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Abstract—An analysis of pressure-field dynamics is performed for an axially symmetric problem of interac-
tion between a shock wave and a “free” bubble system (toroidal cluster) giving rise to a steady oscillating shock
wave. The results of a numerical study of near-axis wave structure are presented for a focusing shock wave emit-
ted by a bubble cluster. It is shown that the wave reflected from the axis has irregular structure. The Mach disk
developing on the axis has a core of finite thickness with a nonuniform radial pressure distribution. The evolu-
tion of the Mach-disk core is analyzed, and the maximum pressure in the core is computed as a function of the
gas volume fraction in the cluster. The effect of geometric parameters of the toroidal bubble cloud on the cumu-
lative effect is examined. © 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Generation of pressure pulses in liquids and gases
has been the subject of ongoing research for many
years. This work resulted in the development of various
pressure generators and shock-wave cumulation meth-
ods. Research efforts were focused on the exploration
of media in which the energy transferred by relatively
weak pulsed loading can be absorbed, concentrated in a
local region, and reemitted in a pulse of substantially
higher amplitude. Frequently, it is required not only to
cumulate energy, but also to emit it in a certain direc-
tion. From a wide variety of relevant publications, we
single out experimental and theoretical studies of axi-
ally symmetric shock waves related to annular shock-
wave generators and conical flows. In particular, an
experimental investigation of the focusing of a pressure
wave generated on the surface of a toroidal high-volt-
age discharge source was reported in [1]. Theoretical
studies based on the model developed by Chester, Chis-
nell, and Whitham for a gas [2–4] have shown that
unlimited cumulation can also be achieved by focusing
annular and conic shock waves [5–7]. According to [7]
the Mach-wave velocity increases by a factor of α–1 (if
dissipative processes are neglected), where α is the
cone half-angle.

The topological changes in a curved shock front
associated with its cumulation and the resulting flow
patterns were analyzed experimentally and theoreti-
cally in [8]. Experimental investigations of irregular
reflection of annular shock waves propagating in gases
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from symmetry axes and rigid walls were conducted
in [9–11]. It was found that a quasi-spherical conver-
gent shock enhanced the cumulative effect in a local
region [11]. Irregular reflection of axially symmetric
shock waves generated in the atmosphere from liquid
surfaces was observed in experimental simulations of
surface point explosions (see [12]). The wave pattern
associated with the toroidal shock generated in water
by an underwater high-voltage explosion of a ring-
shaped conductor, the focusing of the shock wave, its
subsequent interaction with the expanding toroidal cav-
ity containing the explosion products, the focusing of
the accompanying rarefaction wave, and the develop-
ment of bubble cavitation at the center of the torus were
also examined in [12]. Underwater explosions of spiral
coils of detonating cords and spiral three-dimensional
charges were studied in [12, 13]. The focusing of the
shock wave generated in air by a detonation wave prop-
agating along a ring and the structure of the pressure
fields created by explosions of ring-shaped and spiral
charges in air were investigated in [14, 15]. The results
of a numerical analysis of the focusing of toroidal
shock waves obtained for different Mach numbers and
geometric parameters were reported in [16].

In the 1990s, the first publications appeared on the
basic principles of hydroacoustic analogues of laser
systems, such as SASER (shock amplification by sys-
tems with energy release) or SABSER (shock amplifi-
cation by bubbly systems with energy release). In [17],
the model developed by Iordanskii, Kogarko, and van
004 MAIK “Nauka/Interperiodica”
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Wijngaarden [18–21] was used in numerical studies to
show that interaction between a plane shock wave and
a bubble cluster gives rise to a shock wave with a pres-
sure gradient tangent to its curved front. By focusing
such a wave, its amplitude can be increased by one or
two orders of magnitude. As another example of waves
focusing in an axially symmetric geometry, processes
taking place in a shock tube with abruptly changing
cross section filled with a chemically active bubbly
medium were analyzed numerically in [22]. It was
shown that the focusing of a bubbly detonation wave on
the axis results in a Mach configuration; i.e., the possi-
bility of irregular Mach reflection was demonstrated for
media of this kind.

Thus, bubbly media are of great interest as sources
of high-energy emission in fluids. In this study, the
focusing of the steady oscillating shock wave generated
by a toroidal bubble cluster and the wave pattern in the
near-field zone of the cluster are analyzed numerically.
The pressure fields are analyzed for liquids described
by the Tait equation of state (see Eqs. (1)). The gas
phase is air (with ratio of specific heats 1.4), and the liq-
uid is water (characterized by viscosity, surface tension,
and ratio of specific heats).

