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Abstract The linear two-dimensional problem of hydroelastic waves reflected by a vertical wall is analysed. The
fluid is of finite depth and is covered by an ice sheet. The fluid is assumed incompressible and inviscid. The ice
sheet is assumed thin compared with both the water depth and wavelength of the incident wave. The deflection of
the ice sheet is described by linear elastic plate theory, and the fluid flow by using the potential-flow model. The ice
sheet extends infinitely and is clamped to the vertical-walled structure. The incident hydroelastic wave is regular.
An analytic solution is found by integral-transform methods. The ice deflection, the vertical and horizontal forces
acting on the wall and the bending stresses in the ice caused by the incident wave are determined. The forces on the
wall are analysed in detail, and relevant physical parameters are varied for comparison. The phase shift between the
incident and reflected wave amplitudes is found as part of the complete solution. It is shown that the ice clamping
condition leads to a specific effect on the ice deflection.

Keywords Elastic plate · Hydro-elastic waves · Wave-structure interaction

1 Introduction

The problem of surface gravity waves in fluid in the presence of a vertical wall is well studied (see for example
[1, pp. 67–68]) and well understood within fluid mechanics. Its applications are broad, including tidal control and
river reinforcement. Far less common are studies where waves in ice atop fluid (hydroelastic waves) are incident on
vertical structures. The need for such studies is growing because trends in global temperature may lead to increased
ice calving [2]. This in turn can cause ice to be found further from the poles [3]. Also, the search for natural
resources may be forced farther afield, leading to the need for structures such as oil rigs or wind turbines to be
built in ice-covered waters. For example, Gravesen et al. [4] studied the forces due to ice loads on wind turbines in
Denmark. The theory of hydroelastic waves in ice sheets is similar to that of water waves: flexural gravity waves
have long been known to propagate over long range through ice sheets [5]. Hence, incentive exists for studying how
these waves interact with structures.

Ice is surprisingly complex, and can appear in many different forms as described by Squire [6, Chap. 2]. This
book describes the structure of ice from the atomic level upwards, and highlights the mechanical properties and
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natural variety of ice plates. Ice can vary depending on local conditions such as salinty, density and temperature
to name but a few; it can also be subjected to stresses and strains which lead to cracking and fracturing (see for
example [7]). However, as in any mathematical model we simplify the realistic conditions and develop an adequate
approximation of ice behaviour.

In this paper the ice is modelled as a thin elastic plate. This is by no means a recent development; it has been
studied as early as Greenhill [8] who modelled the ice as a thin elastic beam on a fluid foundation. Later, Weitz
and Keller [9] modelled the ice sheet as a floating set of disconnected mass points. Current trends [10,11] are to
use the Bernoulli–Euler thin elastic-plate model (see Sect. 2 for details). The use of this model has been validated
by field measurements (see [12]); details predicted in the model were congruous with records from McMurdo
Sound, Antarctica. For a full discussion of the modelling of sea ice behaviour, see [13], and the historical review
in [10].

Further justification for study in this particular field is found in the fact that the same thin-plate model can also
be used for modelling a very large floating structure (VLFS) fixed to a vertical breakwater. In fact, the governing
equations are identical (for example [14,15]), with only boundary conditions differing to allow for each physical
situation. Relevant calculations are important for the design and construction of floating airports, artificial islands
and other VLFS’s. The human need for space is rising in tandem with the earth’s population. Land reclamation is
expensive, only valid for shallow water and detrimental to local coastlines [16]. Hence, the construction of VLFS’s
is rapidly becoming the most attractive solution to the problem. Such structures may become commonplace sooner
than many expect. Indeed, the Mega-Float (a floating airport model) was completed in 1998–1999 in Tokyo Bay
(for more information see [17]). For a full literature survey on VLFS’s and techniques used to model them, see [18].

The inclusion of an ice cover complicates the problem of wave interaction with off-shore structures. We now have
an extra governing equation to satisfy; the Bernoulli–Euler thin-plate equation which determines the ice deflection.
This equation includes a fourth-order derivative in space and a second-order derivative in time (see Sect. 2). We
assume the ice is clamped at the origin to imitate the ice being frozen to the wall; this clamping gives two boundary
conditions to be satisfied. Here, the wall could represent either a cliff or some man-made structure such as an oil
rig, tidal jetty or wharf. The problem could also be applied to a river dam, the surface of the lake behind which
has frozen and the ice is fixed to the wall of the dam. The fluid body could represent either an ice-covered ocean
or a frozen lake. For example, Takizawa [19] studied moving loads on the floating ice sheet on Lake Saroma in
Hokkaido, Japan. In our model the ice sheet extends infinitely from the structure and is assumed thin compared
with both the water depth and the wavelength of the incident wave. The linearisation of the governing equations is
justified due to the relatively small curvatures involved as the ice-sheet bends [10]. The fluid is assumed inviscid
and incompressible. The flow is assumed irrotational so that the velocity field can be expressed as the gradient of
the velocity potential; the conservation of mass law then leads to Laplace’s equation in the fluid region (see for
example [20]). We assume there are no gaps between the ice and the free fluid surface [18].

