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ABSTRACT

We consider the unsteady two-dimensional elastic plate impact into water of infinite depth, initially
at rest. The plate has large constant horizontal velocity component and small angle of attack. The
fluid is incompressible and inviscid. Within the linearisedhydrodynamic problem the position of the
forward turnover region is determined by Wagner’s condition. The rear separation point is modelled
by the Brillouin-Villat criterion. Newton’s second law andEuler’s beam equation govern both the
rigid and elastic motions of the plate.

We show that the bending stresses in the plate can exceed the yield stress of the material. As
suction forces are absent in this model, the rigid body motion of the plate differs significantly from
that with the separation point placed at the trailing edge. The horizontal velocity of the separation
point is sensitive to the vibration of the plate and it can change its sign in the frame of reference of
the fluid at rest far from the body. In this case Brillouin-Villat condition is replaced by Wagner’s
condition.
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1. INTRODUCTION

We investigate the impact of an elastic plate onto the fluid when the plate has a small angle of attack
and a forward velocity component that is much larger than itsvertical velocity of descent onto
the water. The hydrodynamic loads are very high and the flexibility of the plate may significantly
influence the interaction between fluid and plate. Such impacts can be observed in slamming of
high-speed vessels where the loads may cause unwanted structural responses.

The oblique impact of a semi-infinite rigid plate with constant velocity onto a flat free surface
is self-similar. Faltinsen & Semenov1 presented the method and numerical results for a wide range
of angles of attack. Ulstein & Faltinsen2 studied oblique impacts of a rigid plate for small angles of
attack for variable vertical velocity. Hicks & Smith3 presented a solution for the problem of plate
impact into shallow water. They showed that the plate can exit the fluid a short time after its water
entry.

The water impact that we investigate here is characterised by a turnover region of the free
surface flow, where a jet forms under the plate and is thrown forward of the advancing plate (see
Fig.1). We exploit the fact that the jet is thin to determine the position of the turnover region within
the linearised hydrodynamic problem, as was done by Wagner4. The high-speed jet gives a small
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contribution to the loads acting on the plate and we neglect it. When the plate penetrates the free
surface, a splash appears behind the trailing edge at the penetration point5. The part of the free
surface between the initial splash and the advancing fluid separation point at the plate (see Fig.1)
is referred to as the wake. Flow experiments confirm a smooth flow separation from a sharp edge
and from a smooth blunt body if the flow speed is high enough. Inthe present study we employed
the assumption of smooth separation of the free surface fromthe plate surface, corresponding to
Kutta’s condition of finite flow speed at the separation point6.

In previous calculations (see Reinhardet al.7), where the separation point was modelled to be
fixed at the trailing edge, it was shown, that a low (sub-atmospheric) pressure zone is on the rear side
of the plate attached to the trailing edge. Consequently, the fluid may separate from the plate ahead
of the trailing edge, though, this is even more likely for an elastic plate due to pressure oscillations.
This phenomenon is known as ventilation and is (along with cavitation) an important issue for high-
speed vessels as it may cause serious damage. Although we areaware of the roles of viscosity
in the boundary layer and surface tension in the separation process, we aim to model separation
as inviscid, which is suitable for bodies of large dimensions such as an aircraft fuselage. Here
we consider the criterion that the hydrodynamic pressure does not fall below atmospheric pressure
close to the separation point, which is equivalent to the Brillouin-Villat condition6, a commonly
used separation criterion. As suction forces are absent in this model the rigid-body motion varies
notably from that with the separation point placed at the trailing edge. However, there are other
separation criteria, which may give more plausible resultsand, in particular, allow pressures to be
below atmospheric value8.

We deal here with the coupled problem of an elastic plate impact onto the free surface of
deep water where we model the flexibility of a thin plate by Euler’s beam equation with free ends.
Only the bending stresses and the normal shear forces are taken into consideration in Euler’s beam
model. We shall determine simultaneously the flow generatedby the impact, the hydrodynamic
loads acting, the positions of the separation point and the turnover region, the rigid body motions,
and the elastic deflections of the plate. To solve the coupledproblem we use a similar approach to
that used in the problem of wave impact on an elastic plate studied by Korobkin9 and Korobkin &
Khabakhpasheva10. Owing to the elastic deformation of the plate, the part of the plate surface in
contact with the fluid and the loads acting on the plate differsignificantly from those of a rigid plate.

