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Abstract. The new parallel algorithm has been developed and imple-
mented for solving the axial-symmetric problem of the interaction of a
plane shock wave with a free bubble system (cluster) resulting in the
formation of a stationary oscillating shock wave. The important charac-
teristics of the problem in question, such as acceleration, effectiveness,
and the influence of heterogeneity on the time of calculation have been
experimentally obtained. They enable us to evaluate the quality of the
algorithm and the scope for obtaining appreciable results. With the use
of the parallel algorithm discussed, the dynamics of the pressure fields
in a distant zone of a cluster is investigated, including the pressure field
of the shock wave radiated by a bubble cluster. It is fairly difficult over
a reasonable period of time to obtain results of such an investigation in
one computer due to the large size of the problem under consideration.

1 Introduction

Generation of pressure pulses in liquid and gases has been the subject of ongo-
ing research for many years. This work resulted in the development of various
pressure generators and shock-wave comulation methods. Research efforts were
focused on the exploration of media in which the energy transferred by relatively
weak pulsed loading can be absorbed, consentrated in a local region, and reemit-
ted in a pulse of substantially higher amplitude. In [1], the model developed by
Iordanskii, Kogarko, and van Wijngaarden was used in numerical studies to show
that interaction between a plane shock wave and a bubble cluster gives rise to a
shock wave with a pressure gradient tangent to its curved front. By focusing such
a wave, its amplitude can be increased by one or two orders of magnitude. As
another example of waves focusing in an axially symmetric geometry, processes
taking place in interaction between a plane shock wave and a toroidal bubble
cluster. The results of numerical study of near-axis wave structure was presented
for a focusing shock wave emitted by a bubble cluster in [2].
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This paper proposes the new parallel algorithm of the axially symmetric
problem of the interaction of the plane shock wave with a free bubble system
(the toroidal cluster) resulting in the formation in the liquid of a stationary os-
cillating shock wave. The new approach to parallelization of the algorithm of the
given problem is considered; The basic characteristics of the parallel algorithm,
obtained for different sizes of a computer system, different sizes of a bubble
cluster and different sizes of a problem are presented; The corresponding graphs
of the numerical experiments are plotted; The results of solution to a concrete
problem, obtained on the supercomputer system MVS1000 are presented; The
new results when solving the problem of the interaction of the plane shock wave
with a toroidal cluster have been obtained; Analysis of the wave field structure
in a distant zone of a cluster for three sets of geometrical parameters of the
toroidal bubble cluster was made; The improved values of the pressure dynam-
ics when the Mach disk is propagating along the axis for large time intervals
have been obtained. This paper proposes the new parallel algorithm of the ax-
ially symmetric problem of the interaction of the plane shock wave with a free
bubble system (the toroidal cluster) resulting in the formation in the liquid of a
stationary oscillating shock wave.

The new approach to parallelization of the algorithm of the given problem is
considered. The basic characteristics of the parallel algorithm, obtained for dif-
ferent sizes of a computer system, different sizes of a bubble cluster and different
sizes of a problem are presented. The corresponding graphs of the numerical
experiments are plotted. The results of solution to a concrete problem, obtained
on the supercomputer system MVS1000 are presented. The new results when
solving the problem of the interaction of the plane shock wave with a toroidal
cluster have been obtained. Analysis of the wave field structure in a distant zone
of a cluster for three sets of geometrical parameters of the toroidal bubble cluster
was made. The improved values of the pressure dynamics when the Mach disk
is propagating along the axis for large time intervals have been obtained.

2 Statement of the Problem and Governing Equations

We consider the shock wave generated by piston motion at the end of a shock
tube of radius rst filled with a liquid at the moment t = 0. The shock tube
contains a toroidal bubble cluster whose center is located on the shock-tube axis
(denoted by z) at distance lcl from its left boundary. The plane of the base
circle of the torus (hereinafter called the toric plane), which has a radius Rtor

(Rtor < rst), is perpendicular to the shock-tube axis. he cross-sectional radius
of the torus is Rcirc (see Fig. 1). The initial volume fractin of the gas phase
in the cluster is denoted by k0. All gas bubbles have equal radii Rb, and their
distribution over a cluster is uniform. At t > 0, the shock wave propagates along
the positive z axis, interacts with the toroidal bubble cloud, bypassed around it,
and is refracted as it encounters the cluster.