Various techniques have been used by authors studying hydroelastic problems. For the most part, authors separate
the velocity potential into a time-independent part and a time-dependent (periodic) part (see for example [13]). Such
a separation is valid given that the problem is linear [10]. With regard to methods of solution, several approaches
are used. The Wiener–Hopf technique was used first in relation to wave-ice interaction by Evans and Davies [21].
Such a method can become computationally cumbersome, but this has recently been overcome by such authors as
Tkacheva [15]. Andrianov and Hermans [14] are among those who treat hydroelastic problems using a free-surface
Green’s function to reach a solution. Fox and Squire [10] use an eigenfunction expansion to great effect. More
recently Chung and Linton [22] have used a residue-calculus technique to solve the problem of open water and
a semi-infinite elastic plate. Another relevant study is an excellent paper by Chakrabarti et al. [23] who studied
hydroelastic waves both incident on a vertical wall and due to an oscillating wave-maker. In [23], the ice was not
fixed to the wall, whereas in the present study, the ice clamping leads to a specific effect on the ice deflection;
moreover, the case of infinite depth was studied as opposed to the finite-depth case considered in this paper. One of
the methods of solution in [23] made effective use of a Fourier cosine transform, which we also utilise in this paper.
Rather than exploring practical applications, the focus of the paper by Chakrabarti et al. [23] was on the methods
of solution.
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Interaction of hydro-elastic waves 217

Hydroelastic wave interaction with a vertical wall to which the ice is frozen or the ice sheet has a free edge at the
wall was studied by Williams and Squire [24]. They used tools based on Green’s second identity and Fourier trans-
forms. The problem was treated as three-dimensional with oblique periodic incident waves. The water was assumed
infinitely deep. The authors were concerned with the stresses in the ice sheet at the wall, which could cause a crack
to form there. They showed that the stresses at the wall tend to infinity as the wavenumber of the incident waves
tends to zero. The authors wrote “because the infinite-depth approximation used in this paper becomes inaccurate
when the wavelength exceeds the actual water depth, it cannot legitimately be concluded from these strain values
that extremely slow oscillations (such as tides) will always cause the ice to fracture”. In the present paper we show
that accounting for the finite depth of water makes the stresses finite in the limit of small wavenumbers. We are
also concerned with the vertical force acting on the wall in the presence of frozen ice, which was not studied by
Williams and Squire [24]. If the wall represents a mounted structure then such a force can lift the structure and/or
break the connection of the structure to the sea bottom. Explicit formulae for the horizontal forces and also the
phase shift between the incident and reflected waves are derived in the present paper, but were not studied in the
work of Williams and Squire [24] and Chakrabarti et al. [23].

This paper aims to gain knowledge on how hydroelastic waves interact with off-shore structures. The explicit
solution for the ice deflection is derived, as well as the solution for the velocity potential in the fluid. We calculate
several quantities of practical importance for off-shore structures in ice-covered waters, for instance the vertical
shear force. The clamped ice introduces the vertical force acting on the structure in contrast to the more familiar
problem of free-floating ice on the water surface, where such force is absent. The vertical force is periodic in time
and should be taken into account in the pre-design stage for such a structure. The magnitude of the vertical force
is of the same order as that of the horizontal wave force component, which is also calculated. The pressure on the
wall and the bending stresses in the ice sheet are also calculated.

The structure of the paper is as follows. The physical and mathematical formulation of the model is introduced
in Sect. 2; the relevant parameters and governing equations are laid out. We decompose the time variable from
the problem by exploiting the periodic nature of the incident waves. We then derive the linearised boundary-value
problem (BVP) for the velocity potential and the ice sheet deflection, which is solved using a Fourier cosine trans-
form in Sect. 3. This solution is then nondimensionalised and important dimensionless parameters are identified. In
this simple formulation there is no advantage to nondimensionalise early. After the solution is derived it becomes
apparent that it is dependent on only two dimensionless parameters. Numerical results are presented and discussed
in Sect. 4, and conclusions are given in Sect. 5.

2 Mathematical formulation

The geometry of the problem and co-ordinate system are shown in Fig. 1. We introduce Cartesian coordinates
with the x-axis being along the ice sheet at rest and the y-axis directed vertically upwards along the wall. Time is
denoted by t . The ice sheet is clamped to the wall at the origin. The fluid bed is flat and the fluid has depth H . The
pressure in the fluid is represented by p(x, y, t), and the density of the fluid by ρ. The fluid velocity V(x, y, t) is
equal to the gradient of the velocity potential φ(x, y, t), hence ∇φ = V. The vertical deflection of the ice sheet
is denoted by w(x, t). The ice has mass per unit length M , where M = ρi h, ρi is the ice density and h is the ice
thickness. The incident wave parameters are: a, wave amplitude; ω, wave frequency; k, wavenumber and c, phase
velocity. Typical values of each parameter can be found in Table 1, taken from measurements in McMurdo Sound
in Antarctica [25] and used here as the reference data set. The problem is formulated and studied within the linear
theory of hydroelasticity (see for example [6]). The velocity potential φ(x, y, t) satisfies Laplace’s equation in the
flow region:

∇2φ = 0, (−H ≤ y ≤ 0, x > 0). (1)

The hydrodynamic pressure in the fluid is given within the linear theory as (subscripts indicate partial derivatives)

p = −ρφt − ρgy, (−H ≤ y ≤ 0, x > 0). (2)
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Fig. 1 Schematic of an infinite ice sheet meeting a vertical wall
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Fig. 2 The phase velocity c is plotted against the dimensional
wavenumber k, for the data in Table 1

Table 1 Values of typical
parameters taken from
measurements at McMurdo
Sound, Antarctica [25]
(Sect. 2 defines each
parameter)

Parameter Typical value

g 9.8 m s−2

H 350 m

h 1.6 m

ν 0.33

E 4.2 × 109 N m−2

J 0.375 m3

ρi 917 kg m−3

ρ 1026 kg m−3

M 1467.2 kg m−2

Within the linear elastic plate theory the differential equation for the ice deflection is given as

E Jwxxxx + Mwt t = p(x, 0, t), (x > 0), (3)

where E is Young’s modulus and J = h3/[12(1 − ν2)], where ν is Poisson’s ratio; E J is known as the ‘flexural
rigidity’ of the elastic plate. Boundary conditions for Laplace’s equation (1) are given by

φx = 0, (−H ≤ y ≤ 0, x = 0), (4)

φy = 0, (y = −H, x > 0), (5)

φy = wt (x, t), (y = 0, x > 0). (6)

The boundary conditions (4)–(6) are imposed on the vertical wall, the bottom and the ice sheet, respectively. The
edge conditions for the ice plate on the wall are

w = 0, wx = 0, (x = 0). (7)

These conditions imply that the ice plate is clamped to the wall at the origin. Throughout this paper, boundary
conditions applied at x = 0 are assumed to have approached x from the right (positive x), as the region x < 0 is not
valid in this problem. The far-field conditions on φ(x, y, t) and w(x, t) are defined after the time decomposition.

