the jet tip velocity with the
theoretical estimate by Tulin �Ref. 13� and the experimental data by Kozin
and Simonov �Ref. 14� and by Kinelovskii �private communication�. The
comparison is established in terms of the ratios r between the jet velocity
and the jet velocity for �=5°. The data by Kinelovskii are properly scaled
assuming that for �=30°, it coincides with the theoretical estimate �present
calculations �solid�, Tulin’s theory �Ref. 13� ���, experimental data by
Kozin and Simonov �Ref. 14� ���, and experimental data by Kinelovskii
�private communication� ����.
impact instant is small and the capillary pressure in the liquid
due the surface effects is negligible compared with the dy-
namic pressure induced by the impact. In order to justify this
approximation, we consider the acoustic region and the inner
region separately. In both regions the curvature of the free
surface is of the order of the dimensions of these regions. In
the acoustic region the curvature is of the order of 1 / �DP�
during the early stage under consideration and the capillary
pressure is of the order of � / �DP�, where � is the surface
tension coefficient. The hydrodynamic pressure in the acous-
tic region is of the order of the “water hammer” pressure
�0c0Vi. Therefore, the surface tension effects can be approxi-
mately neglected in the leading order if � / ��DP ��0c0Vi�
�1. Within the jet region the free surface curvature is greater
than that in the acoustic region. Performing the analysis of
orders for the inner region, we find that the surface tension
effects can be approximately neglected at the stage under
consideration if � / ��DP ��0c0Vi��M�1+0�/�2−0�. In the latter
inequality the Mach number is small and the parameter 0,
which is dependent on the wedge angle �, is greater than 1/2
and less than unity. We obtain �1+0� / �2−0��2, which
implies that the surface tension effects can be neglected in
the jet region for any wedge angle is � / ��DP ��0c0Vi��M2,
This inequality provides Vi� ��c0 / ��DP ��0��1/3. The right-
hand side of the inequality is equal to 0.48 m s−1 for pure
water. Therefore, if the impact velocity is greater than
0.5 m s−1 �but much smaller that the sound speed�, the sur-
face tension effects can be safely neglected in the main part
of the free surface. At the jet tip, the surface tension effects
are of importance at any impact velocity.

The case of small dead-rise angles requires more careful
analysis. If tan ��V /c0, then the intersection point propa-
gates at the velocity, which is greater than the velocity of
sound c0 and the liquid free surface remains undisturbed.6 If
the Mach number is small enough so that tan ��V /c0 but
tan �=O�V /c0�, then the jet root region moves with a veloc-
ity comparable to the velocity of sound. In this case the free
surface is disturbed but the asymptotic analysis of the prob-
lem should be based on the Wagner approach �see Korobkin5

for details�. The present analysis is valid only if tan�
�V /c0 and the velocity of the intersection point is negligibly
small compared with the velocity of sound.
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