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The problem of elastic wedge impact onto the free surface of an ideal incompressible

liquid of infinite depth is considered. The liquid flow is two-dimensional, symmetric

and potential. The side walls of the wedge are modelled as Euler beams, which are

either simply supported or connected to the main structure by linear springs. The liquid

flow, the deflection of wedge walls and the size of wetted region are determined

simultaneously within the Wagner theory of water impact. We are concerned with the

impact conditions of strong coupling between the hydrodynamic loads and the

structural response. The coupling is well pronounced for elastic wedges with small

deadrise angles. This is the case when the fully nonlinear models fail and approximate

models based on the Wagner approach are used. In contrast to the existing approximate

models, we do not use any further simplifications within the Wagner theory. Calcula-

tions of the velocity potential are reduced to analytical evaluation of the added-mass

matrix. Hydrodynamic pressures are not evaluated in the present analysis. In order

to estimate the maximum bending stresses, both stages when the wedge surface is

partially and totally wetted are considered.

Three approximate models of water impact, which are frequently used in practical

computations, are examined and their predictions are tested against the present

numerical solution obtained by the normal mode method within the Wagner theory.

It is shown that the decoupled model of elastic wedge impact, which does not account

for the beam inertia, provides a useful formula for estimating the maximum bending

stress in thick wedge platings.

& 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Elastic wedge impact onto a liquid surface has been studied intensively in the past within the framework of the
hydroelasticity theory. The hydroelasticity means that the hydrodynamic loads and structural response are strongly
coupled and should be determined simultaneously. In contrast, the decoupled approach means that the hydrodynamic
loads are computed for an equivalent rigid wedge and then the obtained loads are applied to a structural model. This
problem is used to model reaction of ship platings to water impact when the ship bow emerges from the water and
subsequently enters the water again.

Problems of elastic structure impact onto a liquid free surface are complicated from both theoretical and computational
points of view. These problems should not be mixed with other problems of hydroelasticity, in which the interaction
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between elastic body and liquid is not so violent. In problems of water impact the wetted part of the body surface expands
at a high speed, which makes the hydrodynamic loads very high and non-uniformly distributed over the wetted area. This
is the case of wedges with small deadrise angles.

The problem of elastic wedge impact is important not only on its own but also as a simple, but non-trivial, example of
water impact on compound structures. One cannot expect to obtain reliable predictions of stresses in a real structure,
which are induced by water impact, if a model and/or code in use do not describe properly the evolutions of the stresses in
the plating of a wedge entering water at constant speed. Correspondingly, the models and codes for predictions of the
impact loads are tested with respect to the problem of a rigid wedge entry. This explains why both rigid and elastic wedges
received so much attention in the field of water impact. The corresponding problems are used also to study such effects as
gravity, viscosity and compressibility of the liquid on the flow induced by impact and on the hydrodynamic loads.

1.1. Rigid wedge impact

The problem of a rigid wedge entering water was studied in detail starting from the thirties of the last century. This
study was motivated by design of hydroplane landing on water. Von Kármán (1929) performed the first theoretical
investigation of the hydrodynamic loads acting on a rigid flat bottom during hydroplane landing. Taking into consideration
the rise of the liquid free surface during water impact, Wagner (1932) extended the von Kármán model. The liquid was
assumed incompressible and of infinite depth. The deadrise angle between the body surface and the undisturbed liquid
surface was small. In the following four decades, more complex models of water impact were studied. Dobrovol’skaya
(1969) reduced the self-similar problem of rigid wedge entry at constant speed to a nonlinear integral equation and
solved this equation numerically. This analysis is valid only for constant entry speed and zero gravity. The results by
Dobrovol’skaya are still in use for verifying numerical algorithms.

Usually the gravity effects are neglected in the water entry problems. To verify this assumption, Greenhow (1987)
studied the two-dimensional problem of water entry with gravity. He concluded that except for the spray jet at the
periphery of the contact region, the gravity can be neglected if the impact velocity V is greater than or equal to twice the
free-fall velocity at the interaction time t, V Z2gt.

Muzaferija et al. (1997) considered the effect of viscosity on the water entry. They concluded that viscosity is important
to predict the deformations of the free surface. However, the hydrodynamic force and the pressure distributions over the
entering surface agree well with the results obtained within the inviscid liquid model.

Korobkin (1996, 1997) and Campana et al. (1998) considered the models of impact onto a liquid free surface accounting
for liquid compressibility. The compressibility effects turned out to be of importance at the very early stage of impact
when the liquid is suddenly accelerated by the entering body and the size of the contact region increases at a speed
exceeding the speed of sound. They are also of importance during the very early stage of floating body impact. Later, when
the speed of the contact region expansion drops below the speed of sound in the liquid, the liquid compressibility can be
neglected if the entry velocity is much smaller than the speed of sound in the liquid. The liquid can be treated as
incompressible in the problem of wedge entry, if the impact velocity V is much smaller than the product c0 tan g, where c0

is the speed of sound in the liquid at rest and g is the deadrise angle of the wedge.
The review of results in the problem of rigid body impact onto a liquid free surface can be found in Faltinsen et al.

(2004).

1.2. Elastic wedge impact by Wagner’s approach

The Wagner model is a main tool in the problem of elastic structure impact on water. A reason for this will be explained
in the next subsection, which is about numerical solutions of the wedge entry problem. In the Wagner model, the
structural part of the problem is not simplified. In particular, the finite-element model of a structure can be used if the
structure is complex. The finite-element model of the structure can be combined with the modal method (see Ten et al.,
2011). The hydrodynamic part of the problem is simplified with the boundary conditions being linearised and imposed on
the initial position of the liquid surface. The Wagner model can be used only for small deadrise angles. However, this is
exactly the case when the hydrodynamic loads and stresses in the structure are high, even for moderate impact speed. The
Wagner model of elastic structure impact is still complicated and further simplifications are usually employed. This model
is nonlinear because the wetted part of the entering body is unknown in advance and has to be determined as part of the
solution.

The first papers on elastic wedge impact are those by Weining (1936) and Povitsky (1935, 1939). These three papers are
based on quasi-static approach where the problem is solved within the Wagner theory of water impact but the wetted area
of the entering wedge is calculated for the instant shape of the body without account for the actual velocity of the entering
elastic surface. It is hard to explain the impact conditions for which this approximation is valid.

The problem of elastic wedge impact was solved by the normal mode method by Meyerhoff (1965). Meyerhoff derived
a formula for the distribution of the hydrodynamic pressure along the wetted part of the entering elastic wedge. The
wedge platings were modelled as simply supported Euler beams. The beam equation was integrated numerically together
with the nonlinear integral equation for the size of the wetted area of the elastic wedge. The algorithm of Meyerhoff is very
complicated. We are unaware of publications where this algorithm was used.
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Gorshkov and Vakalov (1980) studied the elastic-wedge entry by using a one-mode approximation. They employed the
hydrodynamic pressure distribution similar to that derived by Meyerhoff (1965). The equation governing the deflection of
the wedge plating was more complex than the Euler beam equation used by Meyerhoff. Compressive stresses were taken
into account. These stresses give rise to a nonlinear term in the beam equation. The beam deflection was sought in the
form wðx,tÞ ¼ YðtÞFðxÞ, where F(x) is the static deflection of the beam under a uniform load and Y(t) is the unknown time
dependent amplitude of the beam deflection. The equation for the function Y(t) was derived by the Bubnov–Galerkin
method. The beam was clamped at the tip of the wedge, x¼ 0, and simply supported at the beam ends, x¼ 71, in the non-
dimensional variables. The size of the contact region was calculated by the method suggested by Povitsky (1939). The
velocity of the wedge entry was calculated together with the elastic deflections and hydrodynamic loads. The numerical
results showed that the hydrodynamic force acting on the elastic wedge entering water was 20–30% higher than the force
acting on an equivalent rigid wedge. No justification of the approximate approach by Gorshkov and Vakalov (1980) was
given. The approach looks very encouraging but no application or validation was shown.