The liquid is assumed inviscid and incompressible, and the flow initiated by the plate impact is
irrotational and two-dimensional. The stage under consideration is so short that any vorticity in the
viscous boundary-layer on the plate has no time to advect into the main part of the fluid domain,
and gravity has no time to provide a contribution to the velocity field.

x

y

d2

d1t
1

Figure 1: Plate impact onto deep water at timet > 0. Note the fluid separation from the plate at
x = d1 and the jet thrown forwards from the turnover pointx = d2. The plate freely descends and
has unit horizontal velocity component.

2. MATHEMATICAL FORMULATION

Initially the fluid is at rest and occupies the lower half plane y′ < 0. The elastic plate is initially
undeformed, inclined to the liquid free surface at an angleε, and touches the free surface at a single
point which is taken as the origin of the Cartesian coordinate systemx′Oy′. They′-axis points
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vertically upwards and thex′-axis along the undisturbed free surface. The plate starts to penetrate
the liquid with initial vertical velocity componentV and constant horizontal velocity component
U , whereV/U = O(ε). The plate’s initial angular velocity is zero. The plate is of lengthL and
small thicknessh, such thath/L ≪ 1. The plate has constant density̺S , Young’s modulusE and
Poisson’s ratioν. The liquid is incompressible, inviscid and of constant density ̺F . The potential
flow generated by the penetrating plate is assumed two-dimensional. The Froude-numberU/

√
gL

is assumed to be large, whereg is the acceleration due to gravity, so that gravity is negligible in
the leading order hydrodynamic model. The surface tension of water and the presence of air are
also neglected in this model and the atmospheric pressure isset to zero, so that fluid pressure at the
free surface is zero. We are concerned with the initial stageof plate impact, whose duration is of
orderL/U . The ratioL/U is taken as the timescale of the problem. The lengthL of the plate is the
lengthscale of the problem. Note that the plate deflection isof orderεL due to the small inclination
of the plate. The fluid velocity potential, pressure and the energies are scaled byεUL, ε̺FU2 and
ε2̺FU

2L2, respectively. We drop the primes for the corresponding nondimensional variables. The
initial angleε of the plate inclination plays the role of a small parameter.

The position of the plate at the time instantt is described by the equationy = εω(x, t) for
t < x < t + 1 which includes both the rigid motions of the plate and its elastic deflection. In
the coordinate system moving together with the plate, the shape is described by the equationy =
εζ(s, t) wheres = x − t and0 ≤ s ≤ 1 such thatζ(s, t) = ω(s + t, t). We formulate the plate
motions, both rigid and elastic ones, in the moving coordinate system(s, y, t) by Euler’s beam
equation

µζtt + θζ IV = p(s+ t, 0, t)− µκ (0 < s < 1) (1)

wherep(x, y, t) is the hydrodynamic pressure. The parameters are defined asµ = ̺Sh̺
−1
F L−1,

κ = gLε−1U−2, θ = D̺−1
F L−3U−2 whereD = Eh3/(12(1 − ν2)) is the flexural rigidity of

the plate. The end points of the plate are free of stresses, which gives us the free-free boundary
conditions

ζ′′ = ζ′′′ = 0 (s = 0 ands = 1) (2)

for Eq.(1). Here primes correspond to the derivatives ins. The initial conditions of the problem
in Eq.(1) and Eq.(2) have the formζ(s, 0) = s andζt(s, 0) = −χ, whereχ = V/(εU) is the
nondimensional initial vertical velocity of the plate.

