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 The paper deals with the plane unsteady problem of the liquid flow caused by impul-
 sive motion of a semi-submerged circular cylinder, which rests initially on the liquid
 surface. The liquid is assumed ideal and incompressible and its flow irrotational. The
 problem is formulated with the help of the Weber variables within the framework
 of the Lagrangian approach. Third-order initial asymptotics of the solution is built
 by assuming that the liquid particles on the body surface do not depart from it to
 become part of the free surface. It is shown that the hydrodynamic pressure is finite
 in the flow region, but the second-order vertical displacements and the third-order
 horizontal displacements of the liquid particles are singular at the contact points

 of the body surface and the free surface. This solution is considered as the 'outer'
 solution which is valid away from the contact points. In order to take into account

 the fact the fluid particles on the body surface do depart from it if they are close to
 the contact points, the 'inner' solution is derived. Positions of the separation points
 on the cylinder surface are assumed to be prescribed. The 'inner' solution matches
 the second-order 'outer' solution and describes the shapes of the 'inner' free surfaces
 which were absent at the instant of impact. It has been revealed that the flow in the
 spray jet formed by the cylinder impact cannot be properly described by the linear
 'inner' solution.

 Present analysis is focused on peculiarities of the flow generated by the floating

 cylinder impact, which have to be taken into account in the development of numerical
 algorithms to tackle impact problems. The theoretical predictions are compared with
 the numerical results obtained by both the boundary-element method and the finite-
 difference method. The agreements are fairly good.

 Keywords: impact; floating cylinder; Lagrangian variable;

 asymptotical analysis; inner solution

 1. Introduction

 The plane unsteady problem of impact on a circular cylinder floating on a liquid
 surface is considered. In the Cartesian coordinate system x'Oy' the liquid initially
 occupies part of the lower half-plane, y' < 0, X/2 + y/2 > R2, and is at rest. The
 cylinder of radius R is semi-submerged and starts to move down suddenly with a
 constant velocity V at the initial instant of time, t' = 0. The origin of the coordinate
 system is taken at the initial position of the cylinder centre (figure 1). The liquid
 is assumed to be ideal and incompressible; both external mass forces and surface

 Proc. R. Soc. Lond. A (2000) 456, 2489-2514 ? 2000 The Royal Society
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 y (t =0)
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 Figure 1. Floating cylinder impact. Initially, the cylinder of radius R is semi-submerged, and

 the liquid is at rest and occupies the region y' < 0, x'2 + y'2 > R2.

 tension are absent. The flow caused by the body motion is potential and can be

 found at the initial stage by asymptotic methods.

 We shall determine the liquid flow, the shape of the liquid free surface and the
 pressure distribution at the initial stage, t'V/R <K 1, under the following assump-
 tions: (i) the cylinder is undeformable; (ii) the impact velocity V is much lower than
 the sound speed of the liquid at rest, co; (iii) the wetted area of the body does not
 change with time.

 Acoustic effects are not considered in the present paper. They are of major impor-
 tance just after the impulsive start of the floating body, t'co/R = 0(1), and are
 localized just behind the shock front, x'2 + y/2 = (R + cot)2, when t'co/R > 1. These
 effects make a small contribution to the flow pattern in the main region. However,
 the acoustic effects have to be taken into account to evaluate the total energy of the
 liquid during the impact (Korobkin & Peregrine 2000). Therefore, the initial asymp-
 totics of the incompressible flow caused by impact of a floating body is expected to
 be valid during the initial stage, where t'V/R <K 1 but t'co/R > 1. This stage can
 be distinguished, which follows from assumption (ii).

 The liquid disturbed by the moving body goes up forming the splash jets, whose
 boundaries can be divided into the two parts: outer and inner free surfaces (figure 2).
 The common points of these parts, AL and AR, are referred to as the tips of the splash
 jets. The outer free surfaces are formed by the liquid particles which were initially
 on the liquid free surface, and the inner ones by the particles which were attached
 initially to the cylinder surface and left the body surface subsequently due to the

 body motion. The common points of the inner free surfaces and the cylinder surface,
 BL and BR, are referred to as the separation points. Positions of the separation
 points have to be determined together with the liquid flow, pressure distribution and
 the shape of the liquid free surface from additional conditions. For a smooth body
 these conditions are still uncertain but for a body with corner points it is usually
 assumed that flow separation will occur at these corners. To avoid the difficulties with
 the separation conditions and to concentrate the analysis on the 'inner' asymptotics
 of the flow, we introduce assumption (iii), which implies that the separation points

 Proc. R. Soc. Lond. A (2000)
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 (@ > 0)
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 Figure 2. The flow pattern at the initial stage of the impact: AL and AR, tips of the splash

 jets; BL and BR, separation points; ALBL and ARBR, inner free surfaces.

 BL and BR are fixed with respect to the moving cylinder. We cannot justify this

 assumption, but it is believed that the assumption reflects the real flow condition in

 some cases.

 The liquid particles that were initially on the body surface and close to the con-
 tact points can leave the body surface after impact, forming the inner free surface

 (separation effect). It should be noted that the inner free surfaces are absent at the
 impact instant (t' = 0) and their dimensions are small compared with the overall

 length-scale of the problem during the initial stage, which is under consideration
 here. This observation demonstrates that the length-scale for the flow in the main

 region, R, and that for the flow close to the separation points are of different orders as
 t'V/R X 0, which implies that the method of matched asymptotic expansions can be
 used to construct the approximate solution of the problem with the non-dimensional
 quantity t'V/R being the small parameter.

 The linear problem of transient motion of a half-immersed horizontal circular cylin-

 der was analysed by Ursell (1964) and by Maskell & Ursell (1970). The analysis is
 concentrated on the vertical displacement of the body for which the explicit solution
 in integral form was obtained. The body motion was found accurately, although lit-

 tle was provided for the fluid flow. The nonlinear problem of heaving motion of a
 half submerged cylinder was studied by Vinje (1994) with the help of the method
 of 'small-time expansion' based on the Eulerian description of the liquid flow. This
 method was used by D. H. Peregrine (unpublished work, 1972) for analysis of the
 flow due to a vertical plate moving in a channel. The same problem but for liquid
 of infinite depth was studied by J. N. Newmann (unpublished work, 1981) using
 the Lagrangian approach. Newmann proposed a procedure that allowed him to find
 high-order terms in the small-time expansion of the displacements of liquid particles.
 Unfortunately, the solution obtained is highly singular at the intersection point and
 the 'inner' solution is required to clarify the flow close to these points. The 'inner'
 solution for the wavemaker problem was derived by King & Needham (1994) in the
 case of uniformly accelerating plate. The corresponding 'inner' solution for impulsive
 start of a vertical plate is still absent. Another approach to the wavemaker prob-
 lem was given by Roberts (1987), who studied the asymptotic behaviour of the flow
 generated by the wavemaker at low speed. This analysis shows that the gravity is

 Proc. R. Soc. Lond. A (2000)
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 of major importance near the intersection point, but the conclusion seems to be a
 result of the low speed assumption.