Vasin (1993) studied elastic wedge impact within the Wagner theory with account for initial deflection of the wedge
platings, compressive stresses and the nonlinear term in the Bernoulli equation for the hydrodynamic pressure. The wedge
plating was modelled as a beam which is clamped at the wedge tip, x¼0, and supported by torsional springs at the beam ends,
x¼ 71. The beam deflection was sought in the same form as in Gorshkov and Vakalov (1980). The Wagner integral equation
for the size of the contact area was integrated in time. The nonlinear terms in the Bernoulli equation were evaluated without
account for elastic deflections of the beams. For particular conditions of impact and elastic characteristics of the wedge platings,
it was shown that the bending stresses calculated with account for hydroelastic interaction were smaller than those predicted
by the decoupled model at the beginning of the impact stage but higher at the end of this stage, when the wedge is completely
wetted.

Water entry of a ship hull with wedge-shaped cross-sections was studied by Faltinsen (1999). Orthotropic plate theory
was used to model the elastic response of the hull to water impact. In each cross-section of the hull the hydrodynamic
pressure distribution over the wetted body surface was calculated using the Wagner theory for a rigid wedge, velocity
of which depends on the global velocity of the section and averaged velocity of its elastic deflection. The plate deflection
was represented by one mode in the longitudinal direction and two modes in the transverse direction with two time-
dependent coefficients to be determined. The system of ordinary differential equations with respect to the mode
amplitudes and dimensions of the wetted region in several cross-sections was integrated numerically by the Runge–Kutta
fourth-order method. The theoretical predictions were compared with full-scale measurements for the wetdeck slamming
and drop tests of horizontal elastic plates on waves. It was concluded that ‘‘the smaller the deadrise angle and the larger
the impact velocity, the larger the influence of hydroelasticity’’ and ‘‘when the effect of hydroelasticity is large, it implies
lower maximum stresses than predicted by a quasi-steady theory’’.

The Wagner theory of water impact in combination with the finite-element method for structural response was used by
Korobkin et al. (2006) to evaluate the stresses in the wedge platings during impact. This method can be also used for more
complex structures than a wedge. The finite-element model of the structure and the Wagner model of hydrodynamic flow
were properly coupled. The method requires calculations of the added-mass matrix at each time step. The added-mass matrix
describes the hydrodynamic interactions between any two wetted elements of the surface of the structure. Such a matrix is
very time-consuming and difficult to compute by nonlinear hydrodynamic models with tracking actual position of the free
surface. Analytical formulae for the matrix elements were derived within the Wagner model of water impact. These formulae
made it possible to integrate the equations of the structural response in time. In the resulting equations, the added-mass matrix
was combined with the structural mass matrix, and the forcing term is the hydrodynamic pressure acting on the structure
without account for its deformations. The combined FEM-Wagner model is very promising but still complicated. We are
unaware of any applications of this algorithm after its publication. This is why another technique based on combination of FEM
and the modal method for structural response was developed in Ten et al. (2011). In the latter approach, the finite-element
model is used to compute the eigen modes of the structural vibrations and the corresponding frequencies. The problem of the
elastic structure impact onto water surface is formulated in terms of the time-dependent amplitudes of the normal modes with
the added-mass matrix describing the hydrodynamic interactions between any two modes of structural vibrations with
account for actual size of the wetted area. The added-mass matrix is easier to compute for normal modes than for finite
elements. A method of computing the added-mass matrices at each time step is discussed in the present paper, see Section 4.

The decoupled problem of elastic wedge entry was studied by Luo et al. (2012) both theoretically and experimentally.
A finite-element model was employed to compute the stresses in the wedge. Hydrodynamic loads were calculated by the
Wagner method without account for the elasticity of the wedge. Agreement between the computed and the measured
stresses was shown to be fairly good.

It is seen that even within the Wagner model of elastic body impact, the problem is still complicated and additional
simplifications have been employed. The simplified models published in the past were designed for some specific conditions of
impact. However, these conditions and employed simplifications are not always clearly shown by the authors.

1.3. Fully nonlinear models of elastic body impact

In this subsection we review some computational models of elastic body impact on liquid free surface. We are
concerned only with the models which treat the problem as coupled. This is, the nonlinear unsteady flow with large
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deformations is computed simultaneously with the structural response. Usually, the structural response is linear and
described by the finite-element method. Correspondingly, the variation in time of the shape of the entering body is not
taken into account in the computations of the hydrodynamic loads. The coupling between hydrodynamic flow and
structural response occurs through the normal speed of the body surface, which is dependent on the structural response.
This is a certain approximation and a step back compared with the Wagner model, where the flow depends on both the
normal speed of the structure and its deflection. This situation can be explained if we examine the impact conditions and
the elastic characteristics of the body, for which computational models are employed. The conditions are such that the
largest elastic deformations are achieved for a relatively deep penetration of the body when the performance of a
nonlinear flow model is optimal. However, these largest deformations of the body surface are still much smaller than the
deformation of the flow region caused by the penetrating body. This is the case of moderate deadrise angles of the elastic
wedge. For example, in computations by Lu et al. (2000) the deadrise angles were 301 and 451, with the wedge plating
being 5 mm and 11 mm thick. Maximum deflections were of the order of 0.5 mm and were neglected in the formulation of
the hydrodynamic problem.

In the computational model by Lu et al. (2000), the problem was solved using the boundary-element method for the
hydrodynamic loads and finite-element method for the elastic wedge response. The nonlinear boundary conditions on the
free surface were satisfied with proper treatment of the jets. The results were presented only for the deflections. The
calculations were performed for early stage, during which the elastic deflections still increase. The duration of this stage
was estimated as 1

4 of the period of the lowest mode of the wedge plating vibration. It is hard to expect that the maximum
stresses are achieved at so early stage. Both coupled and decoupled approaches were employed. Within the coupled
approach, the deflections and hydrodynamic loads were calculated by iterations. The decoupled approach can be used only
under certain impact conditions when both the deflections and their velocities are relatively small and the hydrodynamic
loads can be evaluated by neglecting the elastic deflections of the surface of the entering body. Faltinsen (1998) showed
that to have hydroelastic excitation the loading time should be smaller or comparable to the highest structural wet natural
period. For thick plating and deadrise angles of 301 and 451 the deflections computed by Lu et al. (2000) are close to the
deflections predicted by the decoupled approach.

Even without account for variation of the elastic body shape in time and limiting the fluid–structure interaction to the
contribution of the elastic deformations to the normal velocity of the body surface, the problem of hydroelasticity remains
complicated and still challenging. A challenge is due to the fact that any two codes, one for structural analysis and another
one for solving the hydrodynamic problem, run together or one after another cannot solve a problem of elastic body
impact. Performances of existing nonlinear solvers in the problems of water impact are well illustrated in the paper by Kim
et al. (2008), where comparison between experimental results of drop tests with elastic panels and predictions by several
existing codes is given. The comparison demonstrates that blind numerical predictions are rather different between each
other and different from the measured results.

Sun (2007) studied the problem of cylindrical shell impact by the boundary-element method. The shell deflection was
presented by two elastic modes. At each time step the problem was solved twice, by the BEM and by a semi-analytical
method based on the von Karman model, which does not account for the elevation of the water free surface during impact.
The semi-analytical solution is used to approximate the added-mass effect and regularise the algorithm making it stable
and suitable for iterations. The iterations are used to account for elastic deflection of the shell. The numerical results were
compared with the experimental results by Shibue et al. (1994) and numerical results by Ionina and Korobkin (1999).
The latter ones were obtained by the modal method combined with the Wagner theory of elastic body impact. Some
phenomena described by Ionina and Korobkin (1999) were not reproduced by the BEM algorithm. In particular, Sun (2007)
wrote ‘‘This is because more elastic modes were used by them (Ionina et al.) and the extension of the middle plane is
increasingly important for increasing order of mode. Here in the calculations, only the two lowest elastic modes are
included, so the extension in the middle plane does not show an obvious significance’’. It is very time-consuming to keep a
reasonable number of modes in fully nonlinear computations. This is due to the fact that one needs to evaluate the
hydrodynamic interactions between the normal modes at each time step for varying in time flow region.