The focusing of the refracted wave by the cluster was computed by using a
modified Iordanskii-Kogarko-van Wijngaarden model [1], based on the continuity
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Fig. 1. Toroidal Bubble cluster: the hatched area is the toric section; z is the symmetry
axis

and momentum equations written for the average pressure p, density ρ, and
velocity u :
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where ρ0 is unperturbed liquid density, c0 is the speed of sound in liquid, and
the ρ is the density of the bubble liquid normalized to the ρ0. It is obvious that
systen (1) is not closed: the Tait equation of state for the liquid phase contains
the volume fraction k of gas in the cluster, which is expressed in terms of the
dynamic variable β = R/R0 (relative bubble radius).

In the Iordanskii-Kogarko-van Wijngaarden model, a physically heteroge-
neous medium is treated as homogeneous, and the Rayleigh equation for β:
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is used as a closure for system (1). Here, σ is surface tension; µ is viscosity;
n = 7.15; and p0, ρ0, R0,

√
p0/ρ0, and R0

√
ρ0/p0, are the reference parameters

used to obtain a dimensionless system of equations.
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3 Parallelization of the Solution Algorithm of the
Problem

The computer system MVS1000 is a system with the distributed memory. Such
systems are primarily intended for computing the MPMD- and the SPMD-
programming models. As is known, the problems that are solved by finite dif-
ference methods can be effectively parallelized in the computer systems with
the distributed memory using the SPMD- programming models or by the data
decomposition method [3 - 9]. It is this method that is applied for the paral-
lelization of the algorithm of the problem in question.

According to the definition given in Section 2, the computation model of
the problem in question consists of the bulk of a homogeneous liquid medium
and a bubble cluster included in it. Both the liquid medium and the bubble
cluster ”contribute” differently to the total time of calculation. Therefore, in
order to reveal the features of a parallel algorithm it is necessary to determine
the characteristics of the algorithm for computer systems of different size, for
clusters of different size, and for the problems with different number of points.

3.1 The Computational Domain

The medium domain is set as a 2D rectangle of size Xm ∗ Ym (in centimeters).
The bubble cluster domain is a 2D domain of a design configuration. The bubble
cluster domain is included into the medium domain.

In the domain of the medium a uniform rectangular grid is set that defines the
computational domain of the medium (hereinafter: ”medium domain” instead
of ”computational domain of the medium”). The grid has Nm ∗Km nodes along
the coordinates r and Z, respectively. The same computational grid is used for
the bubble cluster in the sub-domain of the medium domain where the cluster
is located.

Three medium variables and one variable of the bubble cluster are calculated
by the explicit five-point ”cross” stencil. When all the other variables are calcu-
lated at the grid points during the k+1-th time step, the values of variables are
only used that have already been obtained during the k-th time step.

3.2 Parallelization of the Algorithm

As stated above, the parallelization of the solution algorithm of the problem is
carried out by the method of decomposition of computational domains when both
the medium domain and the bubble cluster domain are divided into sub-domains,
and these sub-domains are distributed among the processors of the computing
system (multi-computer). The size and configuration of the sub-domains of the
decomposed domains are automatically calculated at each processor according
to the variables of these sub-domains and the value P that is equal to the number
of the processors in the multi-computer. Both the decomposition of the medium
domain and the decomposition of the bubble cluster domain have their own
salient features.
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Decomposition of the Computational Domain of the Medium. The computa-
tional domain of the medium is segmented into equal bands along the coordinate
Z. The size of the bands is calculated by the following formula: Km/P ∗ Nm

where P is the number of processors in the multi-computer. That is, the domain
is segmented along the direction of the plane wave propagation. Since the com-
putational domain of the medium is represented by the values of 10 variables
calculated at the grid points, all the arrays are cut into sub-arrays in accord
with the segmentation of the domain. The arrays calculated by the five-point
”cross” stencil are decomposed with the overlap of the values of the adjacent
points of the boundary sub-domains. Decomposition of the other arrays is car-
ried on without overlapping the boundary sub-domains. All parts of the arrays
corresponding to these sub-domains are then distributed among the processors
of the multi-computer.

