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SUMMARY
The hydrodynamic loads originated during the water entry of a two-dimensional flat plate are investigated. The plate
is initially floating on the free surface and is assumed to start suddenly its vertical motion. The liquid is ideal and
incompressible, and gravity and surface tension effects are not taken into account. A numerical model able to describe
the unsteady free surface flow generated by the plate impact is developed and the resulting hydrodynamic loads are
estimated. The latter are compared with their asymptotic behaviour for small time, derived in a previous work. It is
shown that, aside from an initial transient during which the numerical solution is not available, the theoretical estimate
of the loads very well agrees with the numerical results, at least until the plate depth is of the order of 1/100 of the plate
breadth. Subsequently the theoretical estimate is no longer reliable as the assumptions made in their derivation are no
longer valid.

1. INTRODUCTION

The sudden vertical motion of a two-dimensional plate ini-
tially floating on a still liquid surface is considered. It is
assumed that no air is entrained at the plate-liquid inter-
face, and that the liquid flow is plane, symmetric and po-
tential. Both surface tension and the gravity are not taken
into account. The liquid is assumed ideal and incompress-
ible. A numerical model able to describe the fully nonlinear,
unsteady free-surface flow generated by the plate motion is
developed and the resulting hydrodynamic loads are esti-
mated. The numerical results are compared with the theo-
retical estimates derived in [1].

The motivation for the activity stems from the difficul-
ties that standard potential flow solvers have in accurately
describing the very initial stage of the plate impact. De-
spite the short duration, very high hydrodynamic loads are
generated in the early stage, which cannot be accurately
predicted by a numerical tool. Similarly to what has been
done for the floating wedge case [2], it is here proposed to
use the initial asymptotic estimate derived in [1] until the
numerical results become available and reliable.

On the basis of the above consideration, a numerical
model able to describe the unsteady free-surface flow gen-
erated by the plate impact is here developed. The model
is based on a classical mixed Eulerian-Lagrangian approach
with the velocity potential assigned on the free surface and
its normal derivative assigned on the plate boundary. About
the plate edge, the flow is complicated by the interaction be-
tween the fluid escaping from the bottom of the plate and
the vertical flow at the free surface, which gives rise to thin
jets [3]. In order to properly describe this interaction, ad-
ditional conditions are enforced at the plate edge requiring
that the free surface is attached to the plate egde and the
fluid leave the plate tangentially.

In the very initial transient the conditions at the plate
edges and the formation of the thin jets make the devel-
opment of a reliable numerical model very complicated. In
order to overcome those problems, we decided to use the
small time solution derived in [3] to provide an initial shape
of the free surface shape and a distribution of the velocity
potential along it. To this aim, an initial time t∗ is chosen
to scale the self-similar variable used in [3]. Moreover, a

hybrid BEM-FEM model, similar to that adopted in [4], is
used to make the description of the flow inside the thinnest
part of the jet simpler and robust.

2. TIME DOMAIN NUMERICAL SOLVER

The free surface flow generated by the water entry of a two-
dimensional flat plate is simulated numerically through a
mixed Eulerian-Lagrangian approach. Let ϕ denote the ve-
locity potential, y the vertical coordinate with the y-axis
pointing upwards and the x-axis coinciding with the undis-
turbed free surface oriented toward the right. By assuming
gravity and surface tension effects negligible, the governing
equations are

∆ϕ = 0 Ω

ϕn = −V ny SB

Dϕ

Dt
=

|∇ϕ|2

2
SS

Dx

Dt
= u SS ,

(1)

where V is the entry velocity of the plate, which is assumed
to be constant, Ω is the fluid domain, SS the free surface,
SB the plate contour, n the inward normal unit vector, u
the fluid velocity (Fig. 1). In the numerical solution the
symmetry condition along the plane x = 0 is exploited.
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Figure 1: Sketch of the free surface deformation
induced by the plate impact.

In addition to the above set of equations, further con-
straints are enforced at the plate ends, requiring that the
free surface be attached to the edge and leave the plate



tangentially. For the right hand side of the plate such con-
straints are expressed by the equations

lim
x→L+

η(x, t) = −V t , lim
x→L+

∂η(x, t)
∂x

= 0 (2)

where η(x, t) is the free surface elevation and 2L is the plate
width.

At each step the velocity potential is written in terms of
an integral representation

ϕ(P ) = −
∫

SB∪SS

(ϕGn − ϕnG) dS , P ∈ Ω (3)

where G(P,Q) = 1
2π log(|P − Q|) is the free space Green

function for the 2D Laplace operator. By taking the limit
of equation (3) as P approaches the boundary of the fluid
domain, an integral equation for the velocity potential and
its normal derivative is obtained, solution of which provides
the velocity potential along the plate and the normal deriva-
tive of the velocity potential along the free surface.