In addition to the problem of proper coupling between the linear structural response described in the Lagrangian
variables and nonlinear hydrodynamic loads computed in the Eulerian variables, there are several particular difficulties in
numerical analysis of elastic structure impact. It was observed that the hydrodynamic loads are very sensitive to details of
structural vibration, which makes them difficult to compute and measure. On the other hand, the distribution of stresses in
the structure is not very sensitive to the details of the hydrodynamic loads. With respect to the problem of wave crest
impact onto an elastic plate Faltinsen and Timokha (2009) wrote ‘‘The measured maximum strains showed very small
scatter for given impact velocity of the plate even though the maximum pressure varied strongly’’. The hydrodynamic
pressures are especially difficult to compute for small deadrise angles of the structures, when the hydroelasticity matters.
This is the case, where the Wagner theory of water impact is applicable.

Computational models of elastic structure impact on a liquid free surface are still under development. It is not reliable
to apply a computational model to a real complex structure without a careful investigation of the model performance.
Even if a fully nonlinear hydrodynamic model works fine for large deadrise angles, its coupling with a structural model is
still a challenge. The nonlinear models can be verified against semi-analytical models based on the Wagner approach for
the conditions when the latter is expected to provide reliable results. This has been done, in particular, by Piro and Maki
(2011) and Maki et al. (2011) for elastic wedge and Tassin et al. (2012) for three-dimensional rigid bodies.
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1.4. Outline of present method

In the present paper, the solution of the two-dimensional problem of elastic wedge impact onto free surface of infinitely
deep ideal and incompressible liquid is investigated. Gravity and surface tension effects are neglected. The problem is
coupled: the hydrodynamic loads, the distributions of the elastic deflections and bending stresses along the elastic plates
forming the wedge walls are determined simultaneously. The problem is nonlinear because the size of the contact region
between the liquid and the wedge platings is unknown in advance during the impact stage. The formulation of this
problem is given in Section 2.

The solution of the problem is obtained in Section 3 by the method of normal modes, where the elastic deflection is
presented as a superposition of the modes of the wedge plating vibration in air with time-dependent coefficients to be
determined. The size of the wetted area of the entering body is determined with account for the wedge deflection. The
structural response of the wedge plating during the impact is of major concern.

The methods used in this study come from the analysis of elastic plate impact onto the crest of a surface wave (see
Korobkin, 1998; Korobkin and Khabakhpasheva, 1998, 2006; Khabakhpasheva, 2006). It was shown that the numerical
results obtained by these methods agree well with the results of the experiments and calculations by Faltinsen et al.
(1997). The methods developed for elastic plate impact cannot be applied directly to the problem of elastic wedge.
Required modifications of these methods are described in Section 4. The ideas behind these modifications are useful also
for more complex structures than an elastic wedge. They were used, in particular, by Ten et al. (2011) in combination with
a finite-element model of complex structures.

In practical computations, simplified models of elastic structure impact onto water surface are still in use. Some of
these models are investigated in Section 5. Simplified modelling is used in both Wagner’s theory and fully nonlinear
computations. In particular, Lu et al. (2000) neglected the variation of body shape during the impact of an elastic wedge
onto water surface, the body boundary condition was imposed on the undeformed position of the wedge surface. On the
other hand, Weining (1936) assumed that the variation of the body shape is a very important factor of the water entry
process. The decoupled approach with possible iterations is very popular in CFD calculations. In a decoupled approach, one
computes the hydrodynamic loads without account for elastic deflections of the body surface, and applies these loads to
the structure for evaluating the structural deflections and stresses. The ranges of impact conditions within which a
simplified model provides reliable predictions should be clearly specified. This can be done by comparing such predictions
with the results obtained within a more general model of water impact as that presented in this paper. It will be shown
how to compute the solution of the coupled problem of elastic wedge impact within the Wagner theory without any
additional simplifications. This solution will be called below the ‘exact solution’. Then we investigate three simplified
models of elastic wedge impact such as the decoupled model, the quasi-static model and the model with simplified added-
mass matrix (see Khabakhpasheva and Korobkin, 2003). It will be shown that the simplest quasi-static model, which
allows its analytical solution, gives a reasonable estimate of the maximum strain in the wedge plating for a wide range of
elastic parameters, although the evolutions of plating deflections during the impact are not correctly predicted by this
model. The simplified models analysed in this paper do not cover all existing models. We selected only three of them and
compared their predictions with the results of our model based on the Wagner theory. The task to range the existing
models is enormous and is beyond the scope of this paper.

The numerical computations within the model of this paper and three approximate models are described in Section 6.
Conditions of elastic wedge impact and parameters of the numerical scheme are given. The predictions by the approximate
models are compared with the ‘exact’ results in terms of the evolutions of maximum strains in the plating in time and the
absolute strain maximum depending on the plating rigidity.

In Section 7, we study the problem of elastic wedge impact with the wedge platings being connected to the main
structure by linear springs. The main structure penetrates the liquid at a constant speed. It is shown that the elastic
connections may significantly change the speed of the contact region expansion. If the spring connectors increase
the speed of the contact region expansion, then the blockage phenomenon might be observed (see Korobkin and
Khabakhpasheva, 2006). This phenomenon is associated with a sharp peak of the hydrodynamic loads well after the initial
impact. Plunging of the plating ends into the liquid is also possible before the wedge platings are completely wetted. The
latter phenomenon could be responsible for formation of a cavity and its subsequent collapse which also gives rise to high
hydrodynamic loads.

Finally in Section 8 the results obtained are summarised and discussed. Methodology of using simplified models in both
research and practice is outlined.

The models considered in this paper are two-dimensional. Simplified models have a capacity to be used in three-
dimensional calculations of hydroelastic response of structures to water impact (Faltinsen, 1999). The Wagner model
applied to three-dimensional problems of elastic body impact was discussed by Gazzola et al. (2005), where the
formulation of impact problem in terms of a variational inequality was employed. This approach was illustrated by solving
a two-dimensional problem of elastic wedge impact. Axisymmetric problem of the conical shell impact on the free surface
of the water was studied by Scolan (2004) within the Wagner approach. Unsteady problems of three-dimensional water
impact onto elastic panels with approximately constant area of impact were studied by Korobkin et al. (2008) and Ten
et al. (2011). Note that neither reliable numerical results for three-dimensional coupled problems of hydroelasticity nor
the three-dimensional Wagner model of water impact are available at present.
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2. Formulation of the problem

The two-dimensional unsteady problem of an elastic wedge entering an ideal and incompressible liquid is considered
(see Fig. 1). Initially ðt0 ¼ 0Þ the wedge touches the horizontal free surface of the liquid at a single point and starts to
penetrate the liquid thereafter at a constant velocity V. The initial contact point is taken as the origin of the Cartesian
coordinate system x0Oy0 (dimensional variables are denoted by primes). The line y0 ¼ 0 corresponds to the liquid free
surface at t0 ¼ 0. The flow caused by the wedge impact is symmetric with respect to the vertical line x0 ¼ 0. Initial positions
of the wedge side walls are described by the equation y0 ¼ 9x09 tan g, 9x09oL cos g, where g is the deadrise angle of the
equivalent rigid wedge and L is the length of the side walls. The side walls of the wedge are modelled by either simply
or elastically supported Euler beams. Due to the symmetry of the flow, the right-hand side wall is only considered below.
The normal deflection of the beam is denoted as w0ðs0,t0Þ, where s0 is the coordinate along the initially undeformed side
wall, s0 ¼ 0 corresponds to the wedge tip and s0 ¼ L to the beam end point. The beam deflection is caused by the wedge
interaction with the liquid.

We shall determine the liquid flow, the pressure distribution in the liquid region, deflections of the wedge walls, the
stress distribution in the wedge plating and the dimension of the wetted part of the entering wedge.

Non-dimensional variables are used below. The beam length L is taken as the length scale and the impact velocity V as
the velocity scale of the problem. If the wedge is rigid and the free surface stays undeformed during the penetration, then
the wedge will be totally wetted at the time instant T ¼ ðL=VÞsin g with the vertical displacement of the wedge being equal
to L sin g. The quantity T is taken as the time scale and the product L sin g as the displacement scale of the problem. The
pressure scale is rV2E�1, where r is the liquid density and E¼ sin g. In this study we are concerned with the coupled
problem of elastic wedge interaction with the liquid for small deadrise angle of the wedge, E51. We use the model of
water impact introduced by Wagner (1932). In this model the boundary conditions are linearised and imposed on the
initial position of the liquid boundary, y¼0. The Wagner model of elastic body impact onto the water surface follows from
the original equations of hydrodynamics and the boundary conditions in the limit E-0 (see Korobkin et al., 2006).