2. STATEMENT OF THE PROBLEM
AND GOVERNING EQUATIONS

We consider the shock wave generated by piston
motion at the end of a shock tube of radius rst filled with
a liquid at the moment t = 0. The shock tube contains a
toroidal bubble cluster whose center is located on the
shock-tube axis (denoted by z) at a distance lcl from its
left boundary. The plane of the base circle of the torus
(hereinafter called the toric plane), which has a radius
Rtor (Rtor < rst), is perpendicular to the shock-tube axis.
The cross-sectional radius of the torus is Rcirc (see
Fig. 1). The initial volume fraction of the gas phase in
the cluster is denoted by k0. All gas bubbles have equal
radii Rb, and their distribution over a cluster is uniform.
At t > 0, the shock wave propagates along the positive
z axis, interacts with the toroidal bubble cloud,
bypasses around it, and is refracted as it encounters the
cluster. The interaction between the refracted wave and
the bubble cloud results in its focusing inside the clus-
ter, and its intensity increases to an extent determined
by the cluster parameters and the cross-sectional radius
Rcirc of the torus. The shock wave amplified by interac-
tion with the cluster propagates further into the ambient
liquid.

The focusing of the refracted wave by the cluster
was computed by using a modified Iordanskii–Kog-
arko–van Wijngaarden model [17], based on the conti-
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nuity and momentum equations written for the average
pressure p, density ρ, and velocity u:

(1)

where ρ0 is the unperturbed liquid density, c0 is the
speed of sound in the liquid, and ρ is the density of the
bubbly liquid normalized to ρ0. It is obvious that sys-
tem (1) is not closed: the Tait equation of state for the
liquid phase contains the volume fraction k of gas in the
cluster, which is expressed in terms of the dynamic
variable β = R/R0 (relative bubble radius).

In the Iordanskii–Kogarko–van Wijngaarden model,
a physically heterogeneous medium is treated as homo-
geneous, and the Rayleigh equation for β

(2)

where

is used as a closure for system (1). Here, σ is surface

tension; µ is viscosity; n = 7.15; and p0, ρ0, R0, ,

and R0  are the reference parameters used to
obtain a dimensionless system of equations.
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Fig. 1. Toroidal bubble cluster: the hatched area is the toric
section; z is the symmetry axis.
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Starting from papers published in 1968 (see refer-
ences in [12]), both one- and two-dimensional versions
of the model were applied to describe cavitation, liquid
strength, structure of shock and rarefaction waves, and
their interactions in both inert [17, 23] and chemically
active [22] bubbly media. The numerical results con-
cerning shock waves and the dynamics and structure of
bubbly media were compared with experiments, and it
was shown that the Iordanskii–Kogarko–van Wijn-
gaarden model and its modifications provide correct
descriptions of various processes in both inert and
chemically active bubbly media.

In cylindrical coordinates, the flow domain is a rect-
angle with 0 ≤ z ≤ zmax and 0 ≤ r ≤ rst . The boundary
conditions set at z = 0 correspond to a steady shock
wave of amplitude Psh with prescribed axial velocity
and zero radial velocity. Symmetry conditions are set at
r = 0. The computations were performed for k0 = 0.001–
0.1, R0 = 0.01–0.4 cm, and Psh = 3–10 MPa. The bound-
ary condition set at r = rmax rules out reflection of the

Table

k0 p α RMach, cm ZMach, cm

0.001 47.6 37.45 1.4 4.6

40.6 1.5 5.1

54.8 2.2 8.5

59.8 2.5 10.3

63.43 3.3 12.0

66.35 6.0 13.7

0.010 99.4 40.9 2.4 5.2

45.2 2.5 6.1

56.0 2.7 8.9

60.5 3.1 10.6

63.8 3.6 12.2

66.5 4.1 13.8

68.7 6.0 15.4

0.050 199.2 23.4 2.6

48.6 3.2 6.8

55.1 3.6 8.6

59.5 3.8 10.2

63.2 6.0 11.9

0.100 231 17.6 1.9

42.5 2.2 5.5

51.34 3.2 7.5

56.9 3.8 9.2

63.0 5.0 11.8
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shock wave from the shock-tube wall. For the wave
emerging from the flow domain at z = zmax, the second
axial derivatives of all variables are set to zero. To solve
system (1), we adapted the upwind explicit and splitting
schemes described in [24] to the present problem. At
the first stage, we applied the scheme proposed in [25].
Subsystem (2) was computed by using the Runge–
Kutta–Merson fourth-order implicit scheme.

The results presented below were validated as
follows:

(i) the mathematical technique was tested against a
known analytical solution;

(ii) the results obtained by means of the first-order
accurate upwind explicit scheme and the second-order
accurate splitting scheme adapted to flows with
strongly nonlinear equations of state were compared;

(iii) the convergence of numerical methods was ver-
ified by performing computations on a sequence of pro-
gressively refined grids;

(iv) the results were checked for self-consistency
and agreement with available experimental observa-
tions.