 In the relevant problem of a blunt-body impact onto the initially calm free surface
 of a liquid (this problem is known as the 'water entry problem') the 'outer' solu-
 tion in the main flow region and the 'inner' solution describing the flow in the jet
 region during the initial stage were derived by Wagner (1932) and analysed in detail
 by Armand & Cointe (1986) and Howison et al. (1991). More information about
 both the methods and results in this field can be found in the review by Korobkin
 (1996). Approaches based on the Lagrangian variables were reviewed by Korobkin
 & Pukhnachov (1988). Techniques developed for the water entry problem are very
 specific and cannot be applied directly to the analysis of floating-body impact. A
 main reason for that comes from differences in the corresponding 'inner' solutions.
 During the initial stage of blunt-body impact onto the liquid free surface the flow in

 the jet region is approximately quasi-stationary and can be readily described with

 the help of the hodograph method. In the cases of both the wavemaker problem and
 the floating cylinder impact considered in the present paper the 'inner' solutions are
 self-similar and, generally speaking, cannot be obtained in analytical forms. This
 observation explains, in particular, the fact that up to now there is the only 'inner'
 solution derived by King & Needham (1994) for a special case of the wavemaker
 motion.

 Initial asymptotics of the flow caused by a floating-body impact is expected to be
 helpful for developing numerical simulation of both the flow and the body motion.
 The problem of a semi-submerged cylinder impact was solved numerically by Faltin-
 sen (1977), Vinje & Brevig (1980, 1981) and Greenhow (1988). A comparison of
 computed forces acting on the cylinder is given by Vinje (1994), who wrote that the
 'difference between the two solutions seems to appear in the second derivative of the
 force at time equal to zero... the different ways Faltinsen and Vinje & Brevig treated
 the intersection point problem might very well explain the differences between the
 results. A solution of the 'inner' nonlinear problem might resolve this question, but
 so far this solution has not been calculated; what has been published so far is based
 on linear theory.' This observation by Vinje (1994) demonstrates the importance of
 the initial asymptotics of the flow and, in particular, of the 'inner' solution near the
 intersection points for numerical simulations of the phenomenon during and after
 the initial stage of impact.

 Numerical schemes, which are in use to simulate wedge penetration of into a liquid,
 were analysed by Yim (1985), who noted the important solution behaviour near
 intersection points between the body surface and the free surface of the liquid. If the
 grid size near the intersection points were reduced, the calculation procedure may

 become unstable. This is why we need to use additional assumptions concerning
 the flow structure in a small vicinity of these points. Different assumptions lead
 to different numerical solutions depending on the way in which the positions of the
 intersection points and the velocity potential in their vicinity are defined. Yim (1985)
 mentioned that the 'correct' numerical solution could be chosen according to physical
 considerations.

 It should be noted that the calculation of the second derivative of the hydrody-
 namic force at time equal to zero requires the fourth-order 'outer' asymptotics of
 the flow, but only the third-order asymptotics of the solution is constructed in the
 present analysis. This implies that we cannot answer the question raised by Vinje

 Proc. R. Soc. Lond. A (2000)
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 RLU

 Figure 3. The scheme of the flow within the Lagrangian approach: (' and 77', Lagrangian coordi-
 nates; CL and UR, preimages of the inner free surfaces; 0, angular coordinate; RMc(t'), dimension
 of the preimages.

 (1994) about the initial asymptotics of the force on the moving cylinder. We restrict
 ourselves here to the third-order 'outer' solution to outline the method and to clarify
 the flow near the intersection points.

 The boundary of the liquid region, Q(t'), is unknown in advance and has to be
 found together with the flow and the pressure distribution. This fact presents a
 main difficulty in studying the problems of floating-body impact. It is possible to
 avoid this obstacle with the help of the Lagrangian coordinates (', r(' instead of
 the Euler coordinates x', y'. In Lagrangian variables the unknown functions are the
 hydrodynamic pressure p' and the coordinates x' = (x', y') of the liquid particles
 holding a position (' = (s', <') at t' = 0. The Lagrangian variables were used by
 J. N. Newmann (unpublished work, 1981) to describe the flow generated by the
 wavemaker. The problem of the semi-submerged cylinder is different from that of the
 wavemaker owing to the separation effects and the presence of the inner free surfaces.
 The present problem is characterized by the transition of liquid particles from the
 cylinder surface to the free (inner) surface in the time domain. The preimages of the
 inner free surfaces when mapping (' -+ x' (denote them by 0L(t') and 0R(t')) belong
 to the cylinder surface with the dimensions of the preimages approaching zero as
 t' - 0 (figure 3).

 In the Lagrangian variables, the coordinates x'((', Tl', t') and y'((', Tl', t') are defined
 within the region Q(O) = {r',0 I r' > R,wr ? 0 < 2ir}, where (' = r'cosO, r(' =
 r' sin 0. The region does not vary with time. However, its boundary is divided into
 several parts, whose dimensions are dependent on time. These parts are

 (1) the preimages of the outer free surfaces, 1('j ? R, r' = 0;

 (2) the preimages of the inner free surfaces, r' = R, 27r - Oc(t') < 0 < 2ir (CR) and
 IF < 0 < r + Oc(t') (UL);

 (3) the preimage of the wetted part of the cylinder, r' = R, 7r + Oc(t') < 0 <
 27r - Oc(t').

 Proc. R. Soc. Lond. A (2000)
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 The function Oc(t') is unknown in advance and has to be determined from the solution
 based on assumption (iii).

 In the following section, the governing equations and boundary conditions are
 derived for both the velocity potential and the pressure based on the Weber variable
 (see Lamb 1932). They are then expanded into an asymptotical series in time. In
 ? 3, the first order and second order solutions are obtained for the 'outer' domain.

 They are found to be identical to those derived by Vinje (1994) based on Eulerian
 variables, which of course did not come as a surprise. The core of the paper, or

 the main contribution of the paper, does not appear until ?4, where the 'inner'
 solution is derived. The 'inner' solution is not straightforward to establish in the
 Eulerian frame, because of the nature of the method. Based on the Eulerian method,

 variables are defined at a point fixed in space. This sometimes becomes problematic
 if the fluid domain deforms with time, such as in the free surface flow problem.

 When the free surface elevation is single valued, the difficulty can be avoided by
 treating the elevation as an additional Eulerian variable of the point on the mean

 position of the free surface. Difficulty arises when the wave elevation becomes multi-
 valued or the fluid particles which were not part of the free surface become part
 of the free surface during the motion. In this case, it would be more convenient to

 use the Lagrangian variables. We can then capture transition of the fluid particles
 from the body surface to the free surface by following their motion. This is why we

 have rederived Vinje's solution (1994), based on the Lagrangian variable, in ? 3. It is
 then used for matching with the 'inner' solution obtained in ? 4. Results for velocity,
 pressure and free surface elevation have been provided in the figures, which have

 revealed some interesting features of this kind of flow.

