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ABSTRACT
Two-dimensional unsteady problem of elastic body impact

on liquid free surface is considered. The water is either of in-
finite depth or shallow. We are concerned with the effect of the
water depth on the bending stresses in the structure caused by the
fluid-structure interaction. The Wagner model is used for infinite
water depth. In the case of shallow water impact, the hydro-
dynamic problem is one-dimensional but nonlinear. Both prob-
lems for deep and shallow waters are solved numerically by the
normal mode method. Two shapes of the body, cylindrical shell
and elastic wedge, are considered. The impact conditions and
the structural characteristic are identical. The bending stresses
in the structure are investigated. It is shown that the bending
stresses for impact on shallow water are greater than those for
the infinite water depth. The developed methods and approaches
can be combined with FFM to include complex structures.

NOMENCLATURE
x, y Cartesian coordinates
r, θ Polar coordinates
V Impact velocity (ms )
H Liquid depth (m)
L Length scale (m)
T Time scale (s)
B Half length of the wedge base (m)
γ Deadrise angle of the wedge (rad)
R Radius of cylinder (m)

∗Address all correspondence to this author.

h Thickness of the body (m)
E Young’s modulus of the body materials (Pa)
J Inertia momentum of the body cross section (m3)
ρ Liquid density (kg

m3 )

ρ0 Density of the body material (kg
m3 )

p Pressure (Pa)
w Elastic deflection (m)
σ Bending stress (Pa)
ε Strain (microstrain)
c Size of the wetted area
ψn(x) Dry modes of the elastic structure
an(t) Principal coordinates of the modes
ϕ(x,y, t) Velocity potential
S(c) Added-mass matrix

INTRODUCTION
Water impact of elastic structures has been studied inten-

sively in the past within the framework of the hydroelasticity
theory [6, 7]. This problem is important for estimating stresses
in ship plating when the ship bow emerges from the water and
subsequently enters the water again. Usually water of infinite
depth is considered in hydroelastic problems of slamming. We
are aware of only one paper [13], where elastic body impact on
a shallow water has been investigated. Problems of hydroelas-
tic slamming for water of finite depth were not studied yet. The
proximity of the sea bottom to the impact region is expected to
increase the hydrodynamic loads and the stresses in the elastic
structure caused by the impact.
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Two typical shapes of elastic structures are considered in
this paper: cylindrical shell and elastic wedge with small dead-
rise angle. Impact conditions are simplified with initially flat
free surface and water being at rest before the impact. An elas-
tic body penetrates the water vertically at a constant speedV.
Deflection of the elastic structure is governed by linear theory
of elasticity. The slamming problem for each shape is solved
twice: by Wagner’s approach for water of infinite depth and by
the shallow-water approach for thin liquid layer. We consider the
impact conditions when the hydrodynamic loads and structural
response are strongly coupled and should be determined simul-
taneously. Faltinsen [3] showed that to have hydroelastic exci-
tation the loading time should be smaller or comparable to the
highest structural wet natural period.

Within the Wagner theory [34], the equations of the flow and
the boundary conditions are linearised and the boundary condi-
tions are imposed on the initial undisturbed position of the water
surface. This approach can be used when the vertical displace-
ment of the body is much smaller than the horizontal size of the
wetted area of the body surface. The size of the wetted area
in this approach depends on elastic deformations of the entering
body.

In the shallow-water approach, the elastic deflections of the
body are comparable to the depth of the liquid layer [13,16,18].
The resulting nonlinear flow is characterized by jetting at the pe-
riphery of the wetted region with the jet thickness being compa-
rable with the liquid depth. The flow region is decomposed into
four distinct regions and the asymptotic analysis is used to match
the solutions in these four subregions [2,16]. The shallow-water
model provides the leading-order solution of the hydrodynamic
problem, where the horizontal dimension of the wetted surface
of the body is much greater than the depth of the liquid layer.

In the problems under consideration we are concerned with
the first peak of the bending stresses in the elastic structure dur-
ing its impact on the water surface. The stresses peak shortly
after the impact. The duration of the corresponding initial stage
is estimated differently for different shapes of the body and dif-
ferent depths of the liquid. In problems of hydroelastic impact,
the time scale of the structural vibration and the duration of the
impact stage are of the same order. The hydroelasticity means
that the hydrodynamic loads and structural response are strongly
coupled and should be determined simultaneously.