3. RESULTS

Figure 2 shows contour maps of constant pressure in
a focusing shock wave generated by the toroidal bubble
cloud at several instants. The pressure is quantified (in
units of the hydrostatic pressure p0 = 0.1 MPa) by the
gray scale shown in Fig. 2c. Each instant is illustrated
by two panels: an overall map (right column) and an
enlarged view of the region bounded by the toric plane
z = 10 cm, the toric radius Rtor , and the shock front inci-
dent on the torus (left column). The maps were com-
puted for Psh = 3 MPa, rst = 20 cm, zmax = 40 cm, lcl =
10 cm, Rtor = 6 cm, Rcirc = 1 cm, k0 = 0.01, and Rb =
0.1 cm.

Figure 2a shows the pressure field before the wave
emitted by the torus focuses on the axis. Note that the
pressure distribution over the shock front is highly non-
uniform and the reflection of the precursors propagat-
ing ahead of the wave from the axis is already irregular.
It is natural that reflection of the toroidal wave from the
axis is irregular even at the initial stage, as illustrated by
Fig. 2b (see the leading-edge isobar of the incident
wave). This map demonstrates the second maximum of
the oscillating shock wave generated by the cluster. The
maps in Fig. 2c illustrate the development of two Mach
disks on the axis. The intricate wave structure (includ-
ing rarefaction waves, precursors, and a decaying
sequence of pressure peaks in the oscillating shock
wave) somewhat obscures the detailed pattern in the
zone of irregular reflection.

Figure 3 illustrates the onset of irregular reflection
of the shock waves emitted by the toroidal bubble clus-
ter. These results were computed with a finer resolution
ND THEORETICAL PHYSICS      Vol. 98      No. 6      2004
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Fig. 2. Pressure fields: (a) t = 110 µs; (b) t = 130 µs; (c) t = 180 µs. Panels in the left column are enlarged maps of the reflection zone.
for four values of the volume fraction of gas in the torus
(other parameters are as specified above). It is clear that
the zone of axially symmetric irregular reflection (the
Mach disk) has a finite thickness of 4 to 5 cm. The disk
contains a well-defined zone of high pressure (bounded
by closed isobars), which can be identified as the core
of the Mach disk. In Figs. 3a–3c, the centroid of the
core is shifted slightly to the right of the point z =
15 cm. In Fig. 3d, the core occupies the interval
between z = 12 and 15 cm. The isobars ahead of the
core belong to the leading front associated with a max-
imum pressure in the focusing shock wave; those
behind it, to the reflected-wave pattern. In the process
of reflection illustrated here, the consecutive peaks of
the focusing oscillating wave are characterized by pro-
gressively increasing pressures, and the reflected wave
interacting with them is “bent” toward the axis. This
JOURNAL OF EXPERIMENTAL AND THEORETICAL PHY
phenomenon gives rise to a zone of relatively rarefied
flow behind the Mach disk (see Fig. 2c).

The table lists the results of a numerical analysis of
the Mach-disk core radius RMach as a function of the dis-
tance ZMach between the disk and the toric plane. It dem-
onstrates that RMach monotonically increases with ZMach
and the angle α of shock incidence on the axis in the
entire range of k0. The choice of the range of k0 is dictated
by its substantial influence on shock-wave amplification
and acoustic wave generation in bubbly media [23]. For
each value of k0 shown in the table, a pressure value in
the core is given to illustrate the degree of shock ampli-
fication.

At first glance, unexpected effects are observed
when Rcirc is varied while Rtor is held constant. They are
illustrated by Fig. 4, which shows results obtained for
SICS      Vol. 98      No. 6      2004
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Fig. 3. Contour maps of constant pressure in Mach disks: (a) k0 = 0.001; (b) k0 = 0.01; (c) k0 = 0.05; (d) k0 = 0.1.
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Fig. 4. Effect of the toric section of the bubble cluster on the structure of the first solitary shock wave generated in the fluid:
(a) Rcirc = 0.5 cm; (b) Rcirc = 2.0 cm; (c) Rcirc = 4.0 cm; (d) Rcirc = 6.0 cm.
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Rcirc = 0.5, 2.0, 4.0, and 6.0 cm; Psh = 3 MPa; Rtor =
6 cm; k0 = 0.01; and Rb = 0.1 cm. The flows correspond-
ing to the first three values of Rcirc are topologically
equivalent. Computations show that the wave ampli-
tude in the Mach-disk core substantially increases with