 2. Formulation of the problem

 It is convenient to introduce the non-dimensional variables, within the framework

 of which the liquid density, the impact velocity and the cylinder radius are equal to
 unity. Non-dimensional variables are denoted without a prime. In particular, x' =
 Rx, (' = Rt, t' = (R/V)t, p' = pV2p, q' = RVq, where p' is the pressure and b' is
 the velocity potential. The incompressible liquid flow is governed by the equations

 AOq=O in Q?(t)) (2.1)
 v= Vq, (2.2)

 P + ot)t + I IVO12 = 0) (2.3)
 where SQ(t) is the region occupied by the liquid at the moment t and v(x, t) is the
 velocity vector of the flow. The normal velocity of liquid particles on the cylinder
 surface coincides with the normal velocity of this surface, and the classical dynamic
 (p = 0) and kinematic conditions hold on the free surface.

 At the initial stage, t <K 1, it is convenient to use Lagrangian coordinates, which are
 position coordinates of the liquid particles. Within the framework of the Lagrangian
 description of the flow, the coordinates of a particle, which is originally at a point
 (i, r), are considered as new unknown functions

 x=x (, Q,t), y=y (,Q),t), (2.4)

 Proc. R. Soc. Lond. A (2000)
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 where x((, r,, 0) = ( and y((, r,, 0) = r. The continuity equation in Lagrangian vari-
 ables has the form (Lamb 1932)

 det(O)= 1, (2.5)

 where

 __ V ' y, aJ-xn YnJ

 The components of the velocity vector v = (u, v) can be expressed with the help
 of the new unknown functions as

 x= v[a(y,r,t),y((,Q,t),t]= -9. (2.6)
 at' ]T )t] a

 We introduce a new function x(t, t),

 X(t, t) = -X[( ,t), t], (2.7)

 with the help of which, and equation (2.6), equation (2.2) can be rewritten as

 (Oax * x + aX 0X (2.8)

 Differentiating equation (2.7) with respect to time, we obtain

 Xt =-ax Xt - ckt = -(t)2-bt,

 which makes it possible to transform the Cauchy-Lagrange integral (2.3) into the
 equation for the hydrodynamic pressure

 p((v t) = Xt + _ (Xt)2. (2.9)

 Equations (2.8) and (2.9) were first derived by Weber (1868) (see also Lamb 1932).
 The boundary conditions for equations (2.7)-(2.9) are

 p= 0 (2.10)

 = 4 > 1, or r = 1, 27r-Oc(t) < 0 < 27r or r-=1, 7r < 0 < r + Oc(t)),

 cc2 + (y + t)2 = 1 (r = 1, 7r + Oc(t) < 0 < 27r - OC(t)) (2.11)

 Condition (2.10) implies that the pressure along both the inner and outer free surfaces
 is constant, and (2.11) implies that the liquid particles on the wetted part of the body
 can move along the cylinder surface only. Assumption (iii) provides the equation to
 determine the function Oc(t)

 y(cos Oc,-sin Oc, t) =-t. (2.12)

 The boundary-value problem (2.5)-(2.12) has to be solved together with the initial
 conditions

 x(() 7 O)= (v y( , ,O) = 79, 0c(0) = 0 (2.13)

 Proc. R. Soc. Lond. A (2000)

This content downloaded from 132.236.27.217 on Sat, 27 Aug 2016 15:42:14 UTC
All use subject to http://about.jstor.org/terms



 2496 A. A. Korobkin and G. X. Wu

 and the condition at infinity

 IX(t, t) - 4j = Q(1t1-2) (Z -+ ??). (2.14)
 The inequality x + (y + t)2 1 has to be satisfied for any liquid particle. The
 inequality implies that the moving liquid particles cannot enter the 'forbidden' region

 occupied by the moving cylinder.

 We shall determine the asymptotic solution of problem (2.4)-(2.14), which will
 be uniformly valid in the whole region of the liquid flow as t - 0. The presence of
 the inner free surfaces, dimensions of which tend to zero as t - 0, indicates that
 it is advantageous to use the method of matched asymptotic expansions. In order

 to construct the 'outer' solution, we assume that the liquid particles on the body

 surface never depart from it. This means that equation (2.12) is omitted and Oc(t) is
 taken to be zero in the boundary condition (2.10).

 3. The liquid flow and pressure distribution in the main region

 The 'outer' solution of the boundary-value problem (2.4)-(2.14) is sought in the form
 of small-time expansions (see J. N. Newmann (unpublished work, 1981); Tyvand &
 Miloh 1995)

 00A

 x(t, t) = ( + H(t) E tnX(n)
 n=1

 X(t, t) = H(t) E tn-I X(n) W) (3.1)
 n=1

 P(() t) = JMP(t)() w( + H(t) E t n-2 p(n) W)
 n=2

 where H(t) = 0 for t < 0 and H(t) = 1 for t ? 0 and d(t) is the Dirac delta-function,

 d(t) = H'(t). Substitution of expansions (3.1) into equations (2.5) and (2.8)-(2.14)
 leads to the boundary-value problems for the unknown functions X(n)((), x n)(()
 and p(n) (a), n r 1. In order to derive equations and boundary conditions for the
 problems, we consider equations (2.5) and (2.8)-(2.11) for t > 0 in detail. Equation
 (2.8) provides

 (I+ E tn( a ) ) (E mtm-X(m)) + E tn- d =0, (3.2)

 where I is the unit matrix and

 { OX (nae) } m (

 = Z mtn+m1 (_) X(m)
 n,m=l1

 00n- m

 = ,(-)(&Xm) X(72m) }- (3-3)

 Proc. R. Soc. Lond. A (2000)
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 Equation (3.2) together with (3.3) gives (n ? 1)

 nX + nI(n - om) (i) X(n-m) + OX(n) = 0. (3.4)

 In particular,

 X(1) + x = 0, (3.5)

 2X(2) + (x( X(> ) + = 0, (3.6)

 3X(3) + 2 ox ( ) ) &X(2) X(l) + OX(0) =. (3.7)

 Equation (2.5) yields

 00 ,00 \ o

 E tn divt X(n) + ( tnV,X(n)) (E tmtnY(M) = 0,
 n=1 n=1 m=l

 where

 (n) = (X (n), y (n)), V,X(n) = (X(n) X(n)), Vty(m) - (y(m) _y(m))
 dive X(n) X(n) + y(n)

 We obtain for n r. 1

 n-I

 dive X(n) + E V,X(n-m)Vty(m) = 0.
 m=1

 In particular,

 dive X(1) = 0, (3.8)

 dive X(2) + VeX(I)ty(j) = 0, (3.9)

 dive X(3) + VeX(2)tey(l) + VeX(I)tey(2) = 0. (3.10)

