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The hydrodynamic loads during the water entry of a flat plate are investigated. Initially the water is
at rest and the plate is floating on the water surface. Then the plate starts suddenly its vertical
motion. The analysis is focused on the early stage during which the highest hydrodynamic loads are
generated. The liquid is assumed ideal and incompressible; gravity and surface tension effects are
not taken into account. The flow generated by the impact is two dimensional and potential. The
penetration depth is either a given function of time or calculated by using the equation of the body
motion. A theoretical estimate of the loads during the early stage of the water impact is derived with
the help of the method of matched asymptotic expansions. The ratio of the plate displacement to the
plate half-width plays the role of a small parameter. The second-order uniformly valid solution of
the problem is derived. In order to evaluate the hydrodynamic loads, the second-order pressure
distribution is asymptotically integrated along the plate. It is shown that the initial asymptotics of the
loads involve a logarithmic term and a negative noninteger power of the nondimensional plate
displacement, the latter contribution is related to the inner solution. In addition to the theoretical
estimate, a numerical model of the unsteady free-surface flow generated by plate impact is
developed. The hydrodynamic loads are numerically evaluated and compared to their asymptotic
estimates. A fairly good agreement between the theoretical and numerical predictions of the
hydrodynamic loads just after the impact has been found. In the case of constant velocity of the
body, it is shown that the relative difference between the theoretical and numerical predictions of the
hydrodynamic force is less than 5% when the nondimensional plate displacement is one-fifth and
rises to 20% when the nondimensional plate displacement is equal to unity. Similar results are found
in the free fall case when the comparison is established in terms of hydrodynamic loads. The
theoretical and numerical predictions are remarkably close to each other, even for moderate
displacements of the plate, if the comparison is established in terms of the entry velocity.
© 2008 American Institute of Physics. �DOI: 10.1063/1.2970776�

I. INTRODUCTION

The sudden vertical motion of a two-dimensional plate
initially floating on a still liquid surface is studied with at-
tention primarily focused on the evaluation of the hydrody-
namic loads. A motivation for this activity stems from the
difficulties that the potential flow solvers have in simulating
the very initial stage of the plate impact, in terms of both the
free-surface dynamics and pressure fields. Accurate treat-
ment of the initial impact stage, despite its short duration, is
important because the highest hydrodynamic loads occur
during this stage. The idea is to derive initial asymptotic
estimates of the loads acting on the moving plate and to use
them during the early stage until the numerical results be-
come reliable.1

The vertical water entry of a circular disk at low Froude
numbers was analyzed experimentally by Glasheen and
McMahon.2 Their study was mainly concerned with the mea-
surement of the cavity drag, that is, the hydrodynamic loads
acting on the disk in a late stage during which the initial

unsteadiness of the flow is over. This problem was also stud-
ied by Gaudet,3 who developed an unsteady flow solver and
computed both the free-surface flow and the resulting loads
up to the cavity closure. The initial stage of the plate impact
was not studied.

The plate impact problem was theoretically analyzed by
Oliver4 for constant entry velocity. The boundary value prob-
lem for the local flow close to the plate edge was formulated
and two possible free-surface morphologies were conjec-
tured. In the light of the experimental results by Yakimov,5

the solution characterized by a humped free-surface shape
was considered as more realistic. The difficulties related to
the flow singularity at the plate edge were highlighted.

A detailed study of the initial flow generated by impact
of a two-dimensional flat plate was presented by Iafrati and
Korobkin.6 The study was carried out under the assumptions
that no air is entrained at the plate-liquid interface, that the
plate velocity is constant, and that the liquid flow is planar,
symmetric, and potential. Both surface tension and gravity
were not taken into account and the liquid was assumed ideal
and incompressible. The method of matched asymptotic ex-
pansions was used to obtain the leading-order solution of the
problem when the nondimensional time tends to zero. The
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outer solution was presented in a form of a small-time ex-
pansion. It was shown that the first-order outer solution has a
singular behavior at the plate edge. In order to derive a uni-
formly valid solution, the inner problem was formulated un-
der a suitable set of stretched variables.4 The inner solution,
valid in a small vicinity of the plate edge, was properly
matched with the leading-order outer solution. The inner so-
lution, which was shown to be nonlinear and approximately
self-similar for small times, was numerically derived through
an iterative procedure until convergence was achieved. The
computed free-surface tangentially leaves the plate edge,
forms a jet, and approaches the outer solution in the far field.
The obtained results were in fairly good agreement with the
experimental data of Yakimov5 in terms of the free-surface
shape. However, the leading-order solution of the plate im-
pact problem does not accurately provide the hydrodynamic
loads immediately after impact.

In the present study the method of matched asymptotic
expansions is used to derive the second-order initial asymp-
totics of the pressure distribution and hydrodynamic loads
acting on the plate. The nondimensional plate displacement h
plays the role of a small parameter with the half-width L of
the plate being the length scale. It is assumed that surface
tension effects, gravity, and liquid compressibility are negli-
gible, that the fluid is ideal, and that no air is entrapped
between the plate and the water surface. Iafrati and
Korobkin6 discussed the ranges of validity of these assump-
tions. They showed that the surface tension effects matter in
the region of the jet produced by the impact but do not affect
significantly the flow in the main region. Gravity can be
neglected during the initial stage when h�V0

2 / �gL�, where g
is the gravitational acceleration and V0 is the initial velocity
of the plate. A careful analysis of the role played by com-
pressible and viscous effects was presented in Appendix A by
Iafrati and Korobkin.6 It was shown that acoustic effects mat-
ter during the very early stages, the duration of which was
estimated as O�L /c0�, where c0 is the speed of sound in the
liquid at rest. The acoustic stage is much shorter that the
stage under consideration in the present study. An estimate of
the role played by the viscous effects was done a posteriori
and it was shown that they are negligible for impact veloci-
ties of practical interest.