Within the Wagner model, the two-dimensional and potential flow generated by the elastic wedge impact is described
by the velocity potential jðx,y,tÞ which satisfies the following equations

X
2j¼ 0 ðyo0Þ, ð1Þ

j¼ 0 ðy¼ 0,9x94cðtÞÞ, ð2Þ

jy ¼�1þwtðx,tÞ ðy¼ 0,9x9ocðtÞÞ, ð3Þ

j-0 ðx2þy2-1Þ: ð4Þ

Eqs. (1)–(4) represent the hydrodynamic part of the problem, which can be solved once the deflection wðx,tÞ and the
function c(t), which describes the dimension of the contact region, are known.

The hydrodynamic pressure pðx,y,tÞ in the non-dimensional variables is given by the linearised Bernoulli’s equation

pðx,y,tÞ ¼�jtðx,y,tÞ ðyr0Þ: ð5Þ
Fig. 1. Sketch of the flow caused by elastic wedge impact for (a) simply supported platings of the wedge, (b) platings are connected to the main structure

with linear springs.
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The normal deflection wðx,tÞ of the wedge side plating is governed in the non-dimensional variables by the equations

a @
2w

@t2
þb

@4w

@x4
¼ pðx,0,tÞ ð�1oxo1,t40Þ, ð6Þ

w¼wt ¼ 0 ð�1oxo1, t¼ 0Þ: ð7Þ

Here a¼ ðrbhÞ=ðrLÞ, b¼ EJE2=ðrL3V2
Þ, rb is the density of the beam material, h is the beam thickness, E is Young’s modulus

of elasticity, J is the moment of inertia of the beam cross-section, J¼ h3=12 for the beam of constant thickness, s¼ xþoð1Þ
as E-0. Note that for a symmetric wedge entry we have wð�x,tÞ ¼wðx,tÞ. The beams are simply supported at the wedge
tip, see Fig. 1, which provides the end conditions at x¼0 as

w¼wxx ¼ 0 ðx¼ 70, tZ0Þ: ð8Þ

The beam ends x¼ 71 can be either simply supported, see Fig. 1a,

w¼wxx ¼ 0 ðx¼ 71, tZ0Þ, ð9aÞ

or connected to the main structure by linear springs, see Fig. 1b,

wxx ¼ 0, wxxx ¼ signðxÞklw ðx¼ 71, tZ0Þ, ð9bÞ

where kl ¼ KlL
3=EJ and Kl is the spring rigidity. Eqs. (6) and (7) with boundary condition equations (8) and (9a) or (9b)

represent the structural part of the problem which can be readily solved once the hydrodynamic pressure pðx,0,tÞ is known
along the wetted part of the wedge surface.

The boundary-value problem, Eqs. (1)–(9), is considered under the additional condition that the elevations of the free
surface are equal to the vertical positions of the deformed wedge at the intersection points x¼ 7cðtÞ. This condition is
known as the Wagner condition. This condition can be used only for small deadrise angles g. The Wagner condition was
reduced by Korobkin (1996) to the equationZ p=2

0
yb½cðtÞsin y,t� dy¼ 0,

where the function ybðx,tÞ describes the actual position of the elastic wedge, 0oxo1. In the problem under consideration
we have ybðx,tÞ ¼ x�tþwðx,tÞ and the Wagner condition with x¼ cðtÞsin y reads

c¼
p
2

t�

Z p=2

0
w½cðtÞsin y,t� dy: ð10Þ

The bending stress distribution along the upper side of the beam, sðx,tÞ, is given in the dimensionless variables as
sðx,tÞ ¼wxxðx,tÞ=2 with EEh=L being the stress scale. In this paper, we are concerned with the maximum strain in the wedge
plating due to the impact. The strain module is calculated as eðx,tÞ ¼ 9wxxðx,tÞ9Eh=ð2LÞ:

The hydrodynamic part, Eqs. (1)–(5), the structural part, Eqs. (6)–(9), and the geometrical part, Eq. (10), of the wedge
entry problem are solved simultaneously. The coupled problem is solved without any further simplifications. The solution
is obtained by the normal mode method. The algorithm described in the next section can also be used for such complex
structures as beams of varying thickness, compound beams and even structures represented by their eigen modes of
vibrations, which are provided by FEM codes (see Ten et al., 2011, for more details).

3. Normal mode method

Within this method the deflection wðx,tÞ of the wedge plating is sought in the form

wðx,tÞ ¼
X1
n ¼ 1

anðtÞcnðxÞ ð�1rxr1Þ, ð11Þ

where the functions cnðxÞ describe the shapes of free vibrations of the structure in air (dry modes). These functions, known
as the normal modes of the structure, are given by

cnðxÞ ¼ sinðln9x9Þ, ln ¼ pn ðn¼ 1,2, . . .Þ ð12Þ

for simply supported wedge plating. These modes were used by Meyerhoff (1965) in his analysis of elastic wedge impact.
In the case of linear spring connection of the wedge platings to the main structure (see Fig. 1b), the corresponding dry
modes read

cnðxÞ ¼ Anðsinðln9x9ÞþCn sinhðln9x9ÞÞ, Cn ¼
sinðlnÞ

sinhðlnÞ
ðn¼ 1,2,: :Þ, ð13Þ

1

A2
n

¼ 1�C2
nþ

C2
nsinhð2lnÞ�sinð2lnÞ

2ln
þ

2Cn

ln
ðcoshðlnÞsinðlnÞ�sinhðlnÞcosðlnÞÞ,



T.I. Khabakhpasheva, A.A. Korobkin / Journal of Fluids and Structures 36 (2013) 32–49 39
where ln are positive roots of the equation

cothðlnÞ ¼
2kl

l3
n

þcotðlnÞ:

The functions (12) and (13) satisfy the orthogonality conditionZ 1

�1
cnðxÞcmðxÞ dx¼ dn,m, ð14Þ

where dn,k ¼ 0 for nak and dn,n ¼ 1:
It is convenient to take the principal coordinates of the beam deflection an(t), where n¼ 1,2, . . . , as the new unknown

functions and to express other quantities through them (see Korobkin, 1998; Korobkin and Khabakhpasheva, 2006, for example).
On the interval of the liquid boundary, �1oxo1, y¼0, which corresponds to the contact region at the end of the

impact stage when the wedge surface is completely wetted, the velocity potential and the pressure distribution can be
written as

jðx,0,tÞ ¼
X1

m ¼ 1

bmðtÞcmðxÞ, pðx,0,tÞ ¼ �
X1

m ¼ 1

_bmðtÞcmðxÞ, ð15Þ

bmðtÞ ¼

Z cðtÞ

�cðtÞ
jðx,0,tÞcmðxÞ dx, ð16Þ

which follow from Eqs. (5) and (14). The dot stands for the derivative in time. To find the coefficients bm(t) in Eq. (15) as
functions of the principal coordinates an(t) and their derivatives, where m,n¼ 1,2, . . . , we investigate below the
hydrodynamic part of the problem, Eqs. (1)–(4).