There are no initial conditions in this formulation because we are seeking a time-periodic solution of the form [13]

φ(x, y, t) = Re
(
�(x, y)e−iωt

)
, (8)

w(x, t) = Re

(
i

ω
W (x)e−iωt

)
, (9)

where the complex valued functions �(x, y) and W (x) are unknown.
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Interaction of hydro-elastic waves 219

The incident wave propagating from x = +∞ towards the wall is described by the velocity potential �inc(x, y)

and the deflection Winc(x, y), which have the same form as for surface gravity waves (but lead to a different
dispersion relation; see for example [1]):

�inc(x, y) = aω

k

cosh(k[y + H ])
sinh(k H)

e−ikx , (10)

Winc(x) = aωe−ikx . (11)

Substitution of �inc(x, 0) and Winc(x) in the plate equation (3) yields the dispersion relation for hydroelastic waves
(see for example [26]):

ω2
(

M + ρ

k tanh(k H)

)
= ρg + E Jk4, (12)

which connects the wave frequency ω and the wavenumber k. The corresponding dispersion relation for gravity
waves follows from (12) if there is no ice sheet (the ice thickness is zero giving M = 0 and E J = 0). The phase
velocity c of the incident wave is defined as c = ω/k and is shown in Fig. 2 for the parameters of Table 1. In this
case the minimum for the phase velocity (the critical wavenumber kcr) is at kcr ≈ 0.04 m−1. The relevance of kcr

is discussed later.
The contributions to the total velocity potential and plate deflection which describe the hydroelastic waves

reflected by the vertical wall are given by

�ref(x, y) = aDω

k

cosh(k[y + H ])
sinh(k H)

eikx , (13)

Wref(x) = aDωeikx , (14)

where aD is the complex amplitude of the reflected wave which is unknown and must be determined as part of the
solution. A solution to the problem (1)–(7) is sought in the following form:

�(x, y) = �inc(x, y) + �ref(x, y) + ϕ(x, y) (15)

W (x) = Winc(x) + Wref(x) + ŵ(x). (16)

In (15) and (16), ϕ(x, y) and ŵ(x) are unknown functions to be determined. For the case of free-surface waves
reflected by a vertical wall with no ice sheet, there is no need for these extra functions. With an ice sheet present,
they are required to satisfy the edge conditions (7). In the far field, x → ∞, the reflected velocity potential and plate
deflection given in (13)–(14) satisfy the radiation condition (see for example [27]). Furthermore, as x → ∞ the
total potential and deflection given in (15)–(16) should consist only of components representing the incident waves
and reflected waves, implying that ŵ and ϕ decay as x → ∞. This allows calculation of a phase shift relationship
between the complex reflected amplitude aD and the incident wave amplitude a. It is convenient to reformulate the
original linear problem in terms of the new complex valued functions ϕ and ŵ:

∇2ϕ = 0, (−H ≤ y ≤ 0, x > 0), (17)

ϕx = ωi
cosh(k[y + H ])

sinh(k H)
[a − aD], (−H ≤ y ≤ 0, x = 0), (18)

ϕy = 0, (y = −H, x > 0), (19)

ϕy = ŵ, (y = 0, x > 0), (20)

E J ŵxxxx + [ρg − Mω2]ŵ = ω2ρ ϕ(x, 0), (y = 0, x > 0), (21)

ŵ = −ω(a + aD), (x = 0), (22)

ŵx = ikω[a − aD], (x = 0), (23)

ŵ → 0, (x → ∞), (24)

ϕ → 0, (x → ∞). (25)

A solution to the boundary-value problem (17)–(25) exists only for a certain value of the complex amplitude aD ,
as it will be shown in the following section.
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3 Solution of the problem by Fourier transform

3.1 Fourier cosine transform

To solve the problem (17)–(25) we apply a Fourier cosine transform:

ϕc(ξ, y) =
∞∫

0

ϕ(x, y) cos(ξ x) dx, wc(ξ) =
∞∫

0

ŵ(x) cos(ξ x) dx.

The conditions at infinity (24) and (25) allow us to repetitively apply integration by parts to (17) and (21). The
Fourier cosine transform is chosen instead of a sine or Laplace transform because of the physical situation. When
integrating (17) by parts, a cosine transform leaves ϕx (0, y) as a remnant; the boundary condition due to the rigid
wall (4) means that ϕx (0, y) is known. Equation (17) yields

ϕc
yy − ξ2ϕc = ϕx (0, y), (−H ≤ y ≤ 0),

and using (18) we arrive at

ϕc
yy − ξ2ϕc = S cosh(k[y + H ]), (−H ≤ y ≤ 0), (26)

where

S = ωi
a − aD

sinh(k H)
.

Equation (26) has a general solution

ϕc(ξ, y) = C1 sinh(ξ [y + H ]) + C2 cosh(ξ [y + H ]) + S

k2 − ξ2 cosh(k[y + H ]).
Applying the Fourier transform to the bottom condition (19) and to the plate condition (20), we determine the
coefficients in the general solution as

C1 = 0, C2 = 1

ξ sinh(ξ H)

(
wc(ξ) − ikω(a − aD)

k2 − ξ2

)
.