The second-order outer solution is derived in analytical
form and matched to the first-order inner solution. A similar
approach was used by Korobkin7 and Oliver8 within the con-
text of second-order Wagner theory. Along with the theoret-
ical analysis, a numerical model able to describe the fully
nonlinear and unsteady free-surface flow generated by the
plate impact is developed. The model is based on a mixed
Eulerian–Lagrangian approach that makes use of a boundary
integral representation of the velocity potential. A suitable jet
model is applied to describe the flow inside the thin jets
developing about the plate edges. The leading-order initial
solution6 is used to start the numerical calculations.

The asymptotic estimates and numerical results are com-
pared in terms of pressure distribution and total hydrody-
namic force for constant velocity of the plate. A fairly good
agreement is achieved for small nondimensional plate dis-
placement. The comparison is further extended to cases in

which the entry velocity is governed by the equation of body
motion. Theoretical and numerical predictions exhibit a
fairly satisfactory agreement in terms of both hydrodynamic
force and entry velocity.

II. THEORETICAL ESTIMATE OF THE
HYDRODYNAMIC LOADS IN THE EARLY STAGE

A. Mathematical formulation of the problem

Initially the liquid is at rest and occupies a lower half-
plane �y��0�. A plate of breadth 2L is placed on the free
surface �Fig. 1�. The prime denotes dimensional variables. At
t�=0, the plate starts to penetrate liquid vertically with initial
velocity V0.

Nondimensional variables are used below. The half-
width of the plate L is taken as the length scale, V0 as the
velocity scale, and L /V0 as the time scale. In the nondimen-
sional variables the flow generated by the plate impact is
described by the velocity potential ��x ,y , t�, the initial
boundary value problem for which has the form

�xx + �yy = 0 in ��t� , �1�

�y = − ht ��x� � 1, y = − h�t�� , �2�

�t + �x�x = �y ��x� � 1, y = ��x,t�� , �3�

2�t + �x
2 + �y

2 = −
2

Fr2� +
2

We2

�xx

�1 + �x
2�3/2

��x� � 1, y = ��x,t�� , �4�

���1,t� = − h�t�, �x��1,t� = 0, �5�

��x,0� = 0, ��x,0,0� = 0, h�0� = 0, ht�0� = 1, �6�

� → 0 �x2 + y2 → 	� . �7�

Here h�t� is the nondimensional penetration depth of the
plate. Equation y=��x , t� describes the free-surface elevation
and

Fr =
V0

�Lg
, We = V0�
L

�
�8�

are the Froude and Weber numbers, respectively. In Eq. �8�,
g is the acceleration due to gravity, 
 is the liquid density,
and � the surface tension coefficient. Equations �3� and �4�,

S
S

S
B

S
S

x

y

1−1

FIG. 1. Sketch of the problem and of the notation adopted.
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which are the kinematic and dynamic boundary conditions,
are nonlinear. They are imposed on the actual position of the
free surface. The liquid domain ��t� is bounded from above
by the moving plate, in which the body boundary condition
�2� is assigned, and by the free-surface shape which should
be determined as part of the solution. In Eqs. �2� and �6�,
ht�t� is the entry velocity of the plate, which can be either a
given function of time or calculated as part of the solution by
using the equation of the body dynamics. In the following,
the nondimensional penetration depth of the plate h�t� is as-
sumed to be a given positive function of time with h�0�=0,
ht�0�=1, and finite second derivative htt�t�.

Equation �5� states that the free surface is attached to the
plate edges and leaves them tangentially at any time. As was
also conjectured by Oliver,4 such additional constraints drive
the solution toward a physically acceptable free-surface
shape. Equation �4� indicates that gravity effects can be ne-
glected at the impact stage, when h�Fr2. Numerical studies6

suggest that the surface tension effects are relevant in the jet
region and give only a small contribution to the flow and
pressure distribution in the main flow region.

Once the velocity potential has been derived, the nondi-
mensional hydrodynamic pressure p�x ,y , t� is obtained as

p�x,y,t� = − �t −
1

2
����2 −

1

Fr2 y , �9�

integration of which along the plate surface provides the total
nondimensional force acting on the plate

F�t� = �
−1

1

p�x,− h�t�,t�dx . �10�

The scale of the pressure is 
V0
2 and the hydrodynamic force

scale is 
V0
2L. The third component in Eq. �9� provides the

buoyancy contribution 2h /Fr2 to the force.

B. Second-order velocity potential in the main
flow region

With the aim of deriving an estimate of the vertical force
acting on the plate in the early stage of the impact, the solu-
tion to the boundary value problems �1�–�7� is sought in the
form of the asymptotic expansion with respect to the nondi-
mensional plate displacement h, which plays the role of
small parameter

��x,y,t� = ht�t��0�x,y� + h�t�ht�t��1�x,y� + o�h� ,

�11�
��x,t� = h�t��0�x� + h2�t��1�x� + o�h2� .

The boundary value problems for the first- and second-order
velocity potentials �0�x ,y� and �1�x ,y� are obtained by sub-
stituting expansions �11� into Eqs. �1�–�7� and collecting
terms of the same order of magnitude as h�t�→0. The com-
plex velocity potentials of first and second orders are ob-
tained as

w0�z� = i�z − �z2 − 1�, w1�z� =
1

2
�dw0

dz
�z�	2

+
iC0�t�
�z2 − 1

,

respectively, where z=x+ iy and wn�z�=�n�x ,y�+ i�n�x ,y�,
for n=1, 2, and where �0�x ,y� and �1�x ,y� are the
stream functions of first and second orders, respectively, as
h�t�→0. The last term in the second-order complex velocity
potential represents the eigensolution of the mixed boundary
value problem for Laplace’s equation in the lower half-plane.
Here C0�t� is a real arbitrary function of time.