We define the new functions jnðx,y,cÞ as the solutions of the boundary-value problems

@2jn

@x2
þ
@2jn

@y2
¼ 0 ðyo0Þ, ð17Þ

jn ¼ 0 ðy¼ 0,9x94cðtÞÞ, ð18Þ

@jn

@y
¼cnðxÞ ðy¼ 0,9x9ocðtÞÞ, ð19Þ

jn-0 ðx2þy2-1Þ, ð20Þ

with integrable singularities of their first derivatives at the contacts points, x¼ 7c. Here n¼ 0,1,2, . . . and c0ðxÞ � 1. The
body boundary condition equation (3) shows that

jðx,0,tÞ ¼�j0ðx,0,cÞþ
X1
n ¼ 1

_anðtÞjnðx,0,cÞ,

which together with (16) provides

bmðtÞ ¼�f mðcÞþ
X1
n ¼ 1

_anðtÞSnmðcÞ, ð21Þ

f mðcÞ ¼

Z c

�c
j0ðx,0,cÞcmðxÞ dx, ð22Þ

SnmðcÞ ¼

Z c

�c
jnðx,0,cÞcmðxÞ dx: ð23Þ

It is important to notice that the matrix S with the elements Snm(c), where m,n¼ 1, 2, . . ., is symmetric, which follows from
Eqs. (17)–(20) and Green’s second identity, and depends only on the dimension of the contact region c. In the integrals
equation (22), j0ðx,0,cÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
c2�x2
p

where 9x9oc (see Logvinovich, 1972).
It is convenient to introduce new unknown functions vnðtÞ ¼�

R t
0 anðtÞ dt and integrate the beam equation (6) once in

time. Inserting the representations of the beam deflection equation (11) and the velocity potential equation (15) into the
resulting equation and taking into account the orthogonality conditions equation (14), the definition of the normal modes
and Eq. (21), we arrive at the infinite system of ordinary differential equations for the vector of the principal coordinates
a
!
¼ ða1,a2,a3, . . . ÞT and the vector-function v

!
¼ ðv1,v2,v3, . . . ÞT :

d a
!

dt
¼ ðaIþSÞ�1

ðbD v
!
þ f
!
Þ, ð24Þ

d v
!

dt
¼� a
!

, ð25Þ



T.I. Khabakhpasheva, A.A. Korobkin / Journal of Fluids and Structures 36 (2013) 32–4940
where I is the unit matrix and D is the diagonal matrix, D¼ diagfl4
1,l4

2,l4
3, . . .g, S is the added-mass matrix with the

elements Snm(c) and f
!
ðcÞ ¼ ðf 1ðcÞ,f 2ðcÞ, . . .Þ.

The right-hand sides in Eqs. (24) and (25) depend on a
!

, v
!

and c but not on the time t. It is convenient to take c as a new
independent time-like variable, 0rcr1, and introduce the new unknown function t¼ tðcÞ. This is possible because the
Wagner model can be used only if the time derivative dc=dt is positive and finite. The differential equation for the function
t(c) follows from Eq. (10) (see Korobkin, 2000). By differentiating Eq. (10) with respect to time, we obtain

dt

dc
¼Q ð a
!

, v
!

,cÞ, ð26Þ

where

Q ð a
!

, v
!

,cÞ ¼
2=pþð a!, K

!
1Þ

1�ð F
!
ðc, v
!
Þ, K
!

0Þ

,

F
!
ðc, v
!
Þ¼ ðaIþSðcÞÞ�1

ðbD v
!
þ f
!
ðcÞÞ,

K1nðcÞ ¼
2

p

Z p=2

0
c0n½c sin y�sin y dy, K0nðcÞ ¼

2

p

Z p=2

0
cn½c sin y� dy:

Multiplying both sides of Eqs. (24) and (25) by Q ð a
!

, v
!

,cÞ and using Eq. (26), we derive the system

d a
!

dc
¼ F
!
ðc, v
!
ÞQ ð a
!

, v
!

,cÞ, ð27Þ

d v
!

dc
¼� a
!

Q ð a
!

, v
!

,cÞ: ð28Þ

The initial conditions for the system of ordinary differential equations (26)–(28) are

a
!
¼ 0, v

!
¼ 0, t¼ 0 ðc¼ 0Þ: ð29Þ

The initial-value problem, Eqs. (26)–(29), is suitable for numerical simulation of hydroelastic behaviour of the elastic
wedge entering liquid.

The process of body impact onto the liquid free surface can be divided onto two stages: the impact stage and
penetration stage. Within the Wagner theory the impact problem is nonlinear during the impact stage and linear during
the penetration stage. The nonlinearity of the problem is due to unknown size of the wetted region during the impact
stage. At the end of the impact stage the body is completely wetted. The wetted part of the body surface does not change
during the penetration stage. At the penetration stage the problem is linear and its solution can be readily found if the
beam deflection and velocities of beam elements are known at the beginning of this stage. These ‘initial’ conditions are
provided by the nonlinear solution of the problem at the impact stage. During the penetration stage we integrate Eqs. (24)
and (25), where S¼ Sð1Þ and f

!
¼ 0, subject to the initial conditions at the beginning of this stage, which follow from the

condition of continuity of the functions a
!
ðtÞ and v

!
ðtÞ at c¼1.

Note that the integrals in Eqs. (22)–(23) and Eq. (26) must be evaluated at each step of integration. For a homogeneous
Euler beam such integrals were evaluated analytically. For a simply supported Euler beam it was done by Korobkin (1998)
and for a beam attached by two linear springs at its ends to the main structure it was done by Khabakhpasheva (2006).
These analytical formulas made it possible to obtain accurate solutions of beam impact problems using many modes.
However, for more complex structures, the integrals can be evaluated only numerically, which makes it impossible to keep
sufficient number of modes in computations of the structure response.

4. Calculations of added-mass matrix by modal decomposition

It is suggested to evaluate the integrals in Eqs. (22)–(23) and Eq. (26) by using the decomposition of the modes cmðxÞ of
a complex structure, such as a wedge with different end conditions, in terms of normal modes ~cnðxÞ of a simpler structure,
such as a homogeneous Euler beam with the same end conditions

cmðxÞ ¼
X1
k ¼ 1

Cmk
~cnðxÞ: ð30Þ

The coefficients Cmk can be precomputed before solving the problem represented by Eqs. (26)–(29). Then the potentials
jnðx,y,cÞ, which are defined by Eqs. (17)–(20) and needed for computing the elements Snm of the added-mass matrix S, can
be decomposed as

jnðx,y,cÞ ¼
X1
j ¼ 1

Cnj ~j jðx,y,cÞ, ð31Þ
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where new unknown potentials ~j jðx,y,cÞ satisfy Eqs. (17)–(20) with cnðxÞ in Eq. (19) being changed for ~cjðxÞ. Substituting
expansions Eq. (31) in Eq. (23), we obtain

SnmðcÞ ¼
X1
j ¼ 1

Cnj

X1
k ¼ 1

Cmk

Z c

�c

~j jðx,0,cÞ ~ckðxÞ dx

 !
: ð32Þ

Denoting the integrals in Eq. (32) as ~Sjk, we can present the added-mass matrix S in the form

SðcÞ ¼ C � ~SðcÞ � Cn, ð33Þ

where matrix C is made of coefficients Cmk from Eq. (30). The matrix C is orthogonal, which means that detðCÞ ¼ 1 and
Cn
¼ C�1, where Cn is the transpose of the matrix C. Correspondingly the elements fm(c) of the vector f

!
ðcÞ in Eq. (24) are

computed as

f m ¼

Z c

�c

ffiffiffiffiffiffiffiffiffiffiffiffiffi
c2�x2

p X1
k ¼ 1

Cmk
~ckðxÞ dx¼

X1
k ¼ 1

Cmk

Z c

�c

ffiffiffiffiffiffiffiffiffiffiffiffiffi
c2�x2

p
~ckðxÞ dx¼

X1
k ¼ 1

Cmk
~f k

or in the matrix form

f
!
ðcÞ ¼ C � ~f

!
ðcÞ: ð34Þ

The matrix ~SðcÞ in Eq. (33) and vector ~f
!
ðcÞ in Eq. (34) are the added-mass matrix and the forcing vector in the problem of a

homogeneous beam impact on water surface. For homogeneous simply supported beam the added-mass matrix ~SðcÞ and
vector ~f

!
ðcÞ were calculated in Korobkin (1998). In this case we have

~cnðxÞ ¼ cosðmnxÞ, mn ¼ pðn�1
2Þ ðnZ1Þ

and

~SnmðcÞ ¼
pc

m2
n�m2

m

½mnJ0ðmmcÞJ1ðmncÞ�mmJ0ðmncÞJ1ðmmcÞ� ðnamÞ,

~SnnðcÞ ¼
p
2

c2½J2
0ðmncÞþ J2

1ðmncÞ�,

~f mðcÞ ¼
pc2J1ðlmcÞ

lmc
,

where J0ðzÞ and J1ðzÞ are the zero- and first-order Bessel functions. The coefficients Cmk in Eq. (30) for the wedge with
simply supported plating are given by

Cmk ¼
2lm

l2
m�m2

k

ðm,kZ1Þ:

The modes ~ckðxÞ and the corresponding added-mass matrix ~SðcÞ for a homogeneous elastic plate attached by springs at its
ends to the main structure are more complicated and are not reproduced here. They can be found in Khabakhpasheva
(2006).