ELASTIC WEDGE IMPACT
The problem of a rigid body impact on water was studied

starting from the thirties of the last century. This study was mo-
tivated by design of hydroplane landing on water. Von Kármán
[33] performed the first theoretical investigation of the hydrody-
namic loads acting on a rigid flat bottom. Taking into consid-
eration the rise of the liquid free surface during water impact,
Wagner [34] extended the von Kármán model. The liquid was

assumed incompressible and of infinite depth. The deadrise an-
gle between the body surface and the undisturbed liquid surface
was small. The review of results in the problem of rigid body
impact onto a liquid free surface can be found in [6].

Impact of elastic structures on water free surface has been
studied mainly within the Wagner model. In the Wagner model,
the structural part of the problem is not simplified. In particular,
the finite-element model of a structure can be used if the structure
is complex [19]. The finite-element model of the structure can
be combined with the modal method [31]. The hydrodynamic
part of the problem is simplified with the boundary conditions
being linearised and imposed on the initial position of the liquid
surface. The Wagner model can be used only for small deadrise
angles. However, this is exactly the case when the hydrodynamic
loads and stresses in the structure are high, even for moderate
impact speed. Nonlinear models of elastic wedge impact were
studied in [22] and [25]. SPH coupled with FEM was applied
to this problem in [24]. The Wagner model of elastic structure
impact is still complicated and further simplifications are usually
employed. This model is nonlinear because the wetted part of the
entering body is unknown in advance and has to be determined as
part of the solution. The problem of wave impact on a horizontal
elastic plate was studied most intensively [5, 20, 21]. However,
the problem of elastic wedge impact also received considerable
attention.

Fig. 1. Sketch of wedge impact on deep(a) and shallow(b) water.

Weining [35] and Povitsky [26, 27] pioneered the study of
elastic wedge impact on deep water. The Wagner model of water
impact was used but the wetted area of the entering wedge was
calculated for its instant shape without account for the actual ve-
locity of the entering elastic surface. The problem was solved
without such simplifications by Meyerhoff [23]. The wedge plat-
ings were modeled as simply supported Euler beams. The al-
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gorithm by Meyerhoff [23] is very complicated. Gorshkov and
Vakalov [8] studied the elastic-wedge entry by using a one-mode
approximation. Vasin [32] used the Wagner theory with account
for initial deflection of the wedge platings, compressive stresses
and the nonlinear term in the Bernoulli equation for the hydro-
dynamic pressure. Water entry of a ship hull with wedge-shaped
cross-sections was studied by Faltinsen [4]. Orthotropic plate
theory was used to model the elastic response of the hull to wa-
ter impact. The theoretical predictions were compared with full-
scale measurements. The Wagner theory of water impact in com-
bination with the finite-element method for structural response
was used by Korobkin et al. [19]. The combined FEM-Wagner
model is very promising but still complicated. This is why an-
other technique based on combination of FEM and the modal
method for structural response was developed in [31] and [14].

Deep water impact
The two-dimensional unsteady problem of elastic wedge im-

pact on ideal and incompressible liquid of infinite depth is con-
sidered within the Wagner model (see Fig. 1a). Initially(t = 0)
the wedge touches the horizontal free surface of the liquid at a
single point and starts to penetrate the liquid thereafter at a con-
stant velocityV. The flow caused by the impact is symmetric
with respect to the vertical linex = 0. The side walls of the
wedge are modelled by simply supported Euler beams. Non-
dimensional variables are used. The beam lengthL = B/cosγ is
taken as the length scale and the impact velocityV as the veloc-
ity scale of the problem. The quantityT = (L/V)sinγ is taken as
the time scale and the productLsinγ as the displacement scale of
the problem. The pressure scale isρV2δ−1, whereρ is the liquid
density andδ = sinγ, δ ≪ 1.

The position of the entering wedge is given by the equation
y= δ (x− t +w(x, t)), wherex> 0 andw(x, t) is the deflection of
the wedge wall. We shall determine the liquid flow, the pressure
distribution in the liquid region, deflections of the wedge walls,
the stress distribution in the wedge plating and the dimension of
the wetted part of the entering wedge.