 Equation (2.9) yields

 p (1) w( = x(1 ( 3.11

 and

 n-i

 p(n() (n 1)X )(() + 2 (f-m)mX(n-m)X(m) (3.12)
 m=1

 where n > 2. In particular,

 p (2) X _(2) () + 1 (X(1) . x(1)), (3.13)

 p (3) = 2(X(3) () + X(1). X(2)). (3.14)

 Proc. R. Soc. Lond. A (2000)
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 2498 A. A. Korobkin and G. X. Wu

 The boundary condition (2.11) on the cylinder surface gives

 (X(1) + 7y(1) = _7 (3.15)

 ISX(2) + ?7y(2) =_ 1 _ y(l) _ 1 IX(1) 12 (3.16)

 5X(3) + 7y(3)= _y(2) _ X(2). X(1), (3.17)
 n-1 SX(n) + Qyr(n) = _y(n-1) 1 X (n-m) . X(m) (n > 4). (3.18)

 2
 m=1

 Condition (2.14) provides

 IX(n)l = Q(1(1-2) (11 - o). (3.19)
 It should be noted that the problem for an arbitrary shape of a floating body can
 be treated in the same way if the conformal mapping of the exterior of the floating

 body onto the exterior of the circle is known (see Lamb 1932). But now the boundary
 condition (2.11) has to be written for a particular shape of body and the right-hand
 side of the continuity equation (2.5) will be dependent on the conformal mapping.

 (a) First-order approximation

 In the leading order as t -X +0 the flow is governed by equations (3.5), (3.8),
 (3.11), (3.15) and (3.19). It can be seen that the pressure p(l)(() is the harmonic
 function, which satisfies the following equations

 A\p(i) = 0 (r > 1, 7r < 0 < 27r), 14
 p()= 0 (r>1,0=7r or 0=27r),}

 = sin0 (r =1,w < 0 < 27r), (3.20)
 orI

 We find

 p(l)= r- sin 0, X r- sin, l(3.21)

 X(') =-_r-2 sin 20, y(l) r-2 cos 20, J

 which corresponds to the flow due to the vertical dipole (Vinje 1994). The pressure
 p(l) (() is positive along the cylinder and is equal to zero at the contact points r = 1,
 0 = 7r or 27r. Elevation of the free surface is described by the equation y = t/x2
 xi ) 1, t ) 0.

 The boundary-value problem (3.20) is known in the impact theory. The more
 general case on a semi-submerged elliptic cylinder, which can move both vertically
 and horizontally, was analysed by Sedov (1965).

 (b) Second-order approximation

 In this approximation the flow is governed by equations (3.6), (3.9), (3.13), (3.16)
 and (3.19). With the help of the identity

 a (IX(1) 12) - x2 (X(1) X

 Proc. R. Soc. Lond. A (2000)

This content downloaded from 132.236.27.217 on Sat, 27 Aug 2016 15:42:14 UTC
All use subject to http://about.jstor.org/terms



 Impact on a floatirng circular cylinder 2499

 and together with (3.13) it is possible to rewrite (3.6) as

 x(2) 1 Op(2) (3.22)
 2~ O~

 Substituting (3.22) into (3.9) and taking into account the equality

 A[x(l)2 = -2(X(l)Y(J) - X(l)Y(l))

 we find

 A(p(2) + [X(1)]2) = 0 (3.23)

 in the flow region. It is convenient to introduce the new function

 q2 (r, 0) = p(2) + [X(1)]2

 which, due to equations (2.10), (3.16), (3.19) and (3.23), satisfies

 Aq2 = O (r > 1,7r < 0 < 27r), (3.24)

 q2=0 (r> 1,0=w or 9=27r), (3.25)

 q2 = 2 cos 20 + 2 cos 40 (r =,7r < 0 < 27r), (3.26)
 Or

 q2 -XO (r -oo). (3.27)

 The solution is sought in the form

 ( ) EAsin(2n + 1)01
 q2(r,O0) = Z An r2n?1 '(3.28)

 n=O

 where 0 = 2ir - 01 and 0 < 01 < r in the flow region. Expression (3.28) satisfies
 equations (3.24), (3.25) and (3.27). Substituting (3.28) into condition (3.26), we find

 iF 1 2 2 11
 An ~~+ -__ -2r3J(3.29)
 7r 2n+5 2nr+3 2n -1 2 3(

 Equations (3.28) and (3.29) provide the solution in analytical form

 q2(r,0) = (r3 ?+ ) sin301 + 7 (r?+-) sinO1

 +2[(r4 1)cos40?2 (r2- 2)cos 201 arctan( 2r sin i)

 1 [(4 ~~~ 2(2 iN 21 (r2 ? 1- 2rcos01\
 + (r4+ ? sin 401 + 2 r + sin 20 ln (3.30) 47 [\ \ r2J sn1 \r2 ? 1? 2r cosOil

 after the Fourier series of the triangular function and the logarithmic function are

 used. Then the pressure p(2) (r, 0) is given by

 p(2) (r 0) = -r-4(1 - cos 40) + q2 (r, 0) (3.31)

 Proc. R. Soc. Lond. A (2000)
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 and the displacement components X(2) (r, 0) and y(2) (r, 0) by

 X(2) =-_1 -si2) s )) (3.32)

 y(2)-= 1(sin 00P + cos 0 J

 It is important to note that q2 (r, 0) and the derivative 0q2/0r are bounded in the
 flow region but the derivative Oq2/00 is singular at the intersection points. We obtain

 fq (r,2 ) 8-ln 2 (3.33)
 close to the right intersection point, 01 -X 0 and r - 1.

 Equations (3.31) and (3.32) yield that in the second-order approximation the liquid

 particles of the free surface, Tj = 0, ( > 1, move vertically,

 x'2 (2) ?~ ) -- )

 y(2) ( ) ( 4 + 1 + 02 + 12 In( + 1 + 27 (( 3) 2 + ) i 1r /~j ~ 2 +1 37~
 (3.34)

 which correspond to the results obtained by Vinje (1994). Along the cylinder surface,
 r = 1, 0 < 01 ? r/2, we find

 X (2)=(1, 01) 4cos 01-14 cos3 01 + 8 cos5 01 + 7 sin401 + 25 sin 201
 4wr 12wr

 + - sin 201 cos 301 ln(tan 01/2),
 w 1 2 (3.35)

 Y(2) (1, 01) = sin 01-2 sin 501 + 7 cos 401 + cos 201 + 23
 2 2 ~~4wr 3wr 12wr

 + - cos 01 (cos 401 + cos 201) ln(tan 01 /2).

 Equations (3.34) and (3.35) predict that the horizontal displacement X(2) ((,j ) is
 bounded but not continuous at the intersection points: X(2) _ 0, when 0 = 2wr,
 r > 1, and X(2) -X -2 as 0 -X 2wr, r = 1, and the vertical displacement is singular at
 the intersection points,

 y(2)(r, 01) ln4 01 + (r-1)2 (3.36)

 as r - 1 and 01 - 0. The components X(2)(1, 01) and Y(2)(1, 01) of the displacement
 vector on the cylinder surface, 0 < 01 < r/2, are depicted in figure 4. The pressure
 p(2) (r, 0) is bounded and continuous. On the cylinder surface, the pressure is given
 as

 p(2) (1 - sin 301 + sin -sin2 20, + -(sin 401 + 2 sin 201l) In(tan 01 /2)

 and is negative close to the intersection points (figure 5).