The described method of computing the added-mass matrix S(c) and the forcing vector f
!
ðcÞ can be used for any

complex structure represented by its modes cnðxÞ. The calculations by this method are fast and accurate. In the present
calculations for elastic wedge the number of modes in Eq. (11) was from 5 to 15, and the number of modes in Eq. (30) was
varied from 50 to 150 without a significant increase of the computational time.

5. Approximate models of elastic wedge impact

Eqs. (26)–(29) are referred to as the ‘exact model’ of the elastic-wedge impact problem. Numerical results obtained
within this model are referred to as exact ones. Accuracy of the obtained results is estimated by varying the numbers of
terms in Eq. (11) and (30), and by varying the step of integration of Eqs. (27) and (28). It is possible because the presented
method allows us to perform calculations with large number of modes. Note that in fully nonlinear coupled calculations
only few first modes are usually used. For example, Sun (2007) reported the results of elastic shell impact onto water
surface obtained with two elastic modes representing the shell response and BEM for nonlinear computations of the
hydrodynamic loads.

The required accuracy of the solution is achieved because:
(a)
 the Wagner condition is formulated as Eq. (10). Note, that in its original form used, for example, by Meyerhoff (1965)
the Wagner condition has been reduced to a nonlinear singular integral equation, solution of which was difficult to
obtain for a body changing its shape in time;
(b)
 the present algorithm has been designed in such a way that the hydrodynamic pressure pðx,0,tÞ is not required for
computing the deflection wðx,tÞ from Eq. (6);
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(c)
 the hydrodynamic and structural parts of the problem are coupled through the added-mass matrix S(c);

(d)
 the added-mass matrix S(c) is calculated accurately by the method of Section 4;

(e)
 the deflections are determined by the modified normal mode method, which makes it possible to use many modes to

describe accurately the hydroelastic interaction between the elastic wedge and the liquid.
The present method can be used to study the effects of hydroelasticity in problems of water impact, to predict the
stresses in the wedge plating due to interaction of the wedge with the liquid, and to perform parametric analysis of the
structural response. The latter is possible because the calculations are not time-consuming and can be performed many
times for different conditions of the impact and with large number of modes. Parametrical analysis can provide useful
formulae for stresses depending on the elastic characteristics of the wedge and impact conditions. Such formulae can also
be derived with the help of approximate models which allow their analytical solutions.

In this section only three simplified models are considered. They are based on the Wagner model described in the
previous sections. The task to range all existing models of elastic body impact is beyond the scope of this paper. We are
concerned with the performances of these selected models compared with the results provided by the exact model. The
performed below analysis is to answer the question: In which respect the coupling, inertia and accuracy of the added-mass
matrix computations are important for estimating the maximum strain and strain evolutions in the problem of elastic
wedge impact? It is clear that the answer depends on the elastic characteristics of the plating, deadrise angle of the wedge
and the speed of penetration. For example, for an almost rigid wedge, when the parameter b in Eq. (6) is large in some
sense which has to be clarified, the structural part of the problem can be approximately separated and integrated after the
solution of the hydrodynamic problem represented by equations (1)–(5) and (10), where wðx,tÞ is set zero in Eqs. (3) and
(10), has been obtained. The approximate models under consideration in this section refer to the impact stage. The
penetration stage is described by Eqs. (24) and (25) for any approximate model without any simplification.

Three approximate models selected to answer the question about coupling, inertia and added-mass matrix are:
Model A1: Within this model the added-mass matrix S(c), which appears in Eqs. (26)–(28), is evaluated with the help of

the approximate formula SðcÞ ¼ c2Sð1Þ, where 0rcr1. Here Sð1Þ is the added-mass matrix for elastic wedge which is fully
wetted. This is the matrix used in computations of the plating vibration during the penetration stage. It was found (see
Section 6) that this approximation highly reduces the CPU time and provides the results which are in a good agreement
with exact solution in terms of strain evolutions for all considered values of the parameters a and b. This finding gives us
the idea that exact values of the elements of the added-mass matrix are not so important; however, the matrix Sð1Þ plays
an important role. This result is in agreement with the observation by Faltinsen and Timokha (2009) cited in Section 1.3.
Indeed, the added-mass matrix is an element of the formula for the hydrodynamic loads, exact values of which are not
important for the structural response of the body.

Model A2: This is a decoupled model of elastic wedge impact. This model is obtained from the exact one by setting S� 0
(hydrodynamic pressures induced by the plating vibrations are neglected) and c¼ pt=2 (variation of the shape of the
elastic wedge in time is neglected). Note that this approximation is used only during the impact stage. During the
penetration stage S¼ Sð1Þ.

The predictions of the bending stresses in the penetrating wedge by the models A1 and A2 are obtained by integrating
equations (26)–(28) after their simplifications described above. These models are numerical models. In contrast to these
models, the third model is analytical.

Model A3. This model is derived from the model A2 in the limit a-0: This is a quasi-static model with both the
structural and added mass effects being neglected.

During the impact stage Eq. (6) gives

bwIV ¼ pðx,0,tÞ ¼
c _cðc2�x2Þ

�1=2
ð0oxocÞ,

0 ðcoxo1Þ

(
ð35Þ

and Eqs. (8) and (9a) provide

w¼w00 ¼ 0 ðx¼ 0,1Þ: ð36Þ

In Eq. (35), the hydrodynamic pressure distribution is that provided by the solution of rigid-wedge entry problem, where
c¼ pt=2 in the non-dimensional variables.

The solution of the boundary-value problem given by equations (35) and (36) can be obtained in analytical form. This
solution is not reproduced here. At each time instant during the impact stage the maximum of the strains was found as

emaxðcÞ ¼ max
0oxo1

eðx,cÞ ¼
pc2

b
sin2 c

2
�
p
4

� �
�
Eh
2L
:

The maximum occurs at the point xmax ¼ c cos c, which is well behind the jet root region.
The absolute maximum of strains eMax occurs at cn � 0:80525 and is given by

eMax ¼ max
0o co1

½emaxðcÞ� ¼
K

sin g
r
rb

� �
L

h

� �2 V

Vb

� �2

, Vb ¼

ffiffiffiffiffiffi
E

rb

s
, ð37Þ
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where K ¼ 3
2pc3

n
cos cn � 1:70502: Faltinsen (1998) suggested to scale the maximum strain eMax as

ESTg ¼
eMax

zaV2

EJ

rL2
tan g, ð38Þ

where za is the distance from neutral axis to the position of maximum strain. For a homogeneous plate of thickness h and
small deadrise angle g we have za ¼ h=2, tan g� sin g¼ E and Eq. (38) gives

ESTg ¼
1

6
K � 0:28417

which is greater than the value ESTg � 0:19 calculated by Faltinsen (1998). However, Faltinsen used the hydroelastic
orthotropic plate theory for wedge-sharped elastic cross-section which longitudinal stiffeners. The stiffeners increase both
za and the flexural rigidities of the plating (see Fig. 3, Eqs. (2)–(4) and Table 2 in Faltinsen, 1998). Stiffeners are not
included in our models.

6. Numerical results

The initial-value problems for the exact model and approximate models A1 and A2 are solved numerically by the
fourth-order Runge–Kutta method. In all cases S¼ Sð1Þ during the penetration stage.

Calculations were performed for impact of a wedge with the deadrise angle of 101. The wedge plating length is 0.5 m,
the beam thickness h varies from 5 mm to 30 mm with the step 0.5 mm. The platings are made of mild steel with
rb ¼ 7850 kg=m3 and E¼ 21� 1010 N=m2, the impact velocity is 4 m/s. Eq. (37) gives eMax � 187 026=h2 for these
parameters, where the beam thickness h is in millimeters.