Hence ϕc(ξ, y) is given by

ϕc(ξ, y) = cosh(ξ [y + H ])
ξ sinh(ξ H)

(
wc(ξ) − ikω(a − aD)

k2 − ξ2

)
+ S cosh(k[y + H ])

k2 − ξ2 . (27)

Correspondingly the plate equation (21) provides

[ρg − Mω2 + ξ4 E J ]wc(ξ) = ω2ρϕc(ξ, 0) + E J [ŵxxx (0) − ξ2ŵx (0)].
Using (23) and (27), we can write this equation as
(

ρg − Mω2 + ξ4 E J − ρω2

ξ tanh(ξ H)

)
wc(ξ) = iρω3(a − aD)

k2 − ξ2

(
1

tanh(k H)
− k

ξ tanh(ξ H)

)

+E J [ŵxxx (0) − ξ2ikω(a − aD)]. (28)

Notice that when ξ = k, the left-hand side of this equation becomes zero according to the dispersion relation (12).
Hence to avoid a singularity of the function wc(ξ) at ξ = k, which would lead to the violation of condition (24),
we require that the limit of the right-hand side as ξ → k is also zero. We therefore require that

0 = E J [ŵxxx (0) − k3iω(a − aD)] + iρω3(a − aD) lim
ξ→k

(
1

k2 − ξ2

(
1

tanh(k H)
− k

ξ tanh(ξ H)

))
. (29)

Using L’Hopital’s rule to assess the limit leads to the result

E J ŵxxx (0) = ik3ω(a − aD)E J + iρω3(a − aD)V (k H), (30)
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where

V (k H) = 1

2k2 tanh(k H)
+ H

2k sinh2(k H)
.

Substitution of (30) in (28) and rearranging gives

wc(ξ) = iρω3(a − aD)Q(ξ),

where

Q(ξ) =
ξ tanh(ξ H)

(
V (k H) + E J k

ρω2 (k2 − ξ2)
)

+ 1
k2−ξ2

(
ξ tanh(ξ H)
tanh(k H)

− k
)

ξ tanh(ξ H)(E Jξ4 + ρg − Mω2) − ρω2 . (31)

With ϕc(ξ, y) and wc(ξ) obtained, we can perform inverse Fourier cosine transforms to return to ϕ(x, y) and ŵ(x):

ŵ(x) = 2

π

∞∫

0

wc(ξ) cos(ξ x) dξ, (32)

ϕ(x, y) = 2

π

∞∫

0

ϕc(ξ, y) cos(ξ x) dξ . (33)

These inverse transforms are too complex to be performed analytically. However, both of the integrals in (32) and
(33) converge quickly and the required distributions are calculated numerically. Investigating Eq. (31), we see that
Q(ξ) = O(ξ−2) as ξ → ∞, implying that the integrals in (32) and (33) converge. However, in order to calculate
the second derivative, ŵxx , which is required for the calculation of the strain in the ice sheet, the convergence
of the integrals must be improved. This can be achieved by separating an asymptotic form of Q(ξ) as ξ → ∞
and evaluating the corresponding integral analytically, a procedure outlined later when calculating the strain. This
technique improves the convergence of Q(ξ) to O(ξ−3) as ξ → ∞. The BVP (17)–(25) is not fully solved until we
derive a relationship between a, the amplitude of the incident hydroelastic wave, and aD , the complex amplitude
of the reflected wave. Equation (32) evaluated at x = 0 and the boundary condition (22) give

−ω(a + aD) = iρω3(a − aD)
2

π

∞∫

0

Q(ξ) dξ .

This can be rearranged to obtain

aD = −a
1 + iχ

1 − iχ
, (34)

where

χ = 2

π
ρω2

∞∫

0

Q(ξ) dξ .

Equation (34) directly implies that |aD | = |a|, which corresponds to the energy conservation relation for hydroelastic
waves. Therefore

aD = aeiθ , (35)

where θ is the phase shift between the incident and reflected waves. To calculate θ , the parameter α is introduced
such that cos(α) = (1 + χ2)−1/2, and then

θ =
{

π + 2α if χ > 0,

π − 2α if χ < 0.
(36)

The phase shift is plotted against k∗ = k H in Fig. 3. Note that as k∗ → 0, we have θ → 2π , which is equivalent
to a phase shift of zero.
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sionless wavenumber k∗ = k H . The data in Table 1 was used
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3.2 Nondimensional solution

Motivated by the frequent appearance of the term k H in the derived solution, we introduce nondimensional variables
and parameters (denoted by a star) using the depth H as a length scale:

ξ∗ = ξ H, k∗ = k H, x∗ = x

H
, t∗ = tω, w∗(x∗, t∗) = w(x, t)

a
,

V ∗(k∗) = 1

2k∗2 tanh(k∗)
+ 1

2k∗ sinh2(k∗)
, Q∗(ξ∗) = ρω2

H
Q(ξ), γ = E J

ρω2 H5
.

Substitution in (31) gives the nondimensional version of the function Q:

Q∗(ξ∗) =
ξ∗ tanh(ξ∗)

(
V ∗ + γ k∗(k∗2 − ξ∗2)

) + 1
k∗2−ξ∗2

(
ξ∗ tanh(ξ∗)

tanh(k∗) − k∗
)

ξ∗ tanh(ξ∗)
(
γ ξ∗4 + 1

k∗ tanh(k∗) − γ k∗4
)

− 1
. (37)

The function Q∗(ξ∗) only depends on two dimensionless parameters, namely γ and k∗. The dimensionless param-
eter γ depends on the characteristics of the fluid, the ice sheet and the incident wave. The function Q∗(ξ∗) is
paramount in our investigation as it contributes to both the deflection w(x, t) and the velocity potential φ(x, y, t)
and all other aspects of the model. Hence its properties need to be studied. Figure 4 shows Q∗(ξ∗) plotted against
ξ∗ for varying k∗ values. We see that as ξ∗ → ∞, Q∗ → 0 as required by condition (24). At ξ∗ = 0, we have
Q(0) = 1/k∗. Formula (37) suggests that Q∗(ξ∗) could be singular at ξ∗ = k∗; however, this is not the case. It is
possible to show by using Taylor expansions and L’Hopital’s rule that there is a finite limit of Q∗(ξ∗) as ξ∗ → k∗
given by