The solution scheme is arranged in two steps: first, at
a specified time instant t the boundary value problem is
solved, thus providing the value of the velocity potential and
of its normal derivative throughout the domain boundary.
Through differentiation of the potential along the boundary,
the tangential velocity component is evaluated and then the
velocity field on the free surface is completely determined.
Next, the second step of the solution scheme is performed:
the dynamic and kinematic free surface conditions are inte-
grated in time for a set of Lagrangian markers lying on the
free surface, thus obtaining the new free surface configura-
tion and the distribution of the velocity potential along it,
allowing to solve the boundary value problem for the new
configuration.

The system of governing equation is integrated in time
through a second order Runge-Kutta scheme. In order to
enforce the additional conditions (2), at the first step of the
Runge-Kutta scheme the normal velocity at the first panel
attached to the plate is set to be equal to that along the
plate. From the solution of the boundary value problem
the velocity potential on the panel is derived which is used
as a starting value for the second step of the Runge-Kutta
scheme. At the end of each time step the panel distribution
along the free surface is reinitialized. To this aim a cubic
spline is built along the panel centroids and the panel distri-
bution is reinitialized starting from the plate edge. Several
constraints are enforced to the local panel size in order to
achieve the best compromise among accuracy and compu-
tational effort.

From the computational standpoint the problem is very
complicated due to the presence of the thin jet developing
at the plate edges. An accurate description of the flow in
this thin region would require a panel size of the order of
the jet thickness which would imply a huge computational
effort for the description of such small part of the fluid do-
main. A significant reduction of the computational effort
can be achieved through a hybrid BEM-FEM approach [4].
At each step the region where the angle between the left and
right boundaries of the jet is less than a treshold angle, say
four degrees, is identified. Inside this region, a set of control
volumes are defined on the basis of the panel discretization

and within each one a bilinear representation of the velocity
potential is constructed. From this representation the ve-
locity components are derived and used to move the panel
centroids.

To start the numerical solution, a proper scaling of the
self-similar solution derived in [3] for small times has been
used. To this aim, an initial time is fixed to a small value,
say t∗ (which corresponds to an initial plate depth h∗) and
the variable scaling defined in [3] is used to scale the free
surface shape and the associated velocity potential from the
self-similar variables to the physical variables x, y, ϕ. As the
solution derived in [3] is valid under the small time limit,
higher order terms were neglected. As a consequence, small
adjustments are needed in order to enforce the zero free
surface elevation at the far field boundary. In the numerical
calculations the far field boundary is located at x = 1000.

In order to evaluate the unsteady contribution to the
pressure field along the plate the time derivative of the ve-
locity potential ϕ̇ is written in the form of an integral repre-
sentation similar to (3). A boundary value problem is then
derived by taking the limit of the integral representation as
P approaches the boundary of the fluid domain. The time
derivative of the velocity potential is assigned along the free
surface whereas ϕ̇n assigned on the plate [5].

3. SMALL TIME ASYMPTOTICS OF THE HY-
DRODYNAMIC LOADS

The initial asymptotics of the hydrodynamic loads acting
on a flat plate impacting the water surface was derived in
[1]. Therein, the second-order velocity potential along the
plate was presented in the form

ϕ = −ḣ
√

1− x2 +
hḣ/2
1− x2

− h
2
3 ḣC̃0√
1− x2

− hḣ + o(t), (4)

where C̃0 = 2|C1|(3/
√

2)
2
3 . The constant C1 = −0.41795

is the coefficient of the eigensolution that characterizes the
first-order inner solution. This constant was derived nu-
merically in [3]. The pressure field associated to the outer
velocity potential (4) is given by

p(x, 0, t) = ḧ
√

1− x2 + ḣ2 − ḣ2

1− x2
+

+
2
3
C̃0ḣ

2h−
1
3

1√
1− x2

+ o(1). (5)

which is singular and not integrable at the plate edge.
This problem was overtaken by deriving the pressure

field associated to the inner solution of the first-order prob-
lem. Under the change of variables

x = 1 + a(t)u , y = a(t)v , ϕ(x, y, t) =
√

2a1/2ḣφ(u, v)

where a(t) = [3/
√

2ḣ]2/3, the inner pressure field was pre-
sented as

p(u, 0, t) = − ḣ2

a

[ 2C1√
−u + β

+ S(u) + o(1)
]
, (6)

with β = (4|C1|)−1 and

S(u) = φ2
u + φ− 2uφu −

2C1√
−u + β

. (7)