 Proc. R. Soc. Lond. A (2000)
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 Figure 4. Second-order horizontal X(2) (1, 01) and vertical y(2) (1, 01) components of the displace-
 ment vector on the cylinder surface: 01 = 0 corresponds to the intersection points and 01 = 7r/2
 to the lowest point of the cylinder.

 Within the second-order approximation, the velocity potential q(x, t) on the liquid
 boundary is given in the parametrical form or

 (/x, y,t) = 2 [Y(1)(x,0O)]2t+0?(t2) = 2 4 + 0(t2),

 Y = t2Y(2) (x, 0) + O(t3)

 on the free surface and

 (x t) = -sinOiH(t) + (1 - p(2)(1, 01))t + 0(t2),
 x = cos 01 + t sin 201 + t2X(2) (1, 01) + 0(t3),

 y = -sin 01 + t cos 20 + t2Y(2) (1, 01) + 0(t3),

 along the cylinder surface, r = 1, 0 < 01 < r. It is seen that the velocity potential
 is continuous with respect to the Lagrangian coordinates but not with respect to
 the Eulerian ones. This means that the singularity of the solution at the intersection

 points is of kinematic origin but not of dynamic one. The second-order solution
 demonstrates that the flow pattern close to the intersection points is different from
 that in the main region.

 Proc. R. Soc. Lond. A (2000)
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 Figure 5. Hydrodynamic pressure on the cylinder surface just after the impact: p(l, Oi, t)

 p(2) (1, Oi) as t -+ +0; 01 = 0 corresponds to the intersection points and 01 = 7r/2 to the lowest
 point of the cylinder. Initial pressure is negative on more than one-half of the cylinder area.

 (c) Third-order approximation

 Within the third-order approximation the flow is governed by equations (3.7),
 (3.10), (3.14), (3.17) and (3.19). Equations (3.7) and (3.14) yield

 X _3 lap (3) aX___ _3) _ _p(3) _ - (g3X( )) x(2). (3.37)

 Substitution of (3.37) into (3.10) leads to the following equation for the pressure
 p(3) (()

 A(p(3) + 8X(1)X(2)) = -4 (X(1) Ap(2)).

 Denoting p(3) + 8X(1)X(2) by q3(r, 0), we obtain the boundary-value problem for the
 new unknown function

 Aq3 = 32r-9(5sin30 + 3sinO) (r > 1,w7r 0 < 2wr),

 q3 = 0 (r > 1, 0= r and 0 = 2wr),

 9q3 -28 sin30 - 10sin 5O -18 sin 0- (6cos 30 + 2 cos0O)p(2) - 4 sin 20 cosOp(2)

 (r = 1, r < 0 < 2r),

 q3 0 (r-?oo).

 Proc. R. Soc. Lond. A (2000)
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 It is convenient to present q3 (r, 0) in the form

 q3(r, 0) = 4r-7 sin 30 + 2r-7 sin 0- 2r-7 sin 70 + 2r-3 sin 30 + 6r-1 sin 0 - 4W(r, 0),

 with W(r, 0) being the solution of the following boundary-value problem

 AW=0 (r > 1, r < 0 < 2wr),

 W=0 (r > 1,0 = r or 0 = 2wr),

 O = (3 cos 30 + cos 0) Uo + 2 sin 20 cos OUoo (r = 1, <0 < 27r), j

 WOr (r - o),

 (3.38)

 where U(0) = lq2(1,0). It is seen that aW/ar is singular at the contact points:
 (OW/lr)(1, 0) -(16/7r) ln(tan 01/2) as 01 - 0 or r. The solution of the boundary-
 value problem (3.38) can be found in the form

 00

 W(r, 0) = Bm sin[(2m + 1)01]r-(2m+l),
 m=O

 where
 2 _ _ _

 Bm = --(2m + 1)-1 (1, 01) sin[(2m? + 1)01] dOl.

 The functions W(r, 0), q3 (r, 0) and p(3) (r, 0) are bounded and continuous in the flow
 region, r ? 1, r < 0 ? 2wr, which follows from the asymptotic formula

 B 48 ln(2mn + 1). + O(mn2)
 m 72 (2m + 1)2

 as m -? oc. But their first derivatives are singular at the contact points. The hor-

 izontal displacement of the liquid particles of the free surface, ( > 1, Tj = 0, is not
 zero in the third-order approximation

 X (3) (0)= 2 y(2)((,0)

 and is unbounded as ( -?1. The vertical displacement y(3) ((, 0) of the free surface
 is given by

 y(3)(~, 0) 1 1~)32 00
 y(3()=__ 1+_ __) 2 EZ Bm(2m + 1)-2m.

 m=O

 The functions X(3)((, 0) and Y(3)((, 0), where ( > 1, are depicted in figure 6 and the
 pressure p(3) (1, 01) along the cylinder surface, 0 < 01 < w/2, in figure 7. It is worth
 to notice that up to the third-order approximation the pressure is bounded.

 4. The liquid flow close to the intersection points

 In the problem considered in ? 3 it was assumed that the liquid particles, which were
 originally attached to the cylinder surface, can move along it only. The assumption

 Proc. R. Soc. Lond. A (2000)
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 Figure 6. Third-order horizontal x(3) (t, 0) and vertical y(3) (t, 0) displacement of the liquid
 particles on the 'outer' free surface, ( > 1. Both displacements are unbounded at the intersection

 point.

 leads to the unrealistic conclusion that the displacements of the liquid particles at the

 intersection points ( = ?1, 77 = 0 are unbounded. This implies that the assumption
 is not valid close to the intersection points, where separation of the liquid particles
 from the cylinder surface occurs. The positions of the separation points have to be
 determined together with the liquid flow and the pressure distribution.

 Within the framework of the initial-value problem (2.4)-(2.14) the asymptotic
 solution derived in ? 3 has to be considered as the 'outer' solution (Vinje 1994).
 The 'outer' solution indicates that the liquid flow close to the intersection points
 is different from that in the main region and separation effects have to be taken
 into account. In order to avoid difficulties with formulation of separation conditions,
 assumption (iii) is employed. This assumption implies that the separation points do
 not move relative to the translating cylinder. Liquid particles on the body surface,
 which are initially close to the separation points, can leave the body surface after
 the motion starts. These particles form the 'inner' free surfaces, which were absent
 at the initial moment.