Fig.1 shows the plate as it moves from left to right and penetrates the liquid. During the early
stage of the interaction the deformation of the liquid boundary is small compared with the length
scaleL of the problem. In the leading order forε → 0, the boundary conditions can be linearised
and imposed on the initial position of the liquid boundaryy = 0. The interval of the boundary,
whered1 ≤ x ≤ d2, y = 0, corresponds to the part of the body, which is in contact withthe liquid.
The hydrodynamic pressurep(x, y, t) is given by the linearised Bernoulli’s equationp = −ϕt. The
free surface shape is described by the equationy = εη(x, t), whereη(x, t) is given by the linearised
kinematic boundary conditionηt(x, t) = ϕy for x < d1, x > d2, y = 0. The velocity potential
ϕ(x, y, t) satisfies the following equations7:

∇2ϕ = 0 (y < 0) (3)

ϕy = ωt(x, t) (y = 0, d1 < x < d2) (4)

ϕx = 0 (y = 0, x < 0 andx > d2) (5)

ϕx = ϕ̄x(x) (y = 0, 0 < x < d1) (6)

ϕ→ 0 (x2 + y2 → ∞) (7)

The functionϕ̄x(x) arising from the integration of Bernoulli’s equation has tobe determined as part
of the solution in the wake region0 < x < d1(t), y = 0. By also assuming that the kinetic energy
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Ekin = 1
2

∫

(ϕ2
x +ϕ2

y)dxdy of the flow is finite, the solution of Eqs.(3) – (7) is unique fort > 0 for
prescribed functionsd1(t), d2(t), ω(x, t) andϕ̄x(x). However, here the problem of the elastic plate
impact onto the liquid free surface is coupled: the flow, the pressure distribution, the motions of the
plate and its elastic deflection must be determined simultaneously, together with the interval of the
wetted region.

The pointx = d2(t) corresponds to the forward overturning region, where a thinspray jet is
formed11. Eq.(5) implies that the speed of the forward contact pointx = d2(t) is assumed positive.
The position of the forward contact point,x = d2(t), is determined by using Wagner’s condition4:

η(d2, t) = ω(d2, t) . (8)

To take the early water detachment into account we determineϕ̄x(x) andd1(t) such that

η(x, t) = ω(x, t) (x = d1) (9)

|∇ϕ(x, 0, t)| < +∞ (x = d1) (10)

η(x, t) ≤ ω(x, t) (t < x < d1) (11)

px(x, 0, t) ≥ 0 (x→ d1 + 0) (12)

as long as the horizontal velocity of the separation point,ḋ1(t), is positive. The fluid separates
continuously from the body at the separation point in Eq.(9). Eq.(10) is Kutta’s condition that the
fluid velocity at the separation point is finite. Eq.(11) implies that the fluid free surface lies below the
plate between the trailing edge and the separation point. Eq.(12) comes from the assumption that the
pressure close to the separation point does not fall below atmospheric pressure. Our computations
of rigid-plate impact at high horizontal speed only detected the casėd1(t) > 0. However, for elastic
plates we had to stop computations whenḋ1(t) became negative. Iḟd1(t) < 0 the distribution of
the horizontal velocity of the fluid,̄ϕx(x), for 0 < x < d1(t), y = 0, has already been determined
before, so that conditions in Eqs.(9) – (12) over-determinethe problem. Whileḋ1(t) < 0 we model
the motion of the rear turnover point by Eq.(9) and do not takeEqs.(10) – (12) into account.

The solution of the coupled problem depends on four parametersχ, µ, θ andκ. Our analysis
will be focused on both the rigid and elastic motions of the plate, and the hydrodynamic loads acting
on the plate.

3. SOLUTION OF THE COUPLED PROBLEM

3.1. Hydrodynamic and kinematic part of the problem
The solution of the problem in Eqs.(3) – (7) can be obtained byusing the theory of boundary-value
problems for analytical functions12. The horizontal component of the liquid velocity in the wetted
region of the platey = 0, d1 < x < d2 is given by

ϕx(x, 0, t) =
K(x, t)

π
√

(x− d1)(d2 − x)
, (13)

K(x, t) =

∫ d1

0

√

(d1 − ξ)(d2 − ξ)

ξ − x
ϕ̄x(ξ)dξ +

∫ d2

d1

√

(ξ − d1)(d2 − ξ)

ξ − x
ωt(ξ, t)dξ . (14)

Furthermore, using Eqs.(3) – (7) and Bernoulli’s equation we can formulate a mixed boundary-
value problem for the complex functionf(x + iy) = ϕt(x, y, t) + iψt(x, y, t), whereψ is the
stream function. This boundary-value problem gives us the hydrodynamic pressure on the wetted
part of the plate,d1 < x < d2, y = 0:

p(x, 0, t) = − ḋ1K(d1, t)

π(d2 − d1)