Q∗(k∗) = Q∗
1(k

∗)
Q∗

2(k
∗)

, (38)

where

Q∗
1(k

∗) =
(

tanh(k∗) + k∗

cosh2(k∗)

)
V − 2k∗3γ tanh(k∗) + 1

4k∗2 + 1

2 cosh2(k∗)
− 1

2k∗ sinh(2k∗)
,

Q∗
2(k

∗) = 1

k∗ + 1

cosh(k∗) sinh(k∗)
+ 4γ k∗4 tanh(k∗), (39)

and the function Q∗(ξ∗) proves to be smooth. Linear models are sometimes known to break down and present
difficulties when the wavenumber is close to kcr [28]. In the problem under consideration, Q∗ is smooth at ξ = kcr.
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Working backwards through the analysis, we can return to the original form of the deflection, w∗(x∗, t∗), given
in nondimensional form as

w∗(x∗, t∗) = Re

⎛
⎝e−it∗

⎛
⎝ie−ik∗x∗ + iei(θ+k∗x∗) + 2

π
(eiθ − 1)

∞∫

0

Q∗(ξ∗) cos(ξ∗x∗) dξ∗
⎞
⎠

⎞
⎠ . (40)

Defining the integral as

g∗(x∗) =
∞∫

0

Q∗(ξ∗) cos(ξ∗x∗) dξ∗, (41)

and taking the real part of (40) yields the final solution for the ice deflection:

w∗(x∗, t∗) = sin(k∗x∗ + t∗) − sin(θ + k∗x∗ − t∗) + 2g∗(x∗)
π

(
cos(θ − t∗) − cos(t∗)

)
. (42)

Although an exact solution to the problem considered has been derived, an alternative approach could be utilised.
When γ � 1 (corresponding to a very thin ice cover) the asymptotic behaviour of the solution (42) can be derived
by analysing an asymptotic expansion of the function Q∗ as γ → 0. The boundary-value problem (17)–(25) can
be rewritten in dimensionless variables outlined above, and Eq. (21) provides (dropping stars briefly)

γ ϕyxxxx (x, 0) +
(

1

k tanh(k)
− γ

)
ϕy(x, 0) = ϕ(x, 0), (43)

where condition (20) has been used to write this equation in terms of ϕ(x, y) only. Note that γ enters only the
plate equation (43) and no other equations in the BVP. The parameter γ is of order 10−6 for the data given in
Table 1. This can be considered as a small parameter and an asymptotic solution as γ → 0 can be derived using
perturbation theory. In the limit γ → 0 it is not possible to satisfy all the required edge conditions, implying a
singular perturbation problem. The introduction of one or more boundary layers is required and the method of
matched asymptotic expansions can be used to find an expansion of the solution in terms of the parameter γ . The
asymptotic analysis of the ice deflection as γ → 0 is beyond the scope of this paper.

4 Numerical results and discussion

There are numerous parameters in the problem considered that can vary in certain ranges. When presenting results,
the data in Table 1 will be used unless stated otherwise. We are most interested in varying the wavenumber k, though
other parameters such as the fluid depth and ice thickness will be varied to investigate the impact this has on results.
For the variables which are periodic in time, the notation “| |” is used to indicate the magnitude of a variable with
respect to time (the maximum value of the variable for any time). Using the deflection W ∗(x∗) as an example, after
taking the real part in (9) we are left with

w∗(x∗, t∗) = c(x∗) sin(t∗) + d(x∗) cos(t∗),

for some c(x∗) and d(x∗). Introducing A(x∗) and δ(x∗) such that c = A cos(δ) and d = −A sin(δ), we can rewrite
this more conveniently as

w∗(x∗, t∗) = A(x∗) cos(t∗ + δ).

This allows us to plot the magnitude of the deflection |w∗(x∗)|, given by A = √
c2 + d2. This procedure removes

time as a factor from figures for clarity.
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4.1 Strain and deflection in the ice sheet

In order to obtain a range for the wavenumber k∗, consult Fig. 5. The period of incident waves in the ocean is com-
monly between 2s and 25s [27]. When dealing with waves in ice, we are mostly interested in reasonably long waves
in accordance with the linear theory. As the waves become shorter, there is more curvature in the ice deflection,
leading to more strain in the ice sheet. The yield strength of a material is defined as the strain ε = εcr at which
a material begins to deform plastically [29]. We require that the strain in the ice sheet is below the yield strain of
ice, to prevent our elastic model from becoming unrealistic; any strain greater than yield strain would be expected
to lead to ice fracture. Squire [30] dealt with ice break-up, and the theory was found to be in accordance with
Goodman et al. [31], who used a wire strainmeter to measure the strains in sea ice. An observed fracture strain is
reported at 3 × 10−5, and the theory suggests a crack will propagate if the strain reaches 4.3 × 10−5. Squire and
Martin [32] determine the fracture strain for Bering Sea ice to be 4.4–8.5×10−5. In this paper we take an estimate
of εcr = 8 × 10−5.

The most convenient way of ensuring that strain is below yield is to limit the wave amplitude, hence damping
the curvature and lowering the strain in the ice. We have two options. Firstly, for a fixed amplitude, we could only
consider waves within a range of k∗ that produce strain less than εcr. A more preferable option, and the one used
here, is to scale the amplitude for a given k∗ such that the strain is always below yield. This is permitted due to the
linearity of the problem, and allows a greater range of k∗ to be investigated.