The number of modes N in the expansion equation (11) was varied from 5 to 15. Calculations show that the numerical
results with N¼5 describe elastic deflections and bending stresses during the impact with a fairly good accuracy.

The non-dimensional step of integration Dc depends on the number of modes N and the beam thickness h. For example,
the step was Dc¼ 1:25� 10�3 for h¼6 mm and Dc¼ 3:12� 10�4 for h from 12 to 25 mm.

During the penetration stage the non-dimensional time step of integration was Dt¼ 3Dc. Scaling is identical for all models
in use. In transforming the measured strains to stresses, 1000 microstrains correspond to a stress level of 210 N/mm2. The yield
strain of the steel is about 3000 microstrains.

Maximum strains (in microstrains) calculated with the help of the exact model are presented in Fig. 2 as functions of
the non-dimensional time t. To calculate the strain maxima, the beam was divided into 100 subintervals and the strains
were evaluated at the nodes. Curve 1 corresponds to the beam thickness h¼6 mm, curve 2 is for h¼12 mm and curve 3 for
h¼25 mm. The vertical lines in the figure separate impact stage from the penetration stage. It is seen that for more flexible
thin beams the maximum of strains is higher, than for thick wedge walls. The maxima are achieved at the penetration
stage for h¼6 mm and h¼12 mm but at the impact stage for h¼25 mm. The impact conditions for h¼6 mm provide
strains higher than the yield strain of the steel. Note that the duration of the impact stage is longer for thinner plating.

Absolute maximum of the strains in the wedge plating eabs (curve 2) as a function of the plating thickness h (in
millimeters) is shown in Fig. 3 against the maximum strain eimp (curve 1) achieved during the impact stage. It is seen that
the impact stage can be only considered for estimating the strain maximum if h41:5 cm and a reasonable estimation can
be obtained for h41:2 cm. Here eabs was calculated for the time interval ½0,T1�, where T1 is the period of the lowest ‘wet’
mode of the wedge plating. This figure is for the impact conditions shown at the beginning of this section. By varying
impact speed, deadrise angle and length of plating, we will arrive at different curves and different relations between eabs

and eimp.
Evolutions of maximum strains predicting by different models are shown in Fig. 4 for the wedge plating thickness

(a) h¼8 mm, (b) h¼12 mm, (c) h¼25 mm. The solid thick line is for the exact model, the solid thin line for A2, the dashed
line for A3 and the dotted line is for the A1 model. The model A1 predicts strains in a fairly good agreement with the exact
ones in all cases under consideration. The decoupled model A2 overestimates strains during both the impact and
penetration stages for thin beams (Fig. 4a), but underestimates them for thick beams (Fig. 4b, c) during the penetration
Fig. 2. Evolutions of the maximum strains for the plate thickness (1) h¼6 mm; (2) h¼12 mm; (3) h¼25 mm.



Fig. 3. Maximum of the strains as a function of the beam thickness: (1) maximum strain during the impact stage; (2) maximum strain during both the

impact and penetration stages.

Fig. 4. Evolutions of the maximum strains for the plate thickness: (a) h¼8 mm, (b) h¼12 mm, (c) h¼25 mm. Lines in all plots correspond: ——, exact

model; � � � � �, model A1; ——, model A2; - - - -, model A3.
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stage. The analytical model A3 reasonably well predicts the strain evolution only during the impact stage for thick platings
(see Fig. 4c).

Fig. 5 shows the absolute maximum of strains as a function of the beam thickness h (in millimeters). The decoupled model
A2 always overpredicts the strains but can be used for h412 mm. The quasi-static model A3 overpredicts the strains for
ho7 mm and underpredicts them for thicker plating. However, this analytical model can be used for preliminary estimation of
the maximum strain.



Fig. 5. Absolute maximum of the strains as a function of the beam thickness for the exact model F and the models A2 and A3.

Fig. 6. The displacement of the plating edge at the end of the impact stage as a function of the spring rigidity for the plating thickness (1) h¼7.5 mm and

(2) h¼10 mm.
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We conclude that the approximate models considered, except A1, cannot be recommended for predictions of stresses in
the wedge plating when the impact conditions are severe and strains are close to the yield level. When the stresses in the
plating are low, all models provide close results.

7. Elastic connection of wedge plating to the main structure

We consider a wedge of the same dimensions as in Section 5 with steel platings connected to the main structure with
linear springs (see Fig. 1b). The velocity of the wedge entry is equal to 4 m/s. Dimensionless rigidity of the springs kl varies
from 10�5 to 104. Calculations are performed with five elastic modes, N¼5. The step of integration in the Runge–Kutta
method is Dc¼ 1:25� 10�3 for the plate thickness h¼7.5 mm and Dc¼ 6:25� 10�4 for h¼10 mm.

In Fig. 6, the dimensional displacement of the plating edge wð1,tð1ÞÞ at the end of the impact stage, c¼1, is shown as a
function of the spring rigidity kl. Curve 1 is for the plate thickness h¼7.5 mm and curve 2 for h¼10 mm. The calculations
show that the edge of the plate moves towards the liquid during the impact stage if the rigidity of the linear springs is
small. In particular, this occurs when the rigidity of the springs tends to zero which corresponds to the case of a free-end
beam. If the rigidity of springs is large, klZ10, then the beam edge is deflected upwards. As kl-1, this deflection tends to
zero, which corresponds to the case of simply-supported end of the wedge plating. The latter problem was studied in
Section 6. It is important to take into account the dependance of the motion of the plate edges on the spring rigidity during
impact. If the linear springs model a connection of the ship plating to the main structure of the hull, then the deflection of
the plating edges towards the liquid may cause tearing off (separation) the plating from the main structure, which may
damage the ship hull.

The evolution of the wedge wall shape, y0 ¼ x0 sin gþw0ðx0Þ�Vt0, in dimensional variables is depicted in Fig. 7 for kl¼1
and in Fig. 8 for kl¼10. These values of the spring rigidity provide minimum and maximum displacements in Fig. 6. The
plate thickness is equal to 7.5 mm in Figs. 7 and 8. The dots in these figures indicate the positions of the contact point c0 at
corresponding time instants during the impact stage. One can see that in the first case (Fig. 7), the wedge is getting flatter



Fig. 7. Evolution of the shape of the elastic wedge entering water at constant speed at selected time instants for h¼7.5 mm and kl¼1.

Fig. 8. Evolution of the shape of the elastic wedge entering water at constant speed at selected time instants for h¼7.5 mm and kl¼10.
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and in the second one (Fig. 8) it is getting sharper with time. In the first case, the duration of impact stage is t0ð1Þ ¼ 0:0128 s
and in the second one, t0ð1Þ ¼ 0:0143 s. It was revealed that in both cases during the impact stage the maximum strain
increases monotonously in time. In the first case, the maximum strain was found to be 1000 microstrains and in the
second one 1700 microstrains.

Calculations performed for wide ranges of the parameters of the wedge plating demonstrated that a sharp increase of
the hydrodynamic loads acting on the wedge is possible close to the end of the impact stage. This is similar to the so-called
blockage phenomenon described by Korobkin and Khabakhpasheva (2006) in the problem of wave impact onto an elastic
plate. This phenomenon is due to variation of the body shape during the impact in such a way that the entering body
surface becomes almost parallel to the liquid surface. Correspondingly the speed of the contact points dc=dt becomes very
large leading to high hydrodynamic loads in the contact region.

In the problem of wave impact onto a horizontal elastic plate, the parametric analysis was performed with respect to
the non-dimensional parameters a and b (see Korobkin and Khabakhpasheva, 2006, Fig. 6). The values of these parameters
such that dc=dt-1 during the impact stage or dc=dt becomes negative were distinguished. The Wagner theory cannot be
used in both cases. If dc=dto0, then the size of the contact region decreases. This case was not observed for elastic wedge
impact. However, the case with dc=dt-1 during the impact stage was observed for elastic wedge with the same values of
the parameters a and b as in the study by Korobkin and Khabakhpasheva (2006).