Decomposition of the Computational Domain of the Bubble Cluster. The
computational domain of the bubble cluster is segmented into bands along the
coordinate Z as is the case with the medium domain (hereinafter: ”cluster do-
main” instead of ” computational domain of the bubble cluster”). The cutting
lines of the cluster domain are specified by the cutting lines of the medium do-
main and coincide with them completely. The width of the bands in the medium
domain depends on the number of processors P . As the cluster domain depends
on the medium domain, the sizes of the sub-domains of the decomposed cluster
domain and their configurations will be quite different for different values of
P . The sub-domains of the decomposed cluster domain are distributed among
the processors together with the corresponding sub-domains of the medium, to
which the cluster is bound. Therefore, in the first place, the cluster sub-domains
will not be distributed among all the processors, and, in the second place, the
size and configuration of the cluster sub-domains allocated to the processors will
be different. The processors to which the decomposed cluster sub-domains are
allocated are to be able to simulate these parts of the cluster in their memory.
In this case, the simulation is to be carried out automatically with different cut-
tings of this cluster. In the original sequential algorithm, the size of the bubble
cluster, its configuration and location in the medium are set in a special way,
by means of the variables. Every processor determines the cluster sub-domains
by the cutting lines of the medium domain. The decomposition algorithm of the
cluster domain is universal, and it is independent of the size and configuration
of the cluster.

All the three arrays of the values of the variables determining the cluster do-
main are segmented into sub-arrays according to the segmentation of the medium
domain. The array calculated by the ”cross” stencil is decomposed with the over-
lap of the values at the adjacent points of the boundary sub-domains. The other
arrays are decomposed without overlapping the boundary sub-domains.

3.3 Topology of the Computer System

It is known that the topology of a computer system is determined by the struc-
ture of the algorithm of a problem. In the case under consideration the topology
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is determined by the data structure, as the algorithm is parallelized by the data.
The data in the algorithm are segmented into bands, and the data exchange in
the course of calculation only happens between the adjacent bands. Therefore,
the linear topology of the computer system is sufficient for the problem solu-
tion. The bands of the decomposed medium domain are sequentially distributed
among the processors according to their numbers. The band with the smallest
coordinates of the grid points locates at the 0-th processor, the one with the
bigger coordinates - at the 1-st processor, etc. The band with the biggest grid
coordinates locates at the last processor. The sub-domains of the bubble cluster
are distributed among the processors according to the bands of the medium, in
which they are found.

The specified boundary conditions of the computational domain of the medium
along the coordinate Z are evaluated for the 0-th and the last processors, the
boundary conditions along the coordinate r being evaluated for all the proces-
sors.

3.4 Acceleration and Efficiency of the Parallel Algorithm

When developing a parallel algorithm, it is important to be aware of the poten-
tialities of the acceleration of calculations and of the amount of time needed to
organize the interactions between the parallel branches of the algorithm. It is
also important to know the efficiency indexes that allow us to compare the given
algorithm with other parallel algorithms. These indexes also allow us to evaluate
the quality of the algorithm in terms of the consumption of time needed for the
data communication between the processors.

The acceleration index of a parallel algorithm in the computer system with
P > 1 processors (hereinafter: P > 1) according to [3] will be assessed by the
following value

Up =
T1

Tp
, (3)

where T1 is the computational time of a sequential algorithm in one processor,
and Tp - the computational time of a parallel algorithm in the computer system
with Pprocessors.

The efficiency of parallelization in the computer system with P processors
will be assessed by the following value:

Fp =
Tpc

Tpc + Tpv + Tps
, (4)

where Tpc is the computational time in the computer system with Pprocessors;
Tpv is the total time used for the data communication between the processors
of the same system, Tps - the total time needed for the synchronization of the
branches of a parallel program.

The medium domain and the cluster domain differently affect the total time
of calculations because these two domains are different in size and have a different
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number of the major parameters. Therefore, for a better verification of the main
characteristics of a parallel algorithm two variants of testing procedures are
considered: - in the first variant the size of the cluster domain remains constant,
and the size of a computer system varies; - in the second variant the size of a
computer system remains constant, and the size of the cluster domain varies.

In the first variant testing is carried out for two medium domains of different
size.

Acceleration and Efficiency of the Parallel Algorithm When Calculat-
ing in the Systems of Different Size. This Section presents the results of
the first variant of testing the parallel algorithm of the problem under study.
In this variant, the characteristics of the algorithm are determined, in the first
place, for two different sizes of the medium domain, and, in the second place, for
two types of calculations in each of these domains. These two types of calcula-
tions are: 1) calculations for the medium with the cluster included in it, and 2)
calculations for the homogeneous medium only. In practice, the cluster domain
can differ in size. That is why, when calculating in the homogeneous medium
without a cluster, the characteristics of the parallel algorithm are limiting for
the problem as a whole. One more index is discussed here, the index of relative
acceleration:

Up,2p =
Tp

T2p

This index means the following: by what value the algorithm acceleration will
change if the number of processors in the system is doubled.