 Only the vicinity of the right-hand side separation point is considered below due

 to symmetry of the flow. It is convenient to introduce the angle O, (t) such that
 the liquid particles, which are initially on the cylinder surface within the range of

 2wr - O(t) < 0 < 2wr, belong to the 'inner' free surface at instant t. The function 0,(t)
 is unknown in advance and has to be determined from equation (2.12) together with
 the liquid flow and the pressure distribution. If the separation condition is different

 Proc. R. Soc. Lond. A (2000)
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 Figure 7. The time-derivative of the hydrostatic pressure on the cylinder surface at

 the impact instant, (&p/&t) (1, 01, 0) = p(3) (1, 01).

 from that used in the present analysis, equation (2.12) has to be changed but other
 equations and the 'outer' solution retain their forms.

 It is clear that Oc(O) = 0 and O,(t) is small at the initial stage of the flow. This
 indicates that the flow characteristics near and away from the separation points
 are different and have to be described in different ways. The method of matched

 asymptotic expansions can be used to provide the approximate solution for both the
 flow and the pressure in the liquid domain. The 'outer' asymptotic solution of the
 problem is given in ? 3. This asymptotics is not valid close to the separation points,
 where 'inner' stretched variables and new unknown functions have to be introduced.

 The peculiarity of the method is connected with matching the solution in the 'outer'
 region with that in the 'inner' region, which allows us to determine the correct way
 of 'stretching' the inner variables and the unknown functions.

 The second-order approximation of the 'outer' solution predicts that

 p(2)(( 77) ,v 40i ln(02 ? (r- 1)2), y(2) (r -1)2) p(2 I In~ - In( ?( ))

 as 02 + (r - 1)2 -?0. These formulae demonstrate that the 'inner' variables A, A, and
 the new unknown functions near the right-hand side intersection point have to be
 introduced as follows:

 t =rcos0, 71 = rsin0, 0 = 2wr-01,

 01 = -OC(t)t,u r = 1 + Oc(t)A, (4.1)

 Proc. R. Soc. Lond. A (2000)
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 X + tX(Z)(() + t2 In 0,Z(A, ,u, t) Z = (Z1, Z2), (4.2)

 p = p(l) (()(t) + OS in O,Q(A, Mt t), (4.3)

 X X(') ()H(t) - It(X(l))2 + tOcInOcO(A,pi t), (4.4)

 where the small quantity Oc(t) determines the dimension of the 'inner' region, which
 is a function of time. The flow region within the 'inner' variables corresponds to the
 quarter of plane A > 0, t < 0.

 Substitution of (4.2) into (2.12) leads to the following equation for function Oc(t)

 sinOc = t(1 +cos20c) +t2lnOcZ2(0,-1,t), (4.5)

 which gives Oc(t) = 2t + O(t2 ln t) as t - 0.
 According to the method of matched asymptotic expansions, we assume that

 the new unknown functions Z(A, ,u, t), Q(A, A,u t), ( (A, /l, t) and the first derivatives
 aZ1&A, aZiay, aZ2&A and aZ2&a are bounded as t - 0, where A > 0, ,u < 0.
 Substituting (4.1)-(4.5) into (2.5), (2.8) and (2.9) and letting t - 0, we obtain to
 the leading order

 az1 + az2 ' (4.6)
 aA af

 S[Z] = aa ( + 2 Z2) (4.7)
 Q = -S[? + -Z2] (A> 0,?u < 0), (4.8)

 where terms of O(t ln t) and higher are omitted, S is the differential operator, S[f] =
 AfA + tf1, - af, a = 2-c, e = -1/ ln Oc, e> 0 and e <K 1 as t - 0. It is important to
 note that if the separation condition is different from (2.12) but tOc = Oc [1 + O(t ln t)]
 as t - 0, which means that the separation points are not fixed now with respect to
 the cylinder surface but travel along the surface at a constant velocity from their
 initial positions, then equations (4.6)-(4.8) are still valid but the expression 0 + 2 Z2

 in (4.7) and (4.8) has to be changed for 0 + (t/Oc(t))Z2.
 The matching condition for the 'outer' solution (3.1) and the 'inner' solution (4.2)

 provides

 Z -EX(2) ([1 + OcA] cos(OcAt), [1 + OcA] sin(OcAt)) (4.9)

 as t - 0, A2 + A2 -? oc but 2O(A 2 + A2) - 0. Condition (2.10) on the 'outer' free
 surface, A > 0, At = 0, and equation (4.8) yield

 (A -a) ( + 2 Z2) = 0

 The general solution of this differential equation is

 ?+ 2Z2 = DiAa

 For an arbitrary constant D1 7& 0 the solution is unbounded as A - oc, which
 contradicts the matching condition (4.9). Therefore, D1 = 0 and

 O(A,0,t)-- - Z2(A, 0, t) (A > 0). (4.10)

 Proc. R. Soc. Lond. A (2000)
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 Equations (4.7) and (4.10) give

 (A A- a Zi =0 (A> 0,,u= 0),

 which together with the matching condition (4.9) provides

 Z1 = 0 ( = 0, A > 0). (4.11)

 On the 'inner' free surface, A = 0, -1 < , < 0, the boundary condition (2.10) and

 equations (4.8) and (4.7) yield

 (/1t la (O + 2Z2) = Oi (/-t -a) Z2= (+Z2)1

 which gives

 Z2 = Clall| + C21Ata (A = 0,-1 < < 0), (4.12)
 and

 0 = C (a-b) ,1a- Z2 (O A, t) (A = O,-1 < A< ), (4.13)

 where b = a - 1 and the constants C, and C2 have to be determined from the
 condition that the 'inner' solution is bounded.

 Substituting (4.2) into the boundary condition (2.11) on the wetted part of the
 cylinder surface and taking (3.15) and (3.16) into account, we find

 Z, = _eX(2) (1,27r + O0,u) (A = 0, ,< -1), (4.14)

 where terms of the order 0(t) and higher are omitted.
 Equation (4.7) gives

 (Sa +Ha -b) (1_aZ2)=o

 which with the help of (4.9) leads to the equation

 azl _ aZ2 = 0 (A > O,A < O). (4.15)
 amu aA

 Equations (4.6) and (4.15) imply that the functions Z1(A,,1,t) and Z2(A,,1,t) are
 harmonic in the flow region. The time t is the parameter now.