The first- and second-order complex velocity potentials
provide the second-order velocity potential along the plate as

��x,0,t� = − ht
�1 − x2 +

hht/2
1 − x2 − hht −

hhtC0�t�
�1 − x2

+ o�h� ,

�12�

where �x��1, y=0. It is seen that the second-order velocity
potential �12� is unbounded at the plate edges, x= �1. In
order to derive a uniformly valid initial pressure distribution
along the plate, an inner solution of the plate impact problem
has to be derived and matched with the second-order outer
solution �12�.

C. Inner solution for varying velocity of the plate

An inner solution is derived by using the stretched
variables6

x = 1 + a�t�u, y = a�t�v, ��x,t� = a�t��u,t�,
�13�

��x,y,t� = �2a1/2ht��u,v,t� ,

where a�t�= �Bh�t��� is a stretching function and ��u ,v , t� is
the inner velocity potential. The exponent � should be as-
signed in such a way that the linear and nonlinear terms are
comparable in the inner region as h→0. In the inner vari-
ables �Eq. �13��, the dynamic boundary condition �4� reads

�2

2
a1/2atht

−1� + �2a3/2httht
−2� + �2a3/2ht

−1�t

+ �2a1/2atht
−1�− u�u − v�v� + ��u

2 + �v
2� = 0,

which indicates that the linear and nonlinear terms in this
equation are of the same order of magnitude as h→0 if and
only if �=2 /3. It is convenient to take B=3 /�2. Then, with
the stretching function

a�t� = � 3
�2

h�t�	2/3
, �14�

the dynamic condition on the inner free-surface takes the
form

� + 3httht
−2h� + 3ht

−1h�t − 2�u�u + v�v� + ��u
2 + �v

2� = 0.

By proceeding in a similar way with Eqs. �1�–�3� and
�5�–�7�, we arrive at the boundary value problem with re-
spect to the inner velocity potential

�uu + �vv = 0 in � , �15�
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�v = −
B1/3

�2
h1/3 �v = 0, u � 0� , �16�

� − 2�u�u + v�v� + �u
2 + �v

2 = −
3h

ht
��t + htt�� , �17�

 − �uu + vv� + �uu − �v = −
3h

2ht
t �v = �u,t�� , �18�

�0,t� = − B−1/3h1/3, u�0,t� = 0, �19�

� → �r sin �/2 as r = �u2 + v2 → 	 , �20�

where � is the angular coordinate, u=r cos �, and
v=r sin �. Equation �20� is obtained by enforcing matching
between the outer limit of the inner solution and the inner
limit of the outer solution. The Kutta condition �19� implies
that we are searching for a solution in which the free surface
is tangentially attached to the plate edges.

To leading order as h→0, the right-hand sides of Eqs.
�16�–�19� can be approximately neglected provided that hhtt

also tends to zero. The resulting boundary value problem is
identical to the leading-order inner problem derived by
Iafrati and Korobkin6 for the case of the plate entering water
at a constant velocity. The solution of the latter problem is
self-similar and nonlinear with the free-surface shape being
unknown in advance. This solution was obtained
numerically.6 It was shown that in the far field, the inner
velocity potential along the plate behaves as

� = − �r +
C1

�r
+

1

12r
+ o�r−1� , �21�

where r→	 and �=−�. The coefficient C1 in the far field
asymptotics �21� was evaluated as a part of the inner solution
and was found to be approximately −0.4182.

In the outer variables, the far field asymptotics �21� take
the form

� = − ht
�2�1 − x + �2

a�t�C1ht

�1 − x
+

hht

4�1 − x�
+ o�h� ,

and matches the outer solution �12� provided that

C0�t� = 2a�t��C1�/h . �22�

Therefore, the second-order outer velocity potential along
the plate reads as

� = − ht
�1 − x2 +

hht/2
1 − x2 −

h2/3htC̃0

�1 − x2
− hht + o�h�

�23�
��x� � 1, y = 0� ,

where C̃0=62/3�C1�
1.38. Note that the third term in Eq.
�23� is governed by the inner solution. This term gives im-
portant contribution to the distribution of the hydrodynamic
pressure along the moving plate.

D. Pressure distribution and hydrodynamic force

The pressure distribution in the main part of the plate
surface can be obtained by substituting Eq. �23� into Eq. �9�

p�x,− h,t� = htt
�1 − x2 + ht

2 −
ht

2

1 − x2

+
2

3
C̃0ht

2h−1/3 1
�1 − x2

+ o�1� , �24�

where terms which tend to zero as h→0 are shown as o�1�
and the plate displacement is accounted for. It is worth no-
ticing that the terms of order hhtt were neglected in Eq. �24�
compared to the terms of the order of ht

2 as h→0.
Equation �24� indicates that the pressure distribution is

singular as h→0 and/or x→1. The first term in Eq. �24� is
the added mass contribution, which is singular at the impact
instant owing to the sudden start of the plate. A weaker sin-
gularity of the pressure is represented by the fourth term
which tends to infinity as h→0.

As h�0, the third term in Eq. �24� is not integrable at
the plate edges and the fourth term is square root singular.
Close to the plate edge, the leading-order inner solution pre-
dicts the pressure as

p�1 + a�t�u,0,t� = −
ht

2�t�
a�t�

��u
2 + � − 2u�u�u,0� + o�1�� .