Within the Wagner model, the two-dimensional and poten-
tial flow generated by the elastic wedge impact is described
by the velocity potentialϕ(x,y, t) which satisfies the following
equations

▽2ϕ = 0 (y < 0), (1)

ϕ = 0 (y = 0,|x| > c(t)), (2)

ϕy = −1+wt(x, t) (y = 0, |x| < c(t)), (3)

ϕ → 0 (x2 +y2 → ∞). (4)

The hydrodynamic pressurep(x,y, t) is given by the linearized
Bernoulli’s equation

p(x,y, t) = −ϕt(x,y, t) (y≤ 0). (5)

The normal deflectionw(x, t) of the wedge side plating is gov-
erned in the non-dimensional variables by the equations

α
∂ 2w
∂ t2 +β

∂ 4w
∂x4 = p(x,0,t) (−1 < x < 1, t > 0), (6)

w = wt = 0 (−1 < x < 1, t = 0). (7)

Hereα = (ρ0h)/(ρL), β = EJδ 2/(ρL3V2), ρ0 is the density of
the beam material,h is the beam thickness,E is Young’s modulus
of elasticity,J is the moment of inertia of the beam cross-section,
J = h3/12 for the beam of constant thickness. The beams are
simply supported,

w = wxx = 0 (x = ±0 andx = ±1, t ≥ 0). (8)

Equations (6)-(8) represent the structural part of the problem
which can be readily solved once the hydrodynamic pressure
p(x,0,t) is known along the wetted part of the wedge surface.
The functionc(t) in (2) and (3) describes the size of the wetted
area. This function satisfies the Wagner condition (see [14,17])

c(t) =
π
2

t −
∫ π

2

0
w[c(t)sinθ , t]dθ . (9)

The non-dimensional bending stresses along the upper side of
the beam are calculated by the formulaσ(x, t) = wxx(x, t)/2 with
δEh/L being the stress scale. The strain module is calculated as
ε(x, t) = |wxx(x, t)|δh/(2L).

The coupled problem (1)-(9) is solved without any further
simplifications by the normal mode method. The present version
of this method can also be used for such complex structures as
beams of varying thickness, compound beams and structures rep-
resented by their eigen modes of vibrations. Within this method
the deflectionw(x, t) is sought in the form

w(x, t) =
∞

∑
n=1

an(t)ψn(x) (−1≤ x≤ 1), (10)
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where the functionsψn(x) describe the shapes of free vibrations
of the structure in air (dry modes). These functions are given by
ψn(x) = sin(λn|x|), λn = πn (n = 1,2, ...) for simply supported
beams. It is convenient to introduce new functionsϕn(x,y,c)
which satisfy equations (1)-(4) with the right-hand side in (3)
being changed forψn(x), wheren = 0,1,2, . . . andψ0(x) ≡ 1.

The formulated problem can be reduced (see [14] for details)
to infinite system of ordinary differential equations with respect
to the vector of the principal coordinates~a = (a1,a2,a3, ...)

T ,
auxiliary vector-function~v = (v1,v2,v3, ...)

T and the function
c(t):

d~a
dt

= ~F(c,~v),
d~v
dt

= −~a,
dc
dt

= Q(~a,~v,c), (11)

where

~F(c,~v) = (αI +S)−1(βD~v+~f ), Q(~a,~v,c) =
1− (~F(c,~v), ~K0)

2/π +(~a, ~K1)
,

K0n(c) =
2
π

∫ π/2

0
ψn[csinθ ]dθ ,

d~K0

dc
= ~K1,

I is the unit matrix andD is the diagonal matrix,D =
diag{λ 4

1 ,λ 4
2 ,λ 4

3 , ...}, S is the added-mass matrix with the ele-
mentsSnm(c) and~f (c) = ( f1(c), f2(c), ...),

Snm(c) =
∫ c

−c
ϕn(x,0,c)ψm(x)dx, fm(c) = S0m.