Moreover, the values of the parameters a and b such that the wedge ends enter the liquid before the wedge wall is
completely wetted were detected. This effect is due to simultaneous motion of wedge edge towards the liquid and the
rising of the free surface towards the entering body. It results in formation of cavity, the presence of which should be taken
into account in further calculations. When the cavity collapses, a secondary peak of the hydrodynamic loads is expected.
This peak of the hydrodynamic loads leads to increase of bending stresses in the wedge plating at the end of the
impact stage.

8. Discussion and conclusions

The semi-analytical method of solving two-dimensional problems of elastic structure impact on a liquid free surface
has been presented. The method was applied to the problem of elastic wedge impact. The problem has been solved as
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a coupled problem of hydroelasticity. The Wagner theory of water impact was used to determine the hydrodynamic loads.
The hydrodynamic loads acting on the structure were expressed through the added-mass matrix of the elastic structure
and the loads acting on corresponding rigid structure. The structural response was described by the modal approach. In
this paper the shapes of elastic wedge vibration in air (dry modes) with different conditions of plating connections to the
main rigid structure were analytically determined. The method can use also elastic modes computed by finite-element
method for complex structures. By using the derived formula for the hydrodynamic loads, the structural and
hydrodynamic parts of the original problem were fully coupled.

The original coupled problem has been reduced to the system of differential equations with respect to the amplitudes of
the elastic modes. The system has the same form as in pure structural analysis but with modified mass matrix. The forcing
term in this system represents the hydrodynamic loads acting on the corresponding rigid structure. Both the added-mass
matrix and rigid loads depend on the size of the wetted part of the structure which has to be determined together with the
solution of the system. No additional simplifications have been introduced at this stage.

If the added-mass matrix is neglected in the system, we arrive at the decoupled approach represented by the model A2.
If, in addition, the structural mass matrix is neglected, we arrive at the quasi-static decoupled model A3. Performances of
both models, A2 and A3, were tested in the paper against the solutions of the complete model. The approximate models A2

and A3, as well as their modifications, are used in practical calculations. This is why, their ranges of validity and also the
meaning of the validities are of practical interest.

The calculations of the added-mass elements were performed by using expansions of the normal modes with respect to
auxiliary functions. The normal modes of wedge plating with simply supported ends were presented by using the shape
functions of a simply supported plate of constant thickness. In the problem with wedge plating supported by linear springs
at the ends and simply supported at the wedge tip, the auxiliary functions were the modes of a uniform beam simply
supported by linear springs at the ends only. The coefficients in the expansions were suggested to be pre-calculated. The
auxiliary functions correspond to normal modes of a simpler structure, for which the added-mass matrix is known for any
size of the wetted area. By using this added-mass matrix and the coefficients in the normal mode expansions, the added-
mass matrix of the elastic wedge was calculated. The described algorithm of computing added-mass matrices of complex
structures is not time-consuming and easy to implement. The algorithm can be applied to any elastic structure represented
by eigen modes of its vibration in air. Such modes and corresponding frequencies can be computed by the finite-element
method or measured in experiments.

The ordinary differential equations for the amplitudes of the normal modes are linear but their coefficients and
the forcing terms depend on the size of the wetted part of the structure, which is unknown in advance and must be
determined as part of the solution. This fact makes the problem nonlinear even if both the structural part and the
hydrodynamic part of the problem are linear. In the present approach, no simplifications with respect to the size of the
wetted area were introduced. The size was determined with account for elastic deflections of the structure. The Wagner
condition for the positions of the contact points has been reduced to an ordinary differential equation, which was solved
together with the equations for the amplitudes of the normal ‘dry’ modes. In our approach, the problem is completely
coupled. Its solution is obtained numerically. The accuracy of the numerical solution and its convergence were
investigated by varying the number of retained modes and the integration time step. The accuracy of the added-mass
matrix calculation was investigated by varying the number of auxiliary functions in the expansions of the normal modes.

The algorithm described in the paper has been designed in such a way that the hydrodynamic pressures in the contact
region are not computed. The pressure distribution can be computed after the problem of hydroelasticity has been solved.
This is an advantage of the present method because both experimental and numerical results suggest that the hydro-
dynamic pressures during water impact are not reliable and with large scatter.

The developed algorithm was used to investigate some simplified models of elastic wedge impact. Three models were
selected to demonstrate the procedure. We did not try to range all existing models of water impact. Some simplified
models of elastic wedge impact, which were reviewed in the Introduction, are simpler than the three models selected.
Correspondingly, we do not expect that their performances are better than those of the selected models.

It was shown that the quasi-static and decoupled model A3 provides a reasonable analytical estimate of maximum
stress in the wedge plating if the thickness of the plating is not too small. However, the evolutions of the bending stresses
in time are not well predicted by this model. We have no explanation at present to such strange performance of model A3.
The unsteady decoupled model A2 was found acceptable only for thick plating, where bending stresses are quite low. In
contrast to many existing models, the model A1 utilises the added-mass of the fully wetted wedge. The model is close to
the concept of ‘wet’ modes, even such modes are not computed in the model A1. The variation of the added-mass matrix in
time is described by the factor proportional to the square of the wetted length of the structure. The performance of model
A1 was found to be very good and comparable with the performance of the original Wagner model of elastic wedge impact.

Simplified models of elastic wedge impact are relatively easy to range: the greater the number of simplified
assumptions, the lower the level of model accuracy. In this sense, the models and algorithms presented in the paper
are superior with respect to many existing models. However, it would be a mistake to neglect a simplified model once a
better model becomes available. Comparisons between models of different levels reveal importance of physical effects in
the problem under consideration. From the comparison performed in this paper, we learnt that coupling is an important
issue of elastic wedge impact. This result is not new. However, the model A2 showed that the problem of elastic wedge
impact can be treated as decoupled only for very thick plating. Fig. 5 reveals that the maximum strain in the plating
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decreases with increasing the thickness of the plating. For the conditions of the impact from Section 5, the decoupled
model can be used for the plate thickness greater than 12 mm, where the stresses are relatively low. This demonstrates
that the bending stresses close to the yield level are likely to be associated with hydroelasticity and coupled approach. The
model A1 compared with the model of this paper demonstrates that exact values of the added-mass elements are not so
important and the added-mass matrix can be approximated as it is done in Section 5. On the other hand, we observed from
model A1 that the added-mass matrix of fully wetted structure is important. The later gives us the idea that ‘wet’ modes
could be more suitable in impact problems than the ‘dry’ modes utilised in the present approach (see Maki et al., 2011, for
more discussions).

Relations between semi-analytical models, which are based on Wagner’s theory of water impact, and numerical
models, where the hydrodynamic loads are computed by fully nonlinear solvers, are less obvious and have to be explained.
The numerical models must be used when the deformations of the flow region cannot be treated as small. This is the case
of moderate penetration depths and relatively long loading time. According to Faltinsen (1998), the hydroelasticity
matters in such cases only if the largest period of the structure vibration is comparable with or longer than the loading
time. This is, the structure should be rather flexible with possibly large deflections of its surface. In contrast, computations
are performed (see Lu et al., 2000, for example) for thick plating and moderate deadrise angles. For such impact conditions
the coupling could be of no importance and the decoupled approach may provide very reasonable predictions. These issues
should be better addressed in computations and in modelling of water impact on elastic structures. Our idea is that semi-
analytical models, with modal or finite-element description of structural response, provide reliable results for small
deadrise angles, when the hydroelasticity matters, and the numerical models are for elastic wedges with moderate
deadrise angles. The numerical and semi-analytical models are expected to provide similar results for deadrise angles in
the range from 101 to 201 during the initial stage of impact. Such comparison will be helpful to develop more reliable tools
for prediction of stresses in the structure. We are unaware of experimental results for elastic wedges with deadrise angles
less than 301 and we cannot at present validate our results against the experimental ones.

In Section 7 of this paper, the developed algorithm was applied to a new problem of elastic wedge, the plating of which
is connected to the main rigid structure by linear springs. This problem is of practical importance. It was shown that, by
changing the spring rigidity, one can increase or decrease both the hydrodynamic loads acting on the structure and
stresses in the wedge plating.
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