�25�

By using the far field asymptotics of the inner velocity po-
tential along the plate �Eq. �21��, we obtain

�u
2 + � − 2u�u = �r

2 + � − 2r�r =
2C1

�r
+

1

2r
+ P�r� ,

where u=−r, r�0, and rP�r�→0 as r→	. Therefore, the
pressure in the inner region can be presented in the form

p�1 + a�t�u,0,t� = −
ht

2

a � �

�r + �
+ S�r� + o�1�	 , �26�

where �=2C1, �= �4�C1��−1, and S�r� is an integrable func-
tion on the interval 0�r�	. The function

S�r� = �r
2 + � − 2r�r −

�

�r + �
,

is derived using the numerically computed velocity potential
��r ,0� and its first derivative �r�r ,0� along the plate, r�0.
The function S�u�, where u=−r, is shown in Fig. 2. The
pressure is zero at the plate edges, p��1,0 , t�=0; therefore,
S�0�=8C1

2
1.399, which follows from Eq. �26� and defini-
tions of the parameters � and �. This value is not far from
the direct estimate based on the numerical differentiation of
the velocity potential that provides S�0�
1.417.

The above analysis shows that both the outer �Eq. �24��
and the inner �Eq. �26�� pressure distributions are not
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integrable. The former is not integrable as x→ �1 and the
latter as r→	. In order to evaluate the total hydrodynamic
force, the pressure distributions are integrated asymptoti-
cally. To this aim the plate surface is divided into two sub-
regions: the main one, where 0�x�1−a�, and the inner
one, where 1−a��x�1. Here a is given by Eq. �14� and is
small during the stage under consideration, � is a formal
large parameter such that ��1 but a�3/2�1. For example,
one can take �=a−1/2.

Note that time t and the function a�t� can be considered
as parameters in terms of the pressure integration along the
plate. We calculate separately the contributions of the pres-
sure in the main region and in the inner region to the total
hydrodynamic force and check thereafter that the result is
independent of the parameter � up to the terms of the order
of o�1� as h→0. This technique has been used by Korobkin7

in calculations of the second-order hydrodynamic force
within the higher-order Wagner theory of wave impact. On
the basis of the above considerations, the total force acting
on the plate is given as

F�t� = lim
a→0,�→	

�Fmain�t� + Finner�t�� + o�1� , �27�

where

Fmain�t� = 2�
0

1−a�

p�x,− h,t�dx , �28�

Finner�t� = 2�
1−a�

1

p�x,− h,t�dx . �29�

Equations �26� and �29� provide

Finner�t� = − 2ht
2�

0

� � �

�r + �
+ S�r� + o�1�	dr .

Neglecting the terms, which give small contributions as �
→	 and a→0, we find

Finner�t� = 4�C1�ht
2�

0

� dr
�r + �

− 2ht
2J + o�1� , �30�

where

J = �
0

	

S�r�dr

and

�
0

� dr
�r + �

= 2�� − � ln � + 2� ln � + o�1� . �31�

Equations �24� and �28� yield

Fmain�t� = 2htt�
0

1−a�

�1 − x2dx − 2ht
2

��
0

1−a� dx

1 − x2 + 2ht
2�1 − a��

+
4

3
C̃0ht

2h−1/3�
0

1−a� dx
�1 − x2

+ o�1� . �32�

Special care is required to obtain the asymptotics of the third
integral in Eq. �32�. It can be shown that

�
0

1−a� dx
�1 − x2

=
�

2
− 2�a�

2
�

0

1 d�

�1 − �2a�/2

=
�

2
− �2a� + O��a��3/2� .

Evaluating the integrals in Eq. �32�, we obtain

Fmain�t� =
�

2
htt − ht

2 ln�2 − a�

a�
� + 2ht

2

+
4

3
C̃0ht

2h−1/3��

2
− �2a� + O��a��3/2�	 + o�1� ,

�33�

where the terms, which tend to zero as a→0, �→	, and
a�3/2→0, are designated as o�1�. By algebra,

4
3 C̃0ht

2h−1/3�2a� = 8�C1�ht
2�� ,

and then Eq. �33� takes the form

Fmain�t� =
�

2
htt +

2�

3
C̃0ht

2h−1/3 +
2

3
ht

2 ln h + ht
2

��2 − ln 2 +
2

3
ln

3
�2
	 + ht

2 ln � − 8�C1�ht
2��

+ o�1� . �34�

Equations �30� and �31� and the definition of the parameter �
provide

0

0.2

0.4

0.6

0.8

1

1.2
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1.6

-10 -8 -6 -4 -2 0

S(
u)

u

FIG. 2. Graph of the function S�u�, derived on the basis of the results
obtained by Iafrati and Korobkin �Ref. 6�.
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Finner�t� = ht
2�− 2 ln�4�C1�� − 2J� − ht

2 ln � + 8�C1�ht
2��

+ o�1� . �35�

Substituting Eqs. �34� and �35� into Eq. �27� and taking the
limit as a→0, �→	, and a�3/2→0, we obtain the total
hydrodynamic force acting on the plate as

F�t� =
�

2
htt + �ht

2h−1/3 +
2

3
ht

2 ln h + ht
2

��2 − 2 ln�4�C1�� − ln 2 +
2

3
ln

3
�2

− 2J	 + o�1� ,

�36�

where �= 4�
3 �C1��3 /�2�2/3. It is worth noticing that the terms

with � in Eqs. �34� and �35� cancel each other and the result
�Eq. �36�� is independent of the formal parameter �. In Eq.
�36�, the first term comes from the leading-order approxima-
tion and other terms describe the higher-order effects. The
constant J is estimated by integrating the curve drawn in Fig.
2, thus obtaining J0.78.