The initial conditions for the system of ordinary differential
equations (11) are

~a = 0, ~v = 0, c = 0 (t = 0). (12)

The initial-value problem (11)-(12) has been solved numerically
to simulate the hydroelastic behaviour of elastic wedge impact
when 0< c < 1. During the penetration stage, when the wedge
is completely wetted, the same equations are used but now the
equation forc(t) in (11) is dropped and other equations are inte-
grated withS= S(1) and~f = 0, subject to the matching condi-
tions of continuity of the functions~a(t) and~v(t) whenc = 1 at
the end of the impact stage.

The elements of the added mass matrixSnm(c) must be eval-
uated at each step of integration. For a homogeneous simply-
supported Euler beam,−1 < x < 1 and 0< c < 1, such integrals
were evaluated analytically [20]. For more complex structures,

the integrals can only be evaluated numerically, which makes it
difficult to keep sufficient number of modes in computations of
the structure response. In the present method the added-mass
elements are computed by using the decomposition

ψm(x) =
∞

∑
k=1

Cmkψ̃k(x), Cmk =
2λm

λ 2
m−µ2

k

, (13)

where ψ̃n(x) = cos(µnx),µn = π(n− 1
2), n ≥ 1, are the shape

functions of the homogeneous Euler beam with the correspond-
ing added-mass matrix̃S(c). Then

S(c) =C · S̃(c)·C∗, ~f (c) =C ·~̃f (c), (14)

S̃nm(c) =
πc

µ2
n −µ2

m
[µnJ0(µmc)J1(µnc)−µmJ0(µnc)J1(µmc)],

S̃nn(c) =
π
2

c2[

J2
0(µnc)+J2

1(µnc)
]

, f̃m(c) =
πc2J1(λmc)

λmc
.

The method based on equations (13) and (14) can be used for any
complex structure represented by its modesψn(x). The calcula-
tions by this method are fast and accurate. In the calculations for
elastic wedge, equations (11) were truncated with from 5 to 15
modes, and the number of modes in (13) was varied from 50 to
150 without a significant increase of the computational time.

Calculations were performed for impact of a wedge with
the deadrise angle of 10o. The wedge plating length is 0.5 m,
The platings are made of mild steel withρb=7850 kg/m3 and
E = 21·1010 N/m2, the impact velocity is 4 m/s. Calculations
show that the numerical results with five modes describe elastic
deflections and bending stresses during the impact with a fairly
good accuracy.

Fig. 2. Evolution of the maximum strains for the deep water impact.
The plate thicknessh = 6 mm (line 1);h = 8 mm (2);h = 10 mm (3).
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Maximum strains (in microstrains) calculated with the help
of the present model are presented in Fig. 2 as functions of the
dimensional timet. Curve 1 corresponds to the beam thickness
h = 6 mm, curve 2 is forh = 8 mm and curve 3 forh = 1 cm. It
is seen that for more flexible thin beams the maximum of strains
is higher than for thick wedge walls. The maxima are achieved
not at the impact stage but at the penetration stage. To calculate
the strain maxima, the beam was divided into 50 subintervals
and the strains were evaluated at each node.

Shallow water impact
Impact of elastic wedge on a shallow water layer is studied

in non-dimensional variables withH/V as the time scale,H is
the water depth andV is the impact speed,H as the deflection
scale andB as the horizontal length scale (see Figure 1b). Then
the scale of the horizontal velocity of the flow between the wedge
and the bottom isVB/H and the scale of the hydrodynamic pres-
sure isρV2(B/H)2, whereH/B is small within the shallow water
approximation. The distance between the bottom and the surface
of the approaching wedge ish(x, t) = 1+æx− t +w(x, t), where
w(x, t) is the deflection of the wedge plating and æ= Btanγ/H
is of order one.

In general, there are two stages of the wedge interaction with
the liquid. During the first, impact, stage the wetted region of the
wedge surface expands at a high rate. At the second, penetration,
stage the wedge is completely wetted but continue to interact
with the liquid.

The flow and hydrodynamic pressure are calculated by the
method of matched asymptotic expansions withH/B being a
small parameter of the problem [16]. During the impact stage the
flow field is divided into four regions, as depicted in Fig. 3: re-
gion I is the region beneath the entering body; region II is the jet
root; region III is the spray jet; and region IV is the outer region.
The region I corresponds to the interval(−c(t),c(t)), where the
functionc(t) should be determined as part of the solution. Within
this model the liquid in the region IV is at rest.