√

d2−x
x−d1

− ḋ2K(d2, t)

π(d2 − d1)

√

x−d1

d2−x − T (x, t)
√

(x− d1)(d2 − x) (15)
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where

T (x, t) =

∫ d2

d1

ω̂tt(ξ, t)

(ξ − x)
√

(ξ − d1)(d2 − ξ)
dξ , ω̂(x, t) =

∫ x

t

ω(x, t)dξ . (16)

It can be shown that the square-root singularities in the pressure in the first and second terms of
Eq.(15) are positive. We evaluate the kinematics of the freesurface by introducing the displacement
potentialΦ(x, y, t) =

∫ t

0 ϕ(x, y, τ)dτ . We use Eq.(8), Eq.(9) and the kinematic boundary condition
to reformulate the hydrodynamic problem in Eqs.(3) – (7) with respect to the displacement poten-
tial11. In particular, Eq.(8) and Eq.(9) imply that the fluid displacementsΦx andΦy are bounded at
x = d1, y = 0 andx = d2, y = 0. This is only possible, if the following conditions are satisfied:

∫ d1

0

√

d2−ξ
d1−ξ (tϕ̄x(ξ) +A(ξ)) dξ =

∫ d2

d1

√

d2−ξ
ξ−d1

ω(ξ, t)dξ , (17)

∫ d1

0

√

d1−ξ
d2−ξ (tϕ̄x(ξ) +A(ξ)) dξ = −

∫ d2

d1

√

ξ−d1

d2−ξω(ξ, t)dξ , (18)

whereA(x) is an unknown function, arising due to time integration. Theforward contact point
d2(t) is evaluated by Eq.(18). As tod1(t), ϕ̄x(x) andA(x) we discuss the three casesd1(t) = t,
andd1(t) > t, ḋ1(t) > 0, andd1(t) > t, ḋ1(t) < 0, separately.

As to the cased1(t) = t we have to consider Eq.(9), Eq.(10) and Eq.(12) only. Eq.(10) and
Eq.(13) yield

K(d1, t) = 0 . (19)

Hence we find̄ϕx andA(x) by Eq.(19) and Eq.(17), which are singular Volterra integral equations.
In Eq.(15) the singularity of the pressure atx = d1 is removed forḋ1 > 0, since Eq.(19) holds, so
that we get the asymptotic behaviour of the hydrodynamic pressure

p(x, 0, t) = −2E(t)(x− d1(t))
1/2 +O

(

(x− d1(t))
3/2
)

as x→ d1(t) , (20)

E(t) =
1

π
√
d2 − d1

(

∫ d2

d1

√

d2−ξ
ξ−d1

ωtt(ξ, t)dξ +
ḋ2K(d2, t)

2(d2 − d1)

)

. (21)

The condition in Eq.(12) can only be satisfied in Eq.(20) ifE(t) ≤ 0 so that we have to consider
the cased1 > t, ḋ1 > 0 as soon asE(t) becomes zero.

The cased1 > t, ḋ1 > 0 requires us to determined1(t) as well, which is given by Eq.(11)
and Eq.(12). It can be shown from the solution of the mixed boundary-value problem off(x+ iy)
together with Eq.(9) and Eq.(19) for a smooth-shaped elastic plate that

ω(x, t)− η(x, t) =
4E(t)

3ḋ1(t)2
(d1(t)− x)3/2 +O

(

(d1(t)− x)5/2
)

asx→ d1(t) (22)

for the gap between the plate and the free surface behind the separation point. Both conditions in
Eq.(11) and Eq.(12) can only be satisfied in Eq.(20) and Eq.(22) if

E(t) = 0 , (23)

which determinesd1(t). Note thatE(t) in Eq.(21) depends on the acceleration of the plate and the
horizontal velocity of the forward contact pointḋ2. Eq.(22) and Eq.(23) imply that the curvatures
of the free and body surface are equal at the separation pointx = d1 which coincides with the
Brillouin-Villat criterion6.
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Whenḋ1(t) < 0 the functiond1(t) is governed by Eq.(17), which is actually Wagner’s condi-
tion for the rear contact point.