The strain in the ice sheet is calculated by [33, Eq. 1.3a]

ε = h

2

∂2w

∂x2 = ah

2H2

∂2w∗

∂x∗2 . (44)

It should be noted that calculation of the second derivative in (44) is not straightforward. According to (42), we need
to evaluate the second derivative of the function g∗(x∗) given by (41), where Q∗(ξ∗) = O(1/ξ∗2) as ξ∗ → ∞. We
define a new function q∗(ξ∗) as

q∗(ξ∗) = Q∗(ξ∗) + k∗

ξ∗2 + 1
, (45)

where q∗(ξ∗) = O(1/ξ∗3) as ξ∗ → ∞. Then

∂2g∗(x∗)
∂x∗2 = ∂2

∂x∗2

∞∫

0

(
q∗ − k∗

ξ∗2 + 1

)
cos(ξ∗x∗) dξ∗

= ∂2

∂x∗2

⎛
⎝

∞∫

0

q∗(ξ∗) cos(ξ∗x∗) dξ∗ −
∞∫

0

k∗ cos(ξ∗x∗)
ξ∗2 + 1

dξ∗
⎞
⎠

= −
∞∫

0

ξ∗2q∗(ξ∗) cos(ξ∗x∗) dξ∗ − k∗π
2

e−x∗
, (46)

where the last integral can be numerically evaluated.
The strain amplitude along the ice sheet for wavenumber k∗ = 10 is shown in Fig. 6. We see that the strain peaks

at the point where the ice sheet is clamped to the wall. This clamping induces several times more strain in the ice
than the incident wave alone would generate. To further illustrate this difference Fig. 7 (left) shows the maximum
strain in the ice sheet for both the clamped-ice and free-ice cases (for the free-ice case the edge conditions are given
by wxx (0, t) = wxxx (0, t) = 0). Also note that the strain is finite in the limit k∗ → 0, meaning that even extremely
long waves could not cause ice fracture if their amplitudes are relatively low. Figure 7 (right) shows the required
wave amplitude curve to keep the strain below yield strain for both cases. We define the amplitude scale required
to keep the strain below yield strain for the clamped ice case to be as . We can therefore view as as the maximum
allowable incident amplitude.
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Fig. 5 To illustrate the range of k we are interested in, the
period T of the incident waves is plotted against the nondi-
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Fig. 7 In both cases, solid line represents clamped ice, and dashed line represents free ice. a The maximum strain ε is plotted against
the nondimensional wavenumber k∗. Here the wave amplitude is normalised to a = 1 m. b The amplitude a is plotted against k∗ such
that ε = εcr
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The linearised theory assumes that the wavelength is much greater than the wave height; that is, the wave slope
is small [34, Sect. 1.3.5]. If the wave slope is not small, it is necessary to account for nonlinear effects. The wave
slope is proportional to the product of the wave amplitude and the wavenumber [35, p. 209]. Figure 8 shows the
wave slope ask plotted against the wavelength using the amplitude scale for the clamped ice case. The wave slope
is reasonably small, especially for longer waves. The wave slope peaks at λ ≈ 200 m. The amplitude scale as is
responsible for the wave slope tending to zero for extremely short waves.

With the mentioned scale for the incident wave amplitude obtained, we turn our attention to the deflection of
the ice sheet, given by (42). Figure 9 shows the ice deflection for k∗ = 5 and k∗ = 20. Recall that w∗ = w/a, so
changes in amplitude are not reflected in the w∗ axis. Note that at x∗ = 0, we have w∗ = 0 and w∗

x∗ = 0 as required
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Fig. 9 The deflection |w∗| is plotted against x∗, where
a k∗ = 5, b k∗ = 20
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Fig. 10 The function g∗(x∗) is plotted against x∗, where solid
line k∗ = 5; dashed line k∗ = 20

by the ice-clamping conditions. The first wave peak is smallest due to this ice clamping. The deflection is highest
on the second wave peak, and subsequent peaks experience small fluctuations before settling to regular waves. This
difference is more pronounced for k∗ = 20; the second wave peak is notably higher than the k∗ = 5 case, and there
is more fluctuation in subsequent wave peaks also. This implies that the presence of an ice sheet (and the clamping
condition) has more effect on the deflection for shorter incident waves. Figure 10 shows this effect more clearly:
the function g∗(x∗) given by (41) is plotted against x∗ for k∗ = 5 and k∗ = 20. Though g∗(x∗) is initially larger for
k∗ = 5, the ice clamping and the fact that the k∗ = 5 wave is longer means that g∗ has decayed close to zero before
the second wave peak. For k∗ = 20 the second wave peak is much closer to the wall and g∗ still has an effect.

To demonstrate how the ice thickness effects the ice deflection, Fig. 11 shows the deflection |w∗| for differing
values of the parameter γ to reflect three different ice thicknesses. The effect of the ice thickness is most noticeable
on the first wave peak, where thinner ice makes the first peak slightly larger than thicker ice. The length of the first
wave peak is also considerably shorter for thinner ice.

4.2 Shear force on the wall

We now assess the physical forces on the wall that the ice plate causes. The consideration of such forces is impor-
tant for building vertical structures in ice-covered waters. For these forces, it is best to revert back to dimensional
variables for any figures; this allows us to use the amplitude scale as to obtain more realistic force values. Firstly, we
calculate the shear force that the ice plate causes on the wall. The ice flexure generates considerable force, driving
the wall vertically, denoted as Vsh. This is calculated by using the equation [33, Eq. 1.23a]

Vsh = −E Jwxxx (0, t), (47)

where wxxx (0, t) is given by (30). We may revert back to w(x, t) and nondimensionalise to give

|V ∗
sh| = √

2

(
2k∗3 + V ∗

γ

)
(1 − cos(θ))1/2 . (48)