Fig. 3. Decomposition of the flow region in shallow water model.

The horizontal velocity of the flowu(x, t) in the region I fol-
lows from the continuity equation (see [13,16]),

u(x, t) =
1

h(x, t)

(

x−
∫ x

0
wt(ξ , t)dξ

)

, (15)

and the hydrodynamic pressure is obtained by integrating the
one-dimensional momentum conservation equation

px(x, t) = −ut −uux (16)

by using the matching conditions at the periphery of the wetted
part of the wedge surface (see [13,16] for more details)

p(c,t) =
u2(c,t)/2

√

h(c,t)−1
,

dc
dt

=
u(c,t)

√

h(c,t)/2
√

h(c,t)−1
. (17)

At the penetration stage we havec= 1 andp(1,t) = 0 as a bound-
ary condition for the equation (16) (see [18] for details of the
model).

The beam equation (6), initial (7) and the end conditions
(8) have the same forms as for the case of deep water but the
coefficients in (6) should be changed forαS = αδ/æ andβS =
βδ/æ3, whereα andβ are the coefficients of the beam within
the deep water model,δ = sinγ. It is seen that the coefficients in
the beam equation are much smaller for shallow water than for
the deep water case. Therefore, higher deflections and stresses
are expected for shallow water.

Equation (16) is integrated during the impact stage by using
the matching conditions (17) with the result

p(x, t) =
∂
∂ t

∫ c

x
u(ξ , t)dξ − 1

2
u2(x, t), (18)

where 0< c< 1, 0< x< c, and during the penetration stage with
the result

p(x, t) =
∂
∂ t

∫ 1

x
u(ξ , t)dξ − 1

2
u2(x, t)+

1
2

u2(1,t), (19)

where 0< x < 1. Note that the right-hand side in the beam equa-
tion (6) should be written asp(x, t)χ(c2−x2) during the impact
stage, whereχ(x) is the Heaviside step function;χ(x) = 1, where
x > 0, andχ(x) = 0, wherex < 0.

Substituting (18) in the beam equation (6), combining the
terms with the highest derivatives in time and restricting our-
selves to positivex, the equation can be decomposed as

αS
∂w
∂ t

−
∫ c

x
u(ξ , t)dξ χ(c−x) = d(x, t), (20)

∂d
∂ t

+βS
∂ 4w
∂x4 = −1

2
u2(x, t)χ(c−x), (21)
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where 0< x < 1 andd(x, t) is an auxiliary function.
Substituting (10) with the same shape functions as in the

deep water problem in (20), (21) and (17), we obtain the system
of ordinary differential equations with respect to the principal
coordinates~a(t) = (a1,a2, ...)

T and the functionc(t)

d~a
dt

= ~FS(c,~a,~d),
d~d
dt

= −βSD~a− ~G,
dc
dt

= Q(~a,~d,c), (22)

where

~F = (αSI +S)−1(~d−~f ),

the functionQ follows from (17) and (15),I is the unit ma-
trix and D is the diagonal matrix,D = diag{λ 4

1 ,λ 4
2 ,λ 4

3 , ...}, S
is the added-mass matrix with the elementsSnm(c,~a) and ~f =
( f1, f2, ...)T ,

Snm(c) =

∫ c

0

ψ̃n(ξ )ψ̃m(ξ )dξ
h(ξ , t)

, fm = S0m,

Gn = −1
2

∫ c

0
u2(ξ , t)ψn(ξ )dξ , ψ̃n(x) =

∫ x

0
ψn(ξ )dξ .

At the penetration stage, one should setc = 1, drop the third
equation in (22), and add12u2(1,t)ψ̃n(1) to the right-hand side
of the formula forGn. The integrals in the formulae forSnm and
Gn are computed at each time step. Note that the hydrodynamic
problem is nonlinear within the shallow-water model.

Fig. 4. Evolutions of the strain maxima in the wedge plating for
different depth of the water layer:H =6 cm (line 1), 10 cm (2), 15 cm
(3), 20 cm (4) and 25 cm (5).