 The boundary condition (4.14) and the matching condition (4.9) show that it
 is convenient to introduce new functions u(A, ,u,t) = Zi + EX(2) and v(A,,u,t)

 -Z2 _y(2). Equation (3.22) gives

 aX(2) ay (2) aX(2) ay (2)
 ?+ O(t) and 8At= O(t) as t -XO

 and A2 + A2 = 0(1). Therefore, the complex function w(() = u + iv of the complex
 variable ( = A + i,u is analytical in the flow region, A > 0, At < 0, decays as 1 X oc
 and satisfies the following boundary conditions,

 u = P (,c = , A > S or A = 0, 0 <)-1), (4.16)

 v = -f (,) (A = 0, -1 < ,uL < O), (4.17)

 Proc. R. Soc. Lond. A (2000)

This content downloaded from 132.236.27.217 on Sat, 27 Aug 2016 15:42:14 UTC
All use subject to http://about.jstor.org/terms



 2508 A. A. Korobkin and G. X. Wu

 where

 f(A) = Ey(2)(1, 27r + ?O ) + Cialulb + C2la

 In conditions (4.16) and (4.17) terms of the order O(tInt) are omitted. With the

 same accuracy the term EY(2) (1, 2ir + Oc,u) can be replaced in the formula for the
 function f(u) by its asymptotics as t X 0

 Yy(2)(1, 2r + ?c,u) Aln j,u -B + O(t/lnt), (4.18)
 4 4 In 16 2

 A =-, B -?+cB*, B* =n ---2 (4.19)
 ir Fr 7r 37r

 which follows from (3.35) and (3.36). Correspondingly,

 f(V) = Cialylb + C2ta?+AlnA I -B

 within the order of accuracy under consideration.

 The pressure distribution Q(0, u, t) along the cylinder surface, A 0, ,u < -1, is
 given by

 Q(0 pi t) = t2 +8A ?2aMZ2

 2C, ~~~~~(4.20) + a(l + a) X,Z2(0, MO, t) do + 2a21 + a(C2-bC0),

 Z2 (0, P, t) =-v(0, [Li t) + B -A In luLIJ

 and is continuous at the separation point, A = 0, At -1, only if the function

 v(0, u, t) and its derivative (av/lat)(0, ,, t) are continuous at this point.
 The regular solution of the mixed boundary-value problem (4.16) and (4.17) for

 the analytical function w(() has the form

 w(4 = 2 1 (T)d ) (4.21)

 where

 F (T) =f (-\/ (I -T)/2), , = 2(2 + 11
 and

 2 ~W21

 where

 A > 0 =0, VW I-i ,1
 where

 A = 0 -1 < <0, VW- ,W
 where A 0, At K-1.

 Solution (4.21) describes the finite displacements of the liquid particles in the

 'inner' region, which decay as I( oc, if and only if

 J F(T) dT

 Proc. R. Soc. Lond. A (2000)
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 This equation can be rewritten with the help of the substitution T= cos 2qo, 0 < qo <
 7r/2, as

 {7r/2

 f (- sin po) dpo = 0

 and leads to the following equality

 F(1 - c/2) ?, ciF(3/2 - c/2)
 Cla F(3/2-E/2) + k2 F(2 - E/2) = x/F(A ln 2 + B), (4.22)

 where F(z) is the gamma-function.

 Equations (4.20) and (4.21) show that the pressure Q(A, ,u, t) on the cylinder sur-
 face is bounded if and only if the derivative v,, (0, ,u, t) is bounded at the separation
 point, ,u -1. The function v(0, ,u, t), At < -1, can be rewritten in the parametrical
 form

 11 F(T)dT

 that follows from (4.21). We obtain

 2 t ) f1 F(T)-F(-1) dT
 V (0,At, t) ~I At At1 T-?2I 1-T f(-I) (A< -1),

 which shows that v(0, ,u, t) is a continuous function of At and the derivative v,.(0, ,u, t)
 is bounded at the separation point only if

 J1F(T)-F(-1) dT 0

 J?T 1-T 02
 This equation yields

 jo [f (-sin -f (-1)] 0 + cos2W =

 and after manipulations

 F(1 - c/2) F32- c/2) -(.3 ClabF(3/2 -/E/2) + C2a F(2 - c/2) ) = A (4.23)
 Equations (4.22) and (4.23) determine the constants Ci and C2 as

 Ci = avL(E)[B+A(-+ln2)1, C2 L()[B+AQ +? n2)1,
 (4.24)

 where L(e) = F([3 -E]/2)/F([2 - E]/2). It is important to note that with the con-

 stants Ci and C2 given by (4.24) the functions Z(A,At,t), Q(A,At,t) and O(A,At,t)
 are bounded throughout the 'inner' region. The derivatives aZi8A, aZ1At, aZ28a\
 and aZ2&At are bounded everywhere except the corner points A = 0, At = 0, which
 are referred to as the tip of the spray jet. This implies that the constructed 'inner'
 solution is not valid close to the jet tip. We do not consider here the fine structure

 Proc. R. Soc. Lond. A (2000)
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 of the flow near the jet tip. We expect that this small vicinity gives a negligible
 contribution to both the flow in the 'inner' region and the shape of the 'inner' free
 surface sufficiently far from the jet tip.

 Equations (4.2), (4.12) and (4.5) provide the vertical coordinate of the liquid par-
 ticles of the 'inner' free surface

 y = sin(Oc,u) + t cos(20c,u) + t2 lnOc[Cialy lb + C21I,a] + O(t3 In2 t)

 (-1 <At < 0), (4.25)

 where Oc = 2t + t2 ln(2t) (Cia + C2) + O(t3 In2 t). Formula (4.25) can be rewritten in
 the parametrical form

 y =-sin(Oc sin S?) + t cos(20c sin ) - t26-l [Cla sinb S + C2sin%o] + O(t3ln2t),
 (4.26)

 where ,u -sin s and 0 < S? < ir/2.
 The horizontal coordinate x(0, ,u, t) of the liquid particles of the 'inner' free surface,

 -1 < , < 0, can be found from (4.2) and (4.21) as

 X 1 - 2t2(1 ? t)2 _ t2E-1u(O, P) + O(t3 In2 t), (4.27)

 where

 1 ~~~~1 F (T) dl-
 (0, , t) = V l- T(2 VT ,, (171 < 1)T

 It is convenient to rewrite the last equation in the parametrical form

 u -sin 24[Clall(b, s) + C2T1(a, co)] + A(o - ir/2), u =- sin p (0 < S? < 7r/2),

 Hl(b, so) [r/2 sin ' 0- sinb' dO.
 w JO sin 20-sin 2p

 In particular, we obtain a = 2 and b= 1 for c = 0 and

 H(11p) - ln(tanp?/2), H(2,1o)= 1
 ir Cosp~

 It is seen that the 'inner' solution u(O, ,u t) provides the main contribution to the
 horizontal coordinate x(0, u, t) and changes the vertical shape of the 'inner' free
 surface, which is predicted by the 'outer' solution, just slightly.

 The shape of the 'outer' free surface, t = 0, A > 0, is given outside the jet tip by
 the following equations,

 x = + O(t3 In2 t), y = t(-2 + t2G(t, t) + O(t3 In2 t) ( > 1), (4.28)

 where

 2
 G(j, t) --- A/2 ?1[CiaM(b, A) + C2M(a, A)] + B*

 IrE

 7r P. 2R+ A . Soc. Lorid I2

 Proc. R. Soc. Lond. A (2000)

This content downloaded from 132.236.27.217 on Sat, 27 Aug 2016 15:42:14 UTC
All use subject to http://about.jstor.org/terms



 Impact on a floating circular cylinder 2511

 0.06

 xx-x ,A A d?IS 6 d d"o- 6 6 d dolb I

 0.04

 0.02~~~~~~~~

 -0.02-

 -0.06

 0.995 1.0 1.005 1.01

 x

 Figure 8. The shape of the liquid free surface (solid line) close to the separation point at initial

 stage of the impact. Position of the cylinder (thick line) is shown at instant t = 0.05, when

 0, = 0.1. Initial level of the liquid is shown by the broken line. Numerical results obtained by
 the boundary-element method are shown by crosses and those by the finite-difference method

 are shown by circles.