Here the dimensionless shear force V ∗
sh = (H3/aE J )Vsh. Using as as the incident wave amplitude, we can now

plot the dimensional shear force Vsh against the dimensionless wavenumber k∗, shown in Fig. 12. The shear force
begins at a finite value at k∗ = 0, descends to a minimum and then increases for larger k∗. The ice thickness is also
varied, but note that the shear force is calculated for the maximum allowable amplitude as which depends on the
ice thickness. Increasing the thickness of the ice causes a rise in maximum allowable shear force. The finite value
of Vsh at k = 0 can be calculated by investigating how ω, V ∗, γ ∗ and θ behave in the limit k → 0. It can be shown
using Maclaurin expansions for small k∗ that

V ∗

γ
≈ ρH4g

E J

1

k∗ , (1 − cos(θ))1/2 ≈ π√
2C

k∗,
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Fig. 11 The deflection |w∗| is plotted against x for different
ice thickness: solid line h = 0.5 m; dashed line h = 1.5 m;
dotted line h = 3.0 m
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Fig. 12 The shear force |Vsh| is plotted against the wavenum-
ber k∗ for varying ice thickness: solid line h = 1.0 m; dashed
line h = 1.25 m; dotted line h = 1.5 m

where C is given by

C = lim
k∗→0

⎛
⎝k∗

∞∫

0

Q∗ dξ∗
⎞
⎠ .

The constant C is finite and depends on k∗ and γ . We then have

lim
k→0

|Vsh| = aρgHπ

C
.

Note that the limit of the shear force is finite in the long wave limit.

4.3 Horizontal force on the wall

We now calculate the horizontal force on the wall, another quantity that has practical importance for off-shore
structures in ice-covered water. By using (2), we can calculate the pressure on the wall at x = 0. This pressure can
then be integrated to obtain the horizontal hydrodynamic force F given by

F = Fw + Fh, (49)

where

Fw = −ρ

0∫

−H

φt (0, y, t) dy, (50)

Fh = −ρg

0∫

−H

y dy. (51)

The horizontal force on the wall is separated into Fw, the horizontal wave force component, and Fh , the constant
hydrostatic contribution given by Fh = ρgH2/2. The calculations to obtain Fw are shown in the appendix. Figure 13
shows the magnitude of the horizontal wave force component plotted against the wavenumber k∗, for varying values
of the ice thickness (and hence varying values of γ ). Again the amplitude scale as is in effect for each individual
curve. In all cases of h the ice thickness starts at a maximum for long waves.

To investigate further, Fw is split into

Fw(t∗) = Fa(t∗) + Fb(t
∗), (52)
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Fig. 13 The horizontal wave force component maximum |Fw|
plotted against the dimensionless wavenumber k∗. Here the
ice thickness h is given by: solid line h = 1.5 m; dashed line
h = 1.0 m; dotted line h = 0.5 m
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Fig. 14 |Fw| (solid line), |Fa | (dashed line) and |Fb| (dotted
line) are plotted against the dimensionless wavenumber k∗

where Fa is the contribution to the horizontal wave force given by the first two terms on the right-hand side of (15),
and Fb is the contribution due to ϕ(0, y). Figure 14 compares |Fw|, |Fa | and |Fb| on the same graph. Both |Fa | and
|Fb| give a significant contribution to the total horizontal wave force component |Fw|. For lower values of k∗, we
see that Fa has a much higher impact, and then decays as k∗ grows, whereas Fb behaves conversely. Hence the ice
clamping condition has a greater contribution to the horizontal force as the waves become shorter in wavelength.

We are interested in how the presence of an ice sheet influences the horizontal force on the wall. To achieve this,
we must calculate the horizontal wave force component again, this time without an ice sheet present. This involves
reformulating the problem to that of free-surface waves incident on a vertical wall. This is a simple procedure
and can be achieved by taking the problem outlined in Sect. 2 and setting aD = a, J = 0 and M = 0. The end
conditions (7) are not valid as there is no ice sheet. Hence in (15) and (16) there is no need for the extra functions
ϕ(x, y) and ŵ(x), the dispersion relation (12) becomes ω2 = gk tanh(k H), and the solution is then given by

� = aω cosh(k(y + H))

k sinh(k H)
(eikx + e−ikx ), W = aω(eikx + e−ikx ).

Using (49) and (50), we find the horizontal wave force for the free-surface case (denoted Fs) as

|Fs | = 2H2ω2ρa

k∗2 = 2ρaHg tanh(k∗)
k∗ . (53)

For comparison of |Fs | with |Fw|, we consider incident waves of the same amplitude (which we take as a = 0.02m)
and the same wave frequency with and without an ice cover. Previous figures plotted the force against k∗, but here we
will use ω as the horizontal axis. The wave frequency ω is consistent for such comparison, whereas the wavenumber
k is not, due to the different dispersion relations. Figure 15 compares |Fs | and |Fw| on the same graph. The range
of ω displayed in Fig. 15 is equivalent to ocean waves of period T = 4 s to 30 s, or wavenumber k∗ = 1.5–24 [27].
For low wave frequency the horizontal force on the wall is almost the same between the ice and free-surface cases.
As wave frequency increases the difference becomes more pronounced, and the ice case causes significantly higher
force.

5 Conclusion

A solution has been derived for the two-dimensional problem of linear hydroelastic waves incident on a vertical
wall. The fluid is of finite depth and covered by an infinite ice sheet. The ice sheet is clamped to the vertical wall. The
velocity potential and ice deflection were separated into time-independent functions, which were then decomposed
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Fig. 15 The horizontal
wave force components
|Fw| (solid line) and |Fs |
(dashed line) plotted against
wave frequency ω
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into parts representing the incident wave, reflected wave and extra functions to account for the conditions caused
by the presence of an ice cover. A Fourier cosine transform was employed to derive the exact solution. The solution
was found to be regular for any values of the physical parameters involved, and satisfies all conditions required
by the model. Physical parameters such as the flexural rigidity, thickness of the ice, the fluid depth and others
were combined into two dimensionless parameters k∗ and γ = E J/(ρω2 H5), which define the behaviour of the
fluid-structure interaction. The parameter γ depends on both incident wave characteristics as well as the properties
of the ice sheet and fluid.