Testing was carried out in the computer system MVS1000 with a different
number of processors: one, two, four, eight, sixteen and thirty-two processors.
The parallel programming system MPI [12, 13] was used. Two medium domains
of different size were tested: O1 and O2. The size of the medium domain O1

was equal to Nm ∗ Km = 320 ∗ 3200 grid points along the coordinates r and
Z, respectively. The medium domain O2 was twice as large and was equal to
Nm ∗ Km = 640 ∗ 3200 grid points along the same coordinates. The cluster
domain was the same for all the cases and represented a circle of 20 ∗ 103 points.

Here the indexes Up, Fp, Up,2p and the total time of the problem solution Tp

for calculations in the homogeneous medium O1 will be denoted as Uo1
p , F o1

p ,
Uo1

p,2p and T o1
p , and for calculations with a cluster in the same medium - as Uk1

p ,
F k1

p , Uk1
p,2p and T k1

p . For calculations in the homogeneous medium O2 we will use
the following notations for the same indexes: Uo2

p , F o2
p , Uo2

p,2p and T o2
p . While for

calculations in the same medium with a cluster the indexes will be Uk2
p , F k2

p ,
Uk2

p,2p and T k2
p .

Below we present the following plots of characteristics of a parallel algorithm
when computing with the use of a different number of processors: 1) plots for the
acceleration indexes Uo1

p , Uk1
p and Uo2

p , Uk2
p ; 2) plots for the efficiency indexes

F o1
p , F k1

p and F o2
p , F k2

p ; 3) plots for the acceleration indexes Uo1
p,2p, Uk1

p,2p and
Uo2

p,2p, Uk2
p,2p; 4) plots for the time allotted for the problem solution T o1

p , T k1
p and

T o2
p , T k2

p .
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Fig. 2. Plots for the acceleration indexes of the algorithm for two types of calculations
in medium O1 when computing with the use of a different number of processors

The acceleration indexes Uo1
p (see Fig. 2) appeared to be sufficiently good,

for example, Uo1
2 = 1, 8, Uo1

32 = 22. That is, when using two processors the speed
of the algorithm is almost twice as large as compared to one processor. And,
when the multi-computer has thirty-two processors the speed of the algorithm
becomes 32 times as large.

The indexes Uo1
p are limiting for Uk1

p , i.e., the smaller the cluster domain,
the closer the plots Uk1

p to the plots Uo1
p . Acceleration indexes of both types of

calculations in the medium O2 are close to those in the medium O1. We would
remind you that O2 is twice as large as O1.

In the plot (see Fig. 3), the efficiency indexes show what extra time is taken
in order to send data from one processor to another. As is evident from the plot,
when the number of processors in the computer system increases, the efficiency
of parallel calculations gradually decreases. For systems consisting of two or
more processors, the communication channels between them essentially affect
the speed of data exchange and, consequently, the total time of calculations.
As follows from (2), the plot shows that time needed for parallel interactions
relatively increases when the size of the computer system grows.

It should be noted that the plots for the efficiency indexes of the algorithm
for calculations in the medium O2 are similar to the plots presented in Figure 3.

The plots of the relative acceleration indexes Up,2p for different types of
calculations (see Fig. 4) are also indicative. They help to answer the following
question: how many times does the speed of calculations increase if the size of a
computer system is doubled? As is clear from the plots if there are 32 processors
in a system instead of 16, then the acceleration Uo1

p,2p only increases by the
factor of 1.65, and the acceleration Uk1

p,2p - by the factor of 1.57. These plots
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Fig. 3. Plots for the efficiency indexes of the algorithm for two types of calculations
in medium O1 when computing in a computer system with a different number of
processors

indicate that the speed of calculations decreases with an increase in the size of
the computer system. This implies that with a certain size of a computer system,
the speed of calculations will not grow at all or will even reduce. However, this
is valid for the given size of the problem only.

The last two plots indicate that both the efficiency and the relative speed
of calculations decrease with the growth in the size of the computer system. It
should be so for the given problem. For a particular problem, with the growth
of the computer system, the body of data assigned to each processor decreases
proportionally with the size of the system (see Section 3.2). It means that the
number of computational operations decreases when the size of the computer
system grows while the number of exchange operations - between the parallel
branches - remains the same. Here we mean the exchanges for the calculations of
three variables of a medium and one cluster variable (see Section 3.1). It should
be noted here that the plots of the relative acceleration indexes of the algorithm
for calculations in the medium O2 are similar to the plots in Figure 4.