In order to validate the asymptotic formula �36� and to
explain how it can be used in a practical context, one may
consider the problem of the free drop of a two-dimensional
body with flat bottom onto the water surface. In this case, the
equation of body motion,

M�
dV

dt�
= − F�, �37�

has to be integrated in time to provide the updated entry
velocity. In Eq. �37�, M�, F�, and t� indicate the dimensional
quantities for mass of the body per unit length, hydrody-
namic force, and time, respectively. In Sec. III, Eq. �37� is
used in combination with both the theoretical estimate of the
loads given by Eq. �36� and with the loads provided by the
numerical simulations.

III. NUMERICAL ESTIMATE THROUGH A TIME
DOMAIN SOLVER

A. Mathematical formulation

The fully nonlinear free-surface flow generated by the
water entry of a two-dimensional flat plate is simulated
through the numerical solution of the governing equations
�1�–�7�, in the limit of high Froude and Weber numbers, i.e.,
negligible gravity and surface tension effects. The solution of
the initial boundary value problem is obtained through a
mixed Eulerian–Lagrangian formulation, as described by
Battistin and Iafrati.9 The initial boundary value problem
given by Eqs. �1�–�7� is written in the form

�2� = 0, � ,

D�

Dt
=

1

2
����2, SF,

Dx

Dt
= u, SF,

��

�n
= ht, SB, �38�

��x,t� = − h, x = 1,

�x�x,t� = 0, x = 1,

ht�t� = 1, t = 0,

where SB and SF denote the plate surface and the liquid free
surface, respectively, and n is the unit normal vector, ori-
ented inward the liquid domain.

At each time step, the solution of the boundary value
problem for the velocity potential is sought in the form of a
boundary integral representation of the velocity potential,
which is

��xP� = �
��

���xQ�
�G�xP − xQ�

�nQ
−

���xQ�
�nQ

�G�xP − xQ��dSQ �xP � �� , �39�

where G�xP−xQ� is the free-space Green’s function of the
Laplace operator, which is

G�xP − xQ� =
1

2�
log��xP − xQ�� .

According to the boundary value problem stated by Eq. �38�,
in the integral representation �39� the velocity potential is
assigned along the free surface SF and its normal derivative
is assigned on the body contour SB. The velocity potential on
the body contour and its normal derivative along the free
surface are derived by taking the limit of the boundary inte-
gral representation �39� as xP approaches the boundary of the
liquid domain ��=SB�SP�S	 and solving the resulting
boundary integral equations of first and second kind. The
normal derivative of the velocity potential on the free surface
allows the determination of the velocity field, use of which in
free-surface boundary conditions given in Eq. �38� provides
the new free-surface shape and the distribution of the veloc-
ity potential along it. The pressure distribution on the body
surface is derived using the unsteady Bernoulli’s equation �9�
and the total hydrodynamic load is obtained by using
Eq. �10�.

In order to use Eq. �9� the time derivative of the velocity
potential �t has to be evaluated. An effective way to evaluate
this term is to use its harmonic properties throughout the
domain, thus arriving to a boundary integral equation in
terms of �t �see Battistin and Iafrati9 for further details�. A
Dirichlet condition is assigned on the free surface, where
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�t = −
����2

2
, �40�

and a Neumann boundary condition is assigned on the body
contour. It can be shown that, for rigid bodies impacting the
water with a constant heel angle, the Neumann condition on
the body contour is9

��t

�n
= n · a − n · �w · ��u, �41�

where a and w are the acceleration and velocity of the body,
respectively, and u is the fluid velocity.

Evaluation of the second term in Eq. �41� requires the
normal derivative of the velocity field at the boundary. Such
an estimate, besides being rather complicated, is strongly
dependent on the discretization employed.10 This limitation
can be avoided if the term n · �w ·�� is recast in a form which
involves tangential derivatives only. It can be shown that in
our problem the Neumann condition on the body takes the
form9

��t

�n
= n · a + w · n

�u · �

��
, �42�

where � is the curvilinear abscissa along the liquid boundary.

B. Numerical approach

The solution of the problem stated in Sec. III A is
achieved through a boundary element approach and a two-
step Runge–Kutta scheme for the time integration. At each
time step the body contour and the free-surface shape are
discretized with line segments along which the velocity po-
tential and its normal derivative are assumed piecewise con-
stant. The symmetry condition is exploited, and the contribu-
tions of a panel and of its image on the x�0 plane are
accounted for.

In the discrete form of the boundary integral equation,
the contribution of the far field boundary can be neglected
only if it is located very far from the main flow region. In
order to reduce the size of the computational domain, it is
assumed that the velocity potential in the far field approaches
a dipole solution

�D =
y

x2 + y2 .

Hence, a far field boundary SI of circular shape is introduced
at a finite distance from the plate edge. Along this boundary,
the velocity potential is assigned as CD�D�x ,y�, and the di-
pole constant CD is derived by introducing an additional
equation to the linear system associated to the boundary
value problem. This additional equation forces the total flux
across the far field boundary be equal to that of the dipole
term,

− �
SI

�n�xQ�dS + CD�
SI

�Dn�xQ�dS = 0. �43�

The numerical solution of the plate impact problem is rather
challenging owing to the possible flow singularity at the

plate edges.4 In order to start the numerical calculations, the
leading-order solution,6 uniformly valid during the initial
stage of the impact, is used. To this purpose, a small time t�

is assigned and used in Eqs. �13� and �14�. In this way, we
get a rather accurate estimate of the free-surface shape and
the velocity potential on it at the initial time instant t�. In
establishing the comparisons with the theoretical solution,
the time shift t� of the initial configuration is accounted for,
i.e., the theoretical solution at time t is compared to the nu-
merical results at t− t�.