The function S(u) has been evaluated from the inner solu-
tion derived in [3] and its graph is drawn in Fig. 2. Due to
the equation p(0, 0, t) = 0, the theoretical value of S(0) is
equal to 8C2

1 ≈ 1.39745762. The numerical estimate, based
on the solution given in [3] provides S(0) ≈ 1.145.
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Figure 2: Graph of the function S(u)

Starting from the above considerations, the hydrody-
namic force is evaluated by dividing the plate surface into
two regions: the main region, where 0 < x < 1 − aλ, and
the inner one, where 1 − aλ < x < 1. Here λ is a large
parameter such that λ � 1 but aλ

3
2 � 1. Then the total

force acting on the plate is calculated as

F (t) = lim[Fmain(t) + Finner(t)] + o(1), (8)

with the limit taken as a → 0, λ → ∞ and aλ3/2 → 0. It
can be shown that the contribution of the inner pressure is

Finner(t) = 4|C1|ḣ2

∫ 0

−λ

du√
−u + β

− 2ḣ2J + o(1), (9)

where

J =
∫ 0

−∞
S(u)du

and∫ 0

−λ

du√
−u + β

= 2
√

λ− β lnλ + 2β lnβ + o(1) , (10)

whereas the contribution of the second-order outer pressure
field is:

Fmain(t) =
π

2
ḧ + ḣ2

[
2− ln 2 +

2
3

lnB
]

+
2
3
ḣ2 lnh+ḣ2 lnλ+

2π

3
C̃0ḣ

2h−
1
3 −8|C1|ḣ2

√
λ+o(1) . (11)

From equations (9, 11) we finally obtain

F (t) =
π

2
ḧ + γḣ2h−

1
3 +

2
3
ḣ2 lnh

+ḣ2
[
2− 2 ln(4|C1|)− ln 2 +

2
3

lnB − 2J
]

+ o(1), (12)

where γ = 4π
3 |C1|B

2
3 . The integral of the function S(u)

provides J ' 0.70629.
In (12) all variables are non-dimensional. In dimensional

variables (see [1]) this formula takes the form

F (t) = maḧ + ρ0ḣ
2f(h/L),

where the penetration depth h, the time t and the force F
are dimensional now, ma = πρ0L

2/2 is the added mass of
the plate, ρ0 is the liquid density,

f(x) = a1x
− 1

3 +
2
3

lnx + a0,

a1 = 2.89035, a0 = −0.63217.
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Figure 3: Pressure distribution along the plate
at three different time instants: t = 2.51e −
5, 5.96e−5, 18.02e−5. The solid line is the inner
pressure field given by eq. (6), the dot line is the
outer pressure field given by eq. (5) and the dash
line is the numerical result.

4. NUMERICAL RESULTS

Calculations are performed for constant velocity of the plate
and in non-dimensional variables.

In Fig. 3 the pressure field along the plate is shown at
three different time instants, i.e. plate depths. In establish-
ing the comparison the initial time shift of the numerical
solution t∗ has been accounted for: if tN is the time elapsed
in the numerical solution, the comparison has to be estab-
lished with the theoretical solution at time t = t∗ + tN . In
this paper we used t∗ = 1.5e−5. For the same curves, a
close up view about the plate edge is drawn in Fig. 4. From



the figures it can be clearly seen that the inner pressure has
a relevant role about the plate edge as it removes the singu-
larity of the outer pressure field. Far from the plate edge,
the inner solution fails. However, this happen there where
the outer pressure field is already valid.
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Figure 4: Close up view of the pressure distribu-
tion about the plate tip.

In Fig. 5 the total vertical force acting on the plate are
drawn. The figure shows a very good agreement between the
numerical and theoretical estimate, during the early stage
of the penetration. Afterwards, the approximations made in
deriving the small time solution fail. In Fig. 6 the relative
difference between the theoretical and numerical estimates
is shown. The figure indicates that the difference between
the numerical and theoretical values of the vertical load is
few per cent up to t ≈ 1/100. The good agreement between
the theoretical and numerical estimate makes it possible to
use the theoretical estimate for the evaluation of the hydro-
dynamic loads in the very early stage of the impact process
when numerical results are not available.
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Figure 5: Time history of the nondimensional
vertical force acting on the plate. The numerical
result (dash line) are only available for t > t∗

(vertical line). The log scale of the axes has been
used.
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Figure 6: Time history of the relative difference
between the theoretical and the numerical esti-
mates.
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