3.2. Structural part of the problem coupled with the hydrodynamic pressure
The plate deflectionζ(s, t) is presented as a linear superposition of normal modesψk(s),

ζ(s, t) =

∞
∑

k=0

ak(t)ψk(s) (0 < s < 1) , (24)

ψ0(s) = 1 , ψ1(s) =
√
3(2s− 1) , λ0 = λ1 = 0 , (25)

ψk(s) =
eλk(s−1) + (−1)ke−λks

(−1)k + e−λk

+ cos(λks)− tanh
(

1
2λk

)(−1)k

sin(λks) , (26)

cos(λk) cosh(λk) = 1 , k ≥ 2 , (27)

with the principal coordinatesak(t) to be determined. The normal modesψk(s) are the eigensolu-
tions of the boundary-value problem

ψIV
k = λ4kψk (0 < s < 1) , (28)

ψ′′

k = ψ′′′

k = 0 (s = 0 ands = 1) , (29)

and known as “dry” modes of a free-free elastic plate. They are orthonormal w.r.t. the inner product
(f, g) =

∫ 1

0
f(x)g(x)dx. The modesψ0(s) andψ1(s) in Eq.(25) describe the vertical translation

and rotation of the rigid plate. The modes withk ≥ 2 are elastic modes and their eigenvaluesλk
are the solutions of Eq.(27) and ordered so thatλk < λk+1 for all k. Eq.(27) implies thatλk is
asymptoticallyπk − π

2 for k → ∞.
We substitute Eq.(24) in Euler’s beam equation (see Eq.(1))and project the result on each mode

ψk(s) to obtain the following system of ordinary differential equations forak(t):

µäk + θλ4kak =

∫ d2

d1

p(x, 0, t)ψk(s)ds− µκek . (30)

Hereek = 1 for k = 0 andek = 0 for k ≥ 1. The integral in Eq.(30) contains the hydrodynamic
pressure Eq.(15), where we use Eq.(24) for the shape of the elastic plate. Eq.(30) can be written in
matrix form

M(d1, d2)ä = D(d1, d2, ḋ1, ḋ2)ȧ+ S(d1, d2, ḋ1, ḋ2)a+ b

(

d1, d2, ḋ1, ḋ2; ϕ̄x(x)
)

(31)

wherea(t) = (a0(t), a1(t), a2(t), . . .)
T . The matricesM , D, S and the vectorb are explicitly

known and, in particular, the matrixM is symmetric. We find an ordinary differential equation
for d2(t) by differentiating Eq.(18) with respect to time. The initial conditions for the system of
ordinary differential equations area(0) = (12 ,

1
6

√
3, 0, 0, . . .)T , ȧ(0) = (−χ, 0, 0, 0, . . .)T and

d2(0) = 0. In the caseḋ1(t) > 0 the matricesD, S and the vectorb in Eq.(31) do not depend
on ḋ1. The functionsϕ̄x(x) andA(x) are obtained by solving Eq.(17) and Eq.(19). Ifd1(t) > t,
ḋ1 > 0 we determined1 by Eq.(23). Forḋ1 < 0 we include the time derivative of Eq.(17) into our
ODE-system wherēϕx(x) andA(x) are already given.

3. NUMERICAL RESULTS

We investigate the interaction between the plate and the fluid free surface numerically by setting
ak = 0 for k ≥ M and taking only the firstM componentsk = 0, . . . ,M − 1 of Eq.(31) into
account. To integrate Eq.(31) and the time-derivative of Eq.(18) (and the time-derivative of Eq.(17),
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if ḋ1(t) < 0) we use a modified Euler’s method in a first stage. In the secondstage we solve the
integral equations in Eq.(19) and Eq.(17) to getϕ̄x(d1) andA(d1), where the functions̄ϕx(x) and
A(x) are approximated by linear splines. Initial valuesḋ2(0), ϕ̄x(0) andA(0) are taken from the
self-similar results of the oblique impact of a rigid plate with constant velocity. Ford1(t) > t,
ḋ1(t) > 0 we findd1 from Eq.(23) by a secant method between first and second stage.