Owing to the small-time assumption used by Iafrati and
Korobkin,6 the vertical motion of the plate was neglected
because of its higher order. As a consequence, the initial
free-surface profile obtained by the above procedure would
have the plate located at y=0 and the free-surface elevation
in the far field located at a small positive value, the latter
being caused by the finite extension of the computational
domain. Such mismatch in the position of the plate and
free surface is corrected through a small vertical shift,
equal to the free-surface elevation at the far field, applied to
both the free-surface profile and the plate. In this way, the
plate is partially submerged by a small amount at the begin-
ning of the numerical simulation and the free surface ap-
proaches the still water level at the intersection with the far
field boundary.

The interaction of the flow singularities4 occurring at the
plate edge gives rise to the formation of a thin jet, slightly
detached from the plate edge, as is shown in the self-similar
free-surface shape drawn in Fig. 3. The use of the boundary
element method for the description of the flow inside such a
thin region would require an extremely refined resolution,
with a panel size comparable to the jet thickness, thus result-
ing in a very large computational effort.

A significant improvement in the efficiency is achieved
by using a hybrid boundary element and a finite-element
model for the evaluation of the velocity field, similar to that
proposed by Battistin and Iafrati.11 The model is based on the
decomposition of the jet region into several control volumes,
and inside each one the velocity potential is written in the
form of a bilinear distribution
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FIG. 3. Free-surface shape adopted as the initial condition for the time
domain numerical solver.
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�I = aI + bIx + cIy + dIxy . �44�

The coefficients of the bilinear representation are derived
from the values that the velocity potential takes at the verti-
ces i , is , i−1, is+1 of the Ith control volumes �Fig. 4�. Veloc-
ity is obtained by differentiating potential �44�. Each vertex
is then moved with the average of the velocities of the two
adjacent control volumes. In such a way, the limits of bound-
ary element methods in dealing with fluid layers thinner than
the local panel size are avoided. The region of the jet, where
the simplified model is adopted, is determined as the region
where the angle between the two sides of the jet falls below
a threshold value �, usually equal to 3°.

A further reduction in the computational effort is
achieved by cutting the thinnest part of the jet off the com-
putational domain. As shown in Fig. 5, a panel orthogonal to
the jet midline is introduced. On this panel a Neumann
boundary condition is applied by assuming that the normal
velocity on the cut is equal to the average of the tangential
velocities evaluated along the boundaries at the two sides of
the jet. Each time the modeled part of the jet exceeds a
threshold limit in length, usually around 40 times the jet
thickness at the root, the jet cut is moved closer to the jet
root and the exceeding panels are removed.

The position of the panel midpoints and the correspond-
ing value of the velocity potential are integrated in time
through a second-order Runge–Kutta scheme, according to
the second and third equations �38�. The time step is as-
signed so that the maximum displacement of the midpoint in
the time step is always less than one-fourth of the panel size.
On the free surface, the normal velocity component is pro-
vided by the solution of the boundary value problem,
whereas the tangential velocity component is obtained by
second-order accurate differentiation of the velocity potential
in the tangential direction.

The approximate position of the panel midpoints and the
corresponding velocity potential at time t+�t are first ob-
tained by using the velocity field at time t. In order to relo-
cate the vertices of the panels, a cubic spline is built across
the midpoint positions and vertices are located halfway be-

tween two adjacent midpoints. Once the panel distribution
and the velocity potential at the intermediate step are known,
the boundary value problem is solved, thus providing the
approximate velocity field at time t+�t. In order to enforce
the Kutta condition stated by the last two equations in Eq.
�38�, in the solution of the boundary value problem at the
first Runge–Kutta substep, a Neumann boundary condition is
applied at the first free-surface panel attached to the plate
edge, requiring that it has to move with the same velocity of
the plate. The solution of the boundary value problem pro-
vides the velocity potential at that panel which is used as a
starting value for the integration in time of the velocity po-
tential at the second substep.

Validation of this numerical model and the simplified jet
model is given by Battistin and Iafrati.9,11 Careful compari-
sons with theoretical and numerical results available in lit-
erature were established. The panel discretization of the fluid
boundary is a very important issue in the problem of plate
impact. Owing to sharp velocity gradients and large scales of
the flow involved in a long time simulation, a suitable panel
redistribution procedure, which is able to provide a good
compromise between computational efforts and accuracy of
the solution, was developed by Iafrati.12 This redistribution
procedure is employed in the present numerical analysis.

C. Numerical results and comparisons
with the theoretical estimate

In order to validate the theoretical estimate of the loads,
comparisons versus the results obtained by the fully nonlin-
ear numerical solver are established. Comparisons are pre-
sented for the case of constant entry velocity and for the free
drop of a plate with a given mass. In the latter case, the
equation of the body dynamics �Eq. �37�� is included into the
numerical solver or coupled with the theoretical estimate of
the loads given by Eq. �36�.

A sequence of the free-surface shapes obtained for the
constant entry velocity case at different times is shown in
Fig. 6. The sequence clearly indicates that, owing to the in-
teraction of the two flow singularities discussed before, as
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FIG. 5. Role played by the different extensions of the modeled part of the
jet on the resulting free-surface shape. Results for �=3 �solid line� and
�=2 �dashed line� are drawn at t̃=21.134.
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FIG. 4. Sketch of the control volume discretization built in the modeled part
of the jet. The full and empty circles indicate the centroids and the vertices
of the free-surface panels, respectively.
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the time elapses and the plate penetrates into the liquid, the
jet is pushed away from the plate edge and, correspondingly,
the jet becomes longer and thicker.