The strain in the ice sheet was calculated and analysed for different wavenumbers and fluid depths. The ice
clamping introduces a limit on the incident wave amplitude, in order for the strain in the ice sheet to remain below
critical yield. This limit means the amplitude must be considerably lower than it would be in the absence of ice
clamping, but allows waves of smaller wavelength to be analysed. The strain is highest at the vertical wall where the
clamping takes place. The strain in the ice sheet begins finite for very long waves, decreases slightly as k increases,
and then increases monotonically for shorter waves.

The ice-sheet deflection was plotted for various parameters. The deflection is zero and its slope is zero where
the ice is clamped to the vertical wall. The first wave peak in the deflection is the smallest due to this clamping.
For larger values of k∗, the highest deflection is the second wave peak from the wall. Changing the ice thickness,
or other parameters contained within γ , has a significant effect on the shape and magnitude of ice deflection.

Forces on the vertical wall caused by the incident hydroelastic waves were calculated. The consideration of such
forces is crucial in the design of off-shore structures. The vertical shear force on the wall that the ice causes was
calculated, and changes in γ and k∗ were investigated. As k∗ increases from zero, the shear force begins finite and
then decreases to a minimum before rising with k∗. The horizontal force acting on the wall was also calculated.
The wave-force component was found to be of the same order as the shear force. Comparison was made to the
horizontal wave force with no ice sheet present, to demonstrate the increased force the ice sheet creates.

The model has several limitations and can be improved. The linearity of the equations detracts from accuracy
as in any model, but other authors (for example [12]) have found the linear model to perform well when compared
to experiments. If this formulation were to be applied to the ocean, where one expects higher applitude waves and
constant ice flexure caused by tides, a crack would likely appear due to the induced strain. The problem could
then be easily reformulated with different boundary conditions to reflect this change. The analysis of the free-edge
problem is very similar to that in the present paper but the function Q(ξ) is slightly different. However, considering
applications in frozen lakes where the incident wave amplitude would be smaller, the strain at the ice-structure
connection may not be above the yield strain and the model holds.

When comparing the present method to the method based on Green’s functions developed by Williams and
Squire [24], both methods provide analytical solutions. Eigenfunction expansions such as those used by Evans and
Porter [7] could also be used as an alternative approach. The solution in the present method is provided in terms of
integral quadratures, whereas an eigenfunction expansion defines the solution in terms of infinite series. The present
method can be also used for free-edge ice cover as can the methods by [24] and [7]. The present method allows
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an explicit definition of the phase shift between the incident and reflected waves in terms of quadratures. Both
alternative methods would require numerical calculation of the phase shift. The use of a Fourier cosine transform
also presents a very simple expression for the shear force, avoiding potential issues with the convergence of a third
derivative other methods could present.

It is important to note that the solution of the three-dimensional problem of plane incident hydroelastic wave
interaction with a mounted circular column can be achieved by using the present approach with the cosine trans-
form replaced with a modified Weber transform. In this problem the solution is constructed for each harmonic
with respect to the angular (azimuthal) coordinate with the help of the function Q(ξ) introduced and studied in
the present paper. Other future work could include an extension into nonlinear or viscous effects. Variable bottom
topography or changing the angle of the wall could be investigated.

Acknowledgements The authors are grateful to Dr. R. Porter, Dr. M. Meylan and Professors D. Evans and C.M. Linton for helpful
comments and discussion regarding the formulation of hydroelastic problems. The authors are also grateful for the suggestions of the
referees.

Appendix

In this section the horizontal wave force component |Fw|, given by (50) is calculated. We require φt (0, y, t), which
is calculated using Eq. (8); �(0, y) is then calculated using (15). The required function ϕ(0, y) is then calculated by
performing an inverse transform of the solution (27) using (33). Hence after reintroducing dimensionless quantities
we have

φt (0, y, t) = Re(−iω�(0, y)e−iωt )

= Haω2Re

(
[−i cos(t∗) + sin(t∗)]

[
cosh(k∗(y∗ + 1))

sinh(k∗)
(1 + eiθ ) + 2i

π
(1 − eiθ )η∗(y∗)

])
, (54)

where η∗(y∗) is given by

η∗(y∗) =
∞∫

0

cosh(ξ∗(y∗ + 1))

ξ∗ sinh(ξ∗)

(
Q∗(ξ∗) − k∗

k∗2 − ξ∗2

)
+ cosh(k∗(y∗ + 1))

(k∗2 − ξ∗2) sinh(k∗)
dξ∗. (55)

The integrand of (55) requires additional attention for the values ξ∗ = k∗ and ξ∗ = 0. If we define the integrand of
(55) such that η∗(y∗) = ∫ ∞

0 f ∗(ξ∗, y∗) dξ∗, then we have

lim
ξ∗→k∗ f ∗(ξ∗, y∗) = (y∗ + 1) sinh(k∗(y∗ + 1)) + 2Q∗(k) cosh(k∗(y∗ + 1)

2k∗ sinh(k∗)

−cosh(k∗(y∗ + 1)) (sinh(k∗) + k∗ cosh(k∗))
2k∗2 sinh2(k∗)

.

L’Hopital’s rule was applied once to obtain this limit. We also have

lim
ξ∗→0

f ∗(ξ∗, y∗) = −V ∗(k∗) − 2γ k∗3 + cosh(k∗(y∗ + 1))

k∗2 sinh(k∗)
,

after double applications of L’Hopital’s rule. The horizontal wave force component |Fw| is then obtained by taking
the real part and magnitude of (54) and then using (50).
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