And, finally, Figure 5 shows how the total time of calculations depends on
the size of the computer system used for the media of different size.

Influence of the Size of a Bubble Cluster on the Total Time of Parallel
Computations. In this Section, we present the results of the second variant of
testing the parallel algorithm of the problem under study in the case where the
size of the computer system remains constant and the size of the cluster domain
varies.
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Fig. 4. Plots for the relative acceleration indexes of the algorithm for two types of
calculations in medium O1 when computing in a computer system with a different
number of processors

For the given problem it is also very important to know how the size of a
bubble cluster influences the total time of parallel computations. The testing
was carried out in the computer system MVS1000 with a constant number of
processors, namely, four, but for clusters of different size. In all the cases, the
medium domain was the same and equal to Nm ∗ Km = 1280 ∗ 1280 grid points
along both coordinates. Cluster domains of different size were used, and they
were allocated to the processors differently.

Two sub-variants were considered that differed both in the size of clusters
and in their location at the processors. In each sub-variant, the cluster domains
differed in size only, their location at the processors being the same. The size
of the cluster was determined by the number of points of the cluster domain,
its configuration being unimportant. In the first variant four clusters were con-
sidered, their sizes being K1 = 50 ∗ 103, K2 = 100 ∗ 103, K3 = 150 ∗ 103,
and K4 = 200 ∗ 103 points, respectively. In the second variant there also were
four clusters with KL1 = 100 ∗ 103, KL2 = 200 ∗ 103, KL3 = 300 ∗ 103 and
KL4 = 400 ∗ 103 points. In the first variant, the clusters were located at one
processor, while in the second variant they were located at two processors with a
uniform distribution of points between the processors. In both variants, the time
of computations was compared both with the time of parallel computations in a
homogeneous medium (without a cluster) and with the time of computations in
a homogeneous medium for a sequential algorithm calculated at one processor.

Below there is a plot, which shows the time of parallel computations for both
sub-variants of the tests obtained in the computer system consisting of four pro-
cessors (see Fig. 6). Here nk denotes the time of calculations in a homogeneous
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Fig. 5. Plots for the total computing time of the algorithm for two types of calculations
in media O1 and O2 when computing in a computer system with a different number
of processors

medium without a cluster. ki (i = 1, 2, 3, 4) is the time of calculations in the
medium with the corresponding cluster ki for both sub-variants 1 and 2 (the
notation of clusters is presented above).

As is clear from the plot the size of a bubble cluster essentially affects the total
time of calculating the problem. It should be noted that the lines representing
the two sub-variants on the plot are not very different. It can be explained in
the following way. When a cluster is only located at one processor, the time
needed for calculations at this processor increases. As for the other processors,
for further synchronization both in exchanges and on completion of cycles they
have to wait until the processor with the cluster included finishes its part of the
calculations. If at this very time another processor carries out the same task, the
time delays will be almost the same.

4 Conclusion

This paper presents a new parallel algorithm of the axial-symmetric problem of
the interaction of the plane shock wave with a free bubble system (the toroidal
cluster). The result of the interaction is the formation of a stationary oscillating
shock wave in the liquid. The tests have shown that:

1. the algorithm of the problem is parallelized fairly well in the computer
systems with the distributed memory. When the size of the medium domain is
320 ∗ 3200 and the cluster domain has 20 ∗ 103 points, we attain the acceleration
by 22 fold at the multi-computer with 32 processors;
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Fig. 6. Plots for the total computing time of the algorithm at four processors for two
sub-variants

2. the characteristics of the parallel algorithm do not deteriorate when the
size of the problem increases;

3. the new results have been obtained when solving a real problem: the struc-
ture of the wave field in a distant zone of the cluster has been analyzed for a
wide range of geometrical variables of a toroidal bubble cluster. The improved
values of the pressure dynamics have also been obtained for large time intervals
when the Mach disk is propagating along the axis;

4. the calculations carried out at the supercomputer are more accurate and
are characterized by a wider range of data to be obtained. A maximum value of
the pressure amplitude in the Mach disk core, obtained at the supercomputer is
approximately 1/3 times as large as the one obtained at a single computer.

It should be noted that each size of the problem in question corresponds to
a certain size of a computer system that is optimal for solving the problem.

It should be noted that each dimension of the problem in question corre-
sponds to a certain size of a computer system that is optimal for solving this
problem.
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