In Fig. 7, a comparison between the numerical result and
theoretical estimate of the pressure distribution along the
plate is established at three different penetration depths,
small enough for the asymptotic expansion to remain valid.
In each picture, there are three different curves: the numeri-
cal result, the outer pressure field, given by Eq. �24�, and the
inner one, given by Eq. �26�. The theoretical results show
that the second-order outer pressure is in rather good agree-
ment with the numerical result, aside from a small neighbor-
hood of the edge which is just the region where the inner
solution matters. In fact, as it can be better understood from
the enlarged views of the same results drawn in Fig. 8, the
inner solution correctly approaches the zero pressure at the
plate edge and provides a rather accurate estimate of the
pressure peak. Figure 7 demonstrates that, far from the plate
edge, the distributions of the inner pressure deviate signifi-
cantly from the numerical results. Theoretical prediction of
the pressure distribution becomes less reliable with an in-
crease in the penetration depth as it is shown in Fig. 9 for
h0.001,0.01,0.1.

The comparison in terms of the total hydrodynamic load
is shown in Fig. 10. Owing to the procedure used to initialize
the numerical calculation, numerical results are available
only for t� t�. The results clearly indicate that the theoretical
estimate and the numerical prediction are fairly close to each
other up to h0.2. Within this range, the relative error of the
theoretical estimate, depicted in Fig. 11, is smaller than 5%.
As expected, the error grows with the penetration depth and
arrives at about 20% when the nondimensional plate dis-
placement is equal to unity.

It is important to notice that, due to the use of the theo-
retical solution as the initial condition, the numerical results
provide a reliable estimate of the hydrodynamic force at the
first step of simulations. This would not be the case if a flat
free surface was employed as the initial configuration. In the

latter case, an initial transient is needed to adjust the initial
configuration and initial data to the governing equations.

As explained in Sec. I, a theoretical estimate is needed in
order to provide the loads in the initial stage, during which
the numerical results are not reliable. Such an estimate can
be used as forcing term in the equation of the dynamic of the
body motion �Eq. �37�� to evaluate the actual entry velocity.
In this way, the reduction in the entry velocity taking place in
the early stage can be properly accounted for and can be used
to correct the initial conditions for the numerical calcula-
tions.
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FIG. 6. Free-surface profiles at three instants of the water entry process:
t̃0.107 37�10−2 �solid line�, 0.104 32�10−1 �dashed line�, and 0.107 71
�dashed-dotted line�.
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FIG. 7. Comparison between the pressure distributions provided by the
numerical solution �dashed-doted line�, the outer pressure field given by Eq.
�24� �dashed line�, and the inner pressure �Eq. �26�� �solid line�. Compari-
sons are established at three different instants in an early stage after the start,
which is t= t̃+ t�2.511 89�10−5 �top�, 5.959 67�10−5 �middle�, and
1.3955�10−4 �bottom�.
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In order to prove reliability and efficiency of such an
approach, a problem is considered in which a plate with mass
per unit length M� drops freely onto the water surface. The
theoretical solution is obtained using the hydrodynamic loads
given by Eq. �36�. Equation �37� in nondimensional form
reads as

Mhtt = − F�h,ht,htt� , �45�

where M =M� / �
L2� is the nondimensional mass per unit
length of the plate. The double integration in time of Eq. �45�
provides the nondimensional entry velocity ht�t� and plate
displacement h�t�.

The numerical calculations start from the nondimen-
sional instant t� with the initial values of acceleration and
velocity provided by the theoretical solution. Starting from
these conditions, the free drop of the plate is numerically
simulated. To this aim the equation of the body motion �Eq.
�45�� is included into the numerical procedure to update the
entry velocity of the plate by using the hydrodynamic loads
numerically computed.

As a first example, calculations are done for a nondimen-
sional mass M =50. In Fig. 12 comparisons between the the-
oretical and numerical results are established in terms of en-
try velocity, plate displacement, and plate acceleration. In

0

50

100

150

200

250

300

0.95 0.96 0.97 0.98 0.99 1

x

p�
/(

ρ
V

2 0
)

0

50

100

150

200

0.95 0.96 0.97 0.98 0.99 1

x

p�
/(

ρ
V

2 0
)

0

20

40

60

80

100

0.95 0.96 0.97 0.98 0.99 1

x

p�
/(

ρ
V

2 0
)

FIG. 8. Close up views about the plate edge of the pressure distributions
shown in Fig. 7. The important role played by the inner solution �solid line�
in correcting the outer pressure distribution �dashed line� is clearly
highlighted.
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order to make the differences more understandable, the nu-
merical results are presented along with the relative errors,
scales of which are on the left and right axes, respectively.
The relative errors are evaluated as the differences between
the numerical and theoretical results divided by the corre-
sponding numerical values. The logarithmic time scale
is used for accelerations highlighting, in particular, the
initial transient during which the numerical solution is not
computed.

The comparisons indicate that, despite the relatively high
error of the theoretical estimates in terms of acceleration,
about 10% for h=1, the error in terms of nondimensional
entry velocity and plate displacement is less than 0.1%.
Similar conclusions are derived from the comparison estab-
lished in Fig. 13 for the nondimensional mass M =5. Owing
to the reduced mass, the acceleration of the body is much
higher than in the former case, the error for h�0.8 is about
17%, almost twice than that found for M =50. Also, the rela-
tive errors in terms of entry velocity and penetration depth
are much higher than those found for M =50. However, the

relative errors are still within a satisfactory level of approxi-
mation, being of the order of 5% at the same nondimensional
depth.