Calculations were performed for the same wedge as in the
deep water problem with the beam thicknessh = 8 mm. The
water depth was varied from 6 to 25 cm. Strain maxima in the
wedge plating as functions of time are shown in Fig. 4. It is

seen that the strains are higher and period of vibrations longer
for smaller depth of the liquid layer.

Long–time calculations of strains are present in Fig. 5. Cal-
culations were performed until the wedge touches the bottom.
Also the strain maximum for deep water is shown for compar-
ison. It is seen that the first peak of strain maximum is well
reproduced by both deep and shallow–water models. However,
next peaks for deep–water model are of the same magnitude as
the first one, but in the shallow–water model the peaks increase
due to the increase of the hydrodynamic pressure.

Fig. 5. Evolutions of the strain maxima in the wedge plating for
different depth of the water layer: Line 1 is for deep water, (2) is for
H = 22.5 cm and line 3) is forH = 25 cm.

CYLINDRICAL SHELL IMPACT
Numerical investigations of water entry and exit of a cir-

cular cylinder have been done in the past. Greenhow [9] used
a boundary element method based on Cauchy’s theorem, and
Zhu et al. [36] used a CIP method for rigid cylinders. Arai and
Miyauchi [1] and Sun and Faltinsen [29] investigated hydroelas-
tic interactions during water entry of a cylindrical shell, using a
CFD method for the flow field and a modal analysis for the shell
structure. Sun and Faltinsen [4] used the coupled fluid-structure
analysis, considered finite water depth and included a compar-
ison of both Wagner’s and Karman’s approaches with the CFD
results. Ionina and Korobkin [12] used the modal analysis to
study cylindrical shell impact onto deep water within Wagner’s
approach for the liquid flow.

Sun [30] studied in detail the problem of cylindrical shell
impact on deep water by the boundary-element method. The
shell deflection was presented by two elastic modes. At each
time step the problem was solved twice, by the BEM and by a
semi-analytical method based on the von Karman model, which
does not account for the elevation of the water free surface dur-
ing impact. The semi-analytical solution is used to approximate
the added-mass effect and regularize the algorithm making it sta-
ble and suitable for iterations. The iterations are used to account
for elastic deflection of the shell. The numerical results were
compared with the experimental results by Shibue et al. [28] and
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numerical results by Ionina et al. [12]. The latter ones were ob-
tained by the modal method combined with the Wagner theory
of elastic body impact. Some phenomena described by Ionina et
al. [12] were not reproduced by the BEM algorithm. With respect
to this issue, Sun [30] wrote ”This is because more elastic modes
were used by them ( [12]) and the extension of the middle plane
is increasingly important for increasing order of mode. Here in
the calculations, only the two lowest elastic modes are included,
so the extension in the middle plane does not show an obvious
significance”. It is very time-consuming to keep a reasonable
number of modes in fully nonlinear computations. This is due to
the fact that one needs to evaluate the hydrodynamic interactions
between the normal modes at each time step for varying in time
flow region.

Fig. 6. Sketch of the elastic shell impact on deep(a) and shallow(b)
water.

Deep water impact
A thin circular cylindrical shell impacting deep water is con-

sidered in polar coordinatesr andθ (Fig. 6a), whereθ = 0 cor-
responds to the lowest point of the shell. The modes of the shell
radial vibrations areψn(θ) = cos(nθ). The mode withn= 0 cor-
responds to the pure radial oscillation, and the mode withn = 1
to the vertical motion of the shell as a rigid body. The periodT
of the first flexural mode withn = 2 is

T =

(

5ρ0R4(1−ν2)

3Eh2

)

1
2

,

whereh is the thickness of the shell,ρ0 is the density of the shell
material,E is the elasticity modulus,ν is Poisson’s ratio andR is

the radius of the shell. This period is taken as the time scale of the
problem. Note that the rigid mode withn = 1 is included in the
analysis and is determined together with the elastic deflections
of the shell. In this respect the present problem is different from
the problem of elastic wedge impact, where the rigid motion of
the wedge was prescribed.