The time step has to be much smaller than the shortest period of the plate vibrations retained,
which isTM−1 = 2πλ−2

M−1(µ/θ)
1/2 (see Korobkin9). However, difficulties still arise in the case

ḋ1 > 0, when conditions for determiningd1(t) have to be changed wheṅd1(t) = 0. Sinceḋ1(t) is
approaching zero,̄ϕx(x) andA(x) are singular atx = d1(t1) wheret1 is the time whenḋ1(t1) = 0.
Here it is advantageous to sharply reduce the time step. As soon asḋ1 goes below0, we only have
to find d1 by Eq.(17) while the wake region0 < x < d1 shrinks. On the other hand foṙd1(t) < 0
we change back to Eq.(17), Eq.(19) and Eq.(23) as soon asḋ1(t) becomes positive. In this case we
experience a jump ofd1(t) due to a negative pressure zone close to the contact pointx = d1(t)

8.
Numerical results are presented in Figs.2 – 6 for the impact of a steel plate onto water. We fix

the plate lengthL = 2.5m, plate thicknessh = 0.05m, density̺ S = 8000 kgm−3, flexural rigidity
D = 2300 kN m, initial plate inclinationε = 8◦, horizontal velocity componentU = 25m s−1 and
initial vertical velocityV = 6m s−1. The gravity accelerationg = 9.81ms−2 acts on the plate. As
discussed in Reinhardet al.7 the computation has to be stopped when the mean inclination angle
α(t) = 2

√
3εa1(t) becomes negative, because either the plate gets fully wetted or the free surface

touches the dry part of the plate ahead of the wetted part. Forsmall vertical velocityV , the plate
may also exit the fluid. We compare the results of the elastic plate, where we use8 elastic modes
(M = 10), with the rigid plate impact (M = 2). The computations forM = 10 were performed
with variable non-dimensional time step ranging between8.8 × 10−5 and8.8 × 10−4. To see the
effects of ventilation we also show the results for a non-ventilated plate where we enforced1(t) = t.
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Figure 2: (a) Pressure distribution at timest = 0.20 (thin lines) andt = 0.39 (thick lines) for venti-
lated elastic (solid) and non-ventilated elastic (dashed-dotted) plate, (b) vertical hydrodynamic force
for ventilated elastic (solid), ventilated rigid (dashed)and non-ventilated elastic (dashed-dotted)
plate.

The pressure distribution in Fig.2(a) of the ventilated plate is close to that of the non-ventilated
plate in the interval where the pressure is positive. Note that the pressure distribution at the sep-
aration point passes smoothly to zero pressure on the fluid free surface whend1 > t, ḋ1 > 0.
However, for later times the rigid motions of the ventilatedand non-ventilated plate diverge, so that
their pressure distributions differ at the front wetted part of the plate. Forḋ1 < 0 it is typical that
the singularity at the rear contact point is weakly pronounced due to small|K(d1, t)| (see Eq.(15)).
Fig.2(b) shows differences in the force as a function of timebetween the rigid and elastic plates.
Since no negative pressure zones contribute to the total hydrodynamic loads of a ventilated plate,
higher loads can be seen for the ventilated elastic plate as soon asd1(t) > t. Large hydrodynamic
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loads occur here fort > 0.4, when the angle of attack is very small and the downward motion of the
leading edge is still quick. This leads to largeḋ2 providing large pressure singularities atx = d2.
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Figure 3: (a) The penetration depth of the trailing edge and (b) the instantanious angle of attack
α(t) = 2

√
3εa1(t), for ventilated rigid (dashed), ventilated elastic (solid) and non-ventilated elastic

(dashed-dotted) plate.
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Figure 4: (a) The positions of the contact pointsc1 andc2 as functions of time for rigid (dashed)
and elastic plate (solid) with ventilation, (b) The maximumamplitude of the principle coordinates,
maxt |ak(t)| and their first,maxt |ȧk(t)|, and second,maxt |äk(t)|, derivatives for0 ≤ k ≤ 9 in
logarithmical scale for the ventilated elastic plate.

Fig.3(a) and Fig.3(b) indicate the rigid body motion of the plate through the penetration depth
of the left edge, and the inclination of the plate, respectively. Since no negative load is exerted on
the rear part of the ventilated plate, the trailing edge is rising quicker and the angle of attack is
decaying to zero quicker than for the non-ventilated plate.