The obtained results are rather good as the theory, al-
though developed under the assumption of small h, provides
a reasonably accurate estimate also when h�1. The increas-
ing error of the theoretical estimate when reducing the mass
of the impacting body can be explained with the increasing
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relevance of the terms of the order of O�hhtt� in both the
outer and inner solutions. Such terms have been neglected
compared to terms of the order of ht

2 in the estimate of the
hydrodynamic loads. Similarly, the solution of the inner
problem �15�–�20� has been derived under the assumption
that hhtt�1. Results shown in Fig. 14 indicate that as
V0t� /L→1, hhtt /ht

2 approaches 0.03 and 0.2 for M =50 and
M =5, respectively. This implies that further developments of
the theory are needed in order to make the estimate reliable
up to large submergence for light impacting bodies.

IV. CONCLUSIONS

The early stage after the sudden vertical start of a hori-
zontal flat plate initially floating onto the free surface has
been investigated with the aim of achieving a reliable esti-
mate of the hydrodynamics loads. The study has been di-
vided into two parts. In the first part, the method of matched
asymptotic expansions has been used to derive a theoretical
estimate of the hydrodynamic force in the early stage after
the impact. In the second part, a numerical model able to
describe the flow generated by the plate impact has been
developed and used for the validation of the theoretical
estimate.

The obtained asymptotic formula for the hydrodynamic
force assumes the nondimensional penetration depth of the
plate to be small and provides the total hydrodynamic load
acting on the plate as a function of the plate depth and its
velocity. The numerical procedure keeps all the nonlineari-
ties of the problem and allows us to derive the free-surface
flow and the resulting hydrodynamic loads. However, owing
to the singularities occurring at the plate edge, the numerical
results are available only after a short initial transient.

The comparison has been established first for the case of
a constant entry velocity. It has been shown that, as expected,
the accuracy of the theoretical estimate decreases as the
depth of penetration increases. The relative error of the the-
oretical estimate is of the order of 5% for the plate depth of
the order of one-tenth of the plate width and grows to about
20% when the plate depth is of the order of the half-width.

With the aim of showing how the theoretical estimate
can be used in a practical context, the free drop of a massive
plate is considered. It is shown that, in spite of the relatively
high error occurring at nondimensional depths of O�1� for
the hydrodynamic load, a much better agreement is achieved
in terms of actual entry velocity and penetration depth, with
errors within a rather satisfactory limit of 5%, even for a
nondimensional penetration depth of the order of unity.

The good agreement between the theoretical estimate
and the numerical results suggests that the asymptotic for-
mula can be used to predict the loads and the dynamics of
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the body motion in the early stage after the impact when the
numerical results are not reliable. For impacting bodies of
large mass, the estimate is rather good up to a nondimen-
sional penetration depth of the order of O�1�. For light bod-
ies, the asymptotic estimate provides accurate results only
for small penetration depths, h�1. In order to make the
theoretical estimate valid for larger depths also for lighter
bodies, additional contributions, neglected in the present
study, should be included.

The study has been carried out under a set of assump-
tions. For most of them, the limits of applicability of the
theory has been provided in Sec. I. It is worthwhile to draw
the reader’s attention to some aspects of the phenomenon
that have not been discussed in Sec. I, although may remark-
ably affect the solution. The study has been conducted under
the hypothesis that the plate is originally floating upon the
liquid surface before the impact, thus allowing neglecting
any effect related to the air-cushioning. In the impact of flat
bottomed bodies, originally far from the free surface, the
formation of an air-cushion beneath the body surface, al-
though leading to a reduction in the pressure peak, makes the
loads last longer, thus giving possibly rise to larger force
impulse. Large scatter in the measured loads acting on bodies
with flat bottom was discussed by Chuang.13

The obtained results can be used in combination with the
strip theory to obtain the initial hydrodynamic loads acting
on an elongated structure with flat bottom. For a flat plate of
arbitrary but smooth shape, the inner solution near the plate
periphery is approximately two dimensional in the planes
which are normal to the plate edge. Therefore, in a truly
three-dimensional case only the second-order outer solution
is required to derive the asymptotic estimate of the initial
force acting on the plate. An extension of the present theory
to the impact of axisymmetric disk is in preparation. General
discussion of the three-dimensional water impact of flat bot-
tomed bodies and of the oblique impact was provided by
Oliver.4 The inner solution for a plate with corner points was
not derived yet.

In this study, the flow was assumed to be two dimen-
sional and symmetric with respect to the center of the plate.
However, small perturbations can easily trigger instabilities
in the motion of the plate, thus inducing either asymmetry in
the plane of the motion or even three-dimensional effects.

Owing to high hydrodynamic loads generated during the
impact, the occurrence of hydroelastic coupling is very likely
for flexible plates. In the problem of elastic plate impact onto

the liquid free surface, both the rigid motion of the plate and
the plate deflection should be determined together with the
liquid flow and free-surface shape. This problem is coupled
because the distribution of the hydrodynamic pressure along
the plate is dependent on the plate deflection and the plate
deflection is defined by the hydrodynamic loads.

A rather wide set of studies addressing air-cushioning,
axisymmetric or three-dimensional water entry flows, and
hydroelastic effects in water impact were presented in the
past editions of the International Workshop on Water Waves
and Floating Bodies, and are now available online �Ref. 14�.
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