At the impact instant,t = 0, the shell is circular without
stresses, touches the flat water surface at the origin of the Carte-
sian coordinate systemxy and has vertical speedV. The length
scale isL =

√
RVT, the deflection scale isVT and the pressure

scale isρVL/T. In the non-dimensional the shell deformation is
governed by the equations (see [12,13])

ẅ+α
(

w−v′
)

+β
(

v′′′ +wiv) = γ p0(θ , t), (23)

v̈+α
(

w′−v′′
)

−β
(

v′′ +w′′′) = 0, (24)

v = w = 0, vt = −sinθ , wt = −cosθ (t = 0), (25)

wherew(θ , t) andv(θ , t) are the displacements of the shell ele-
ment in radial and azimuthal directions,p0(θ , t) is the hydrody-
namic pressure acting on the wetted part of the shell,

α =
ET2

ρ0R2(1−ν2)
, β =

ET2h2

12ρ0R4(1−ν2)
, γ =

ρL
ρ0h

.

Conditions (25) imply that initially the shell moves vertically
downwards as a rigid body.

The hydrodynamic problem is formulated with respect to the
velocity potentialϕ(x,y, t) and the pressurep(x,y, t) which sat-
isfy equations (1)-(5), where the right-hand side in (3) should be
changed forwt(xL/R,t). During the initial stage of the impact
we havex ≈ Rθ/L and p0(θ , t) ≈ p(Rθ/L,0,t). The function
c(t) in the boundary conditions (2) and (3) is the solution of the
equation

∫ π
2

0
yb(csinφ , t)dφ = 0,

whereyb(x, t) = 1
2x2+w(xL/R,t) describes the shape of the shell

surface [17]. The shell displacements are sought in the form

w(θ , t) =
a0

2
+

∞

∑
n=1

an(t)cosnθ , v(θ , t) =
∞

∑
n=1

bn(t)sinnθ .
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Solving the hydrodynamic problem in a similar way as for
the elastic wedge, we arrive at the system of differential equa-
tions for the vectors of the principal coordinates coordinates
~a(t) = (a0,a1,a2, ...)

T ,~b(t) = (b1,b2, ...)
T and the functionc(t)

d~a
dt

= (I +γS(c))−1(~g+γ~f ),
d~b
dt

=~r,
dc
dt

= Q(~a,~g,c), (26)

d~g
dt

= −D1~a+D2~b,
d~r
dt

= −D2~a−D3~b,

where the vectors~g(t) and~r(t) are auxiliary,I is the unit ma-
trix and D1 = diag{α + βn4}, D2 = diag{αn + βn3}, D3 =
diag{(α +β )n2} are the diagonal matrices,fn(c) =cJ1(nδc)/n,
S(c) is the added-mass matrix with the elementsSnm(c) =
δ S̃nm/π for n,m≥ 1 andSn0(c) = cJ1(nδc)/(2n), S00 = δc2/4,
δ = L/R. The elements̃Snm were defined in the section on wedge
impact. Initial values of the unknown functions are zero except of
two: g1 = −1 andr1 = −1 att = 0. The functionQ in equations
(26) is not detailed here. The system (26) was integrated numer-
ically in time by the fourth-order Runge-Kutta method with 15
modes.

Shallow water impact
The problem of cylindrical shell impact on a liquid layer of

small depthH (see Fig. 6b) is studied in the non-dimensional
variables withL =

√
HR as the displacement scale,H/V time

scale,VL/H scale of the flow velocity andρV2(L/H)2 pressure
scale [13]. Displacements of the elements of the shell are de-
scribed by equations (23)-(25), where now

α =
EH2

ρ0R2V2(1−ν2)
, β =

EH2h2

12ρ0R4V2(1−ν2)
, γ =

ρH
ρ0h

.

The distance between the bottom and the shell surface in the non-
dimensional variables is̃H(x, t) = 1+ 1

2x2+w(xδ , t), whereδ =
H/R, and the hydrodynamic pressure by (18). The horizontal
velocity u(x, t) of the flow beneath the shell is computed by the
formula

u(x, t) = − 1

H̃(x, t)

∫ x

0
H̃t(ξ , t)dξ .

The shell is in contact with the liquid over the interval
(−c(t),c(t)), where the functionc(t) and the pressure at the ends
of the interval are governed by the equations (17).