 > = ((-l)/0c M(b )v) = X Z2sinb p dp
 A 1)/O, M(b, A) A2 +sin2 S'

 and y(2) ((, 0) is given by (3.34). The velocity potential q(x, y, t) along the 'outer'
 free surface is given in the parametrical form as

 +24 ? 2tOcG(x, t) ? O(t3 1n2 t).

 It should be noted that equations (4.26) and (4.28) provide the approximation of the
 free surface shape, which is not valid close to the jet tip. The 'outer' free surface in
 the leading order moves only vertically, which follows from (4.28). This may be not
 correct for a vicinity of the jet tip.

 The free surface shape close to the separation point is shown at t = 0.05 in figure

 8 by the thin solid line. The thick line is for the surface of the entering cylinder,
 and the broken line for the initial position of the liquid free surface. The problem
 of the floating cylinder impact was studied numerically by the boundary-element
 method (crosses) and by the finite-difference method (circles). It is seen that the
 first method gives a better agreement for the upper part of the free surface shape
 but the second one (B. E. Protopopov, personal communication, 1999) gives a better
 agreement for the lower part, which is closer to the separation point. The separa-
 tion condition (2.12) was incorporated into both numerical algorithms. Within the
 boundary-element method the free surface was divided into 'inner' and 'outer' parts.

 Proc. R. Soc. Lond. A (2000)
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 Remeshing was applied separately in these two parts to avoid the jet tip to be rounded
 by remeshing. Calculations were performed with time-steps 0.001 and 0.0005. The
 corresponding shapes of both the 'inner' and the 'outer' free surfaces were found to
 be very close to each other. In particular, the jet tip is close to x = 1.0 as predicted
 by the analytical solution.

 Although it is not provided in the figure, comparison between the analytical solu-
 tion and the numerical result has been made for the force at t = 0+, and good
 agreement has been found. It should also be pointed out that numerical simulation
 is not limited to small time and the calculation can carry on to large time. Care is
 needed, however, when the tips of the jets from both sides meet. They will collide
 to form two new jets: one moving up and the other moving down. The collision is
 similar to that when a jet hits a solid wall. The boundary element method can deal
 with this collision and follow the motion of the newly formed jets until that jet mov-
 ing downwards hits the cylinder. The numerical simulation is in fact quite similar to
 that of Greenhow (1988). But all these are not the main concern here, as the purpose
 of this paper is to provide some understanding of the inner free surface at the early
 stage of the impact, through an analytical solution. This information has made some
 suitable treatments possible in the numerical codes and has played an essential in
 the development of the numerical codes.

 In order to get more information about the flow close to the separation point, we
 consider the leading terms of the 'inner' asymptotics of both the free surface shape
 and the pressure, which can be obtained by taking e = 0 in (4.21). In the leading
 order the shape of the 'inner' free surface is given approximately by

 8t2 x 1 +-,u (ln [ V; ] + ) '

 y t(1 + 2,u) +-A(' + A) (-I < ,u < 0),

 and the shape of the 'outer' free surface by

 4t2 ([ 2 ?1?1 2+ Ii~ A0

 Y 7re ( [-2 + 2 + 1) +

 The pressure Q(0, b, t) on the cylinder surface, ,u < -1, is given by

 8
 Q (o PIt)~ 8 ,//L

 which follows from (4.20) with e = 0. The 'inner' pressure matches the 'outer' pres-
 sure distribution p -, (8t/irE)I,uj as u -X -oo. On the other hand, the practical
 importance of the obtained formulae with e = 0 is not clear because the parameter e
 cannot be treated as being very small. For example, at the time instant t = 0.05, for
 which the free surface shape is depicted in figure 8, we obtain Oc = 0.1 ande = 0.434.

 The 'inner' solution, in contrast to the 'outer' one, predicts finite displacements of
 the liquid particles close to the intersection points. Both the 'inner' and the 'outer'
 hydrodynamic pressures are negative there.

 5. Conclusion

 At the initial stage of floating-body impact it is advantageous to use the Lagrangian
 approach and the Weber variables to determine the peculiarities of the liquid flow.

 Proc. R. Soc. Lond. A (2000)
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 Impact on a floating circular cylinder 2513

 The semi-submerged circular cylinder is one of the simplest shapes of a floating
 body, but some more complicated problems can be reduced to that for the circular

 shape by conformal mapping within the Lagrangian coordinates. It was mentioned

 by Lamb (1932) that after the conformal mapping, equations (2.8) and (2.9) retain

 their forms but the right-hand side of the continuity equation (2.5) would be more

 complicated and mapping dependent. The boundary condition on the floating-body

 surface has also to be changed accordingly. We expect that the separation condition

 will be different from that used in the present analysis if the angle between the body

 surface and the free surface at the intersection points is different from 7r/2. The latter
 case was treated numerically by Greenhow (1988), who studied the impact problem
 of a floating circular cylinder with the initial position of its centre being above or

 below the mean free surface.
 Direct contribution of the 'inner' pressure to the hydrodynamic force on the float-

 ing body is estimated as O(t3 Int), which follows from (4.3). The first-order 'inner'
 solution, which is introduced to correct the second-order 'outer' solution close to
 the intersection point, in turn influences the higher-order 'outer' solution. Equations
 (4.2), (4.21) and (4.22) indicate that additional terms of O(t41nt) as t -? 0 and
 higher will appear in the 'outer' solution (3.1) for the Eulerian coordinates x(t, t) of

 the liquid particles. We expect that the forms of the 'outer' solutions for the pres-

 sure and the velocity potential have to be also respectively modified. The problem
 of higher-order approximations which are uniformly valid throughout the flow region
 requires further attention in connection with the question raised by Vinje (1994)
 about the initial asymptotics of the hydrodynamic force on the floating cylinder.

 The gravity effects can be incorporated into the present analysis. It can be easily

 established that the first-order 'outer' solution is independent of the gravity force
 and the second-order 'outer' solution taking account of the gravity is a combination
 of the first- and the second-order 'outer' solutions obtained in this paper without

 accounting for the gravity effects. The third-order 'outer' solution with gravity being
 taken into account is not trivial and requires additional analysis. The 'inner' solution

 derived here does not change even when the gravity effects are included.

 This study was carried out within the project 'Nonlinear Plane Problem on Water Impact'

 supported by The Royal Society of London. A.A.K. is thankful also to the Siberian Branch of

 the Russian Academy of Sciences for the financial support during the first year of the project.
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