Fig.4(a) shows the positions of the contact points in movingcoordinate system,c1(t) = d1(t)−
t andc2(t) = d2(t) − t, as functions of time. Since the rigidity of the plate is high, the motion of
the leading contact points = c2(t) for the ventilated elastic plate only differs weakly from that of
a ventilated rigid plate. As to the separation point,s = c1(t), it stays at the trailing edges = 0
before starting to move along the plate at timet0. For the rigid plate the separation point departs
from the trailing edge earlier (t(r)0 = 0.09) than for the elastic plate (t(e)0 = 0.16), since the bending
of the plate towards the fluid increases the hydrodynamic loads on the rear part of the plate. Due
to the rotation of the plate the coordinatec1(t) is increasing quickly fort > t

(r)
0 and t > t

(e)
0 ,

respectively. However, the vibrations of the elastic platelead to oscillations of the coordinate such
thatḋ1(t) < 0, occasionally, where the conditions of the rear contact point have to be changed. For
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M = 10 the computation changes the separation point condition to Wagner’s condition and back
nine times betweent(e)0 and0.42. The length of the wetted region does not exceed one-third ofthe
length of the plate.

The maximum amplitude of the principal coordinates,maxt |ak(t)| where0 < t < 0.42,
quickly decreases for largek (see Fig.4(b)). We found thatmaxt |ak(t)| decays asO(k−5) for the
first 8 elastic modes, which indicates that only a few normal modes need to be taken into account to
get reasonable results. The functionäk(t) decays only weakly for increasingk, but its oscillation
in time with frequencies increasing asO(k2) improves the convergency ofd1(t) (see Eq.(21) and
Eq.(23)). We found thatd1(t) is already well approximated forM = 7.
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Figure 5: (a) Maximum bending stressσmax(t) = maxs |σ(s, t)| for ε = 8◦ for the ventilated
elastic plate (solid) and non-ventilated elastic plate (dashed-dotted) in thick lines; thin lines show
the stresses for initial plate inclinationε = 5.5◦, (b) bending stresses at the centre of the ventilated
elastic plate for the impact problem where the first 8 elasticmodes are taken into account (M = 10,
solid) and where only the first elastic mode is taken into account (M = 3, dashed).
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Figure 6: Free surface elevationy = εη(x, t) for x < d1 andx > d2 and the position of the plate
y = εω(x, t) whent = 0.37 .

Fig.5(a) presents the maximum bending stress of the plateσmax(t) = maxs |σ(s, t)| whereσ =
εEhζ′′/(2L). The bending stress for a non-ventilated elastic plate is higher than for a ventilated
plate. Fig.5(b) shows that the bending stresses are well approximated with the first elastic mode.
Comparing Fig.5(a) and Fig.5(b) we conclude that at the instant of large bending the maximum
bending stress is close to the bending stress at the mid-point s = 0.5. However, large bending
stresses are also observed close to the forward contact point of the plates = c2(t), since the
pressure is highest there. The bending stress is particularly high, if at the moment, when the contact
point reaches abouts = 0.5, the plate undergoes concave bending. This is the case for initial plate
inclinationε = 5.5◦ where the bending stress approaches the yield stress of A36 steel:250MN m−2.

Fig.6 shows the free surface elevation in the wake region andin front of the plate. We need
to know the free surface shape to verify that the free surfacedoes not contact the plate behind the
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separation point. Fig.6 indicates that, indeed, the condition in Eq.(11) is satisfied for this example.
Because of the missing hydrostatic pressure the free surface elevation is logarithmicly singular at
x = 0. The plate bending is barely visible to the naked eye.

4. CONCLUSIONS

We have developed a model for free oblique impact of an elastic plate, which predicts the plate mo-
tion, including its vibration, the free surface flow and accounts for ventilation. Difficulties in mod-
elling the rear contact point wheṅd1(t) reaches zero have been overcome by introducing Wagner’s
condition for the rear contact point. It is shown that the bending stresses in the plate may exceed the
yield stress but ventilation decreases the bending stresses compared with a non-ventilated plate. In
general we conclude that fluid velocity, free surface shape,hydrodynamic pressure and the position
of the rear contact point are sensitive to the plate vibrations. It might be worthwhile to compare the
results with a clamped plate impacting the water-free surface at high horizontal speed. A clamped
plate enables one to attach a larger mass to the plate withoutincreasing its rigidity.
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