The problem is solved by the normal mode method with the
displacements of the shellw(θ , t), v(θ , t) and the hydrodynamic
pressure in the wetted part of the shell in the form

w(θ , t) =
a0

2
+

∞

∑
n=1

an(t)cosnθ , v(θ , t) =
∞

∑
n=1

bn(t)sinnθ ,

p(θ ,0,t) =
p0

2
+

∞

∑
n=1

pn(t)cosnθ ,

where−π < θ < π. Note that the hydrodynamic problem in
the shallow-water model is nonlinear in contrast to the equiva-
lent problem for deep water. This is why the resulting equations
for unknown vector-functions~a(t) = (a0,a1,a2, ...)

T , ~b(t) =
(b0,b1,b2, ...)

T and the functionc(t) are now nonlinear

~̇q = (I + γS)−1(γ~K(t,c,~a,~̇a)−D1~a+D2~b),

~̇r = D2~a−D3~b, ~̇a =~q, ~̇b =~r.

Here the diagonal matricesD j are the same as in the problem of
deep–water impact,~K accounts for nonlinear terms in the equa-
tions of the shallow water, and the added-mass matrixS(t,c,~a)
has the elements

Snm(t,c(t),~a(t)) =
2

πδnm

c
∫

0

sinnξ
R sinmξ

R

H̃(ξ , t)
dξ .

The function~K has been derived in [13]. The nonlinear sys-
tem of ordinary differential equations is solved together with the
matching conditions (17) at the periphery of the wetted region
and subject to the initial conditions outlined for the problem of
shell impact on deep water.

Calculations were performed for the conditions of the ex-
periments by Shibue et al. [28]. Cylindrical shell with radius
R= 15.6 cm and thicknessh = 5.1 mm was made of steel with
E = 2.06· 1011 Pa, ν = 0.3, ρ0 = 8067 kg/m3. Impact speed
of the shell wasV = 3.5m/s. In both deep– and shallow–water
models, 15 elastic modes were used.
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Fig. 7. Comparison of the strain evolutions atθ = 0 predicted by the
shallow-water approach with depth 10 cm (thick line), for deep wa-
ter (thin line), and measured experimentally by Shibue [28] (dotted line).

Fig. 7 shows the evolution of the strain (in microstrains) at
the lower point (θ = 0) for H = 10 cm. The time is in ms.It is
seen that the results are in a good agreement. The shallow water
model accurately predicts the maximum strain, and the instant of
time for which the maximum strain is achieved, even if the use of
the shallow water model may be questioned for the ratio between
the shell radius and the thickness of the water layer considered
here. Good agreement was also found for the maximum strain
and related instants of time at the points that correspond to the
anglesθ of 10, 20 and 30 degrees.

Fig. 8. Evolutions of the strain at the pointsθ = 0o, and 20o for the
water depthsH = 2.5, 5, and 10 cm.

Fig. 8 shows the evolutions of the strains obtained by the
shallow–water model for water depthH = 2.5,5,7.5 and 10 cm
at two points withθ = 0o and 20o. Higher strains are observed
for thinner liquid layer. Note that the shell reaches the bottom at
t = 7ms for the water depth 2.5 cm and impact speed 3.5 m/s, if
the rigid motion of the shell is prescribed. In the present model,
the rigid motion is calculated as part of the solution, and the
touchdown occurs much later att ≈ 8.5 ms. The strains do not
increase in time for the circular shell so rapidly as for elastic
wedge, when the elastic body approaches the bottom.

CONCLUSION
Based on the obtained results, we conclude that the presence

of the bottom increases stresses in an elastic structure entering
the water layer. Finite depth of the layer was not considered. We
cannot give an estimate of a maximum depth starting from which
the water can be treated as infinitely deep. A such estimate is
known for rigid bodies in terms of the added mass, where the wa-
ter depth should be bigger then the maximum size of the wetted
region of the body surface with the factor of 2.5. The increase of
stresses caused by the bottom is significant only for very shallow
layer, which follows from the present calculations. The devel-
oped methods can be applied for structures more complex then
elastic wedge and cylindrical shell of constant thicknesses. The
methods can be combined with Finite Element analysis to in-
clude structures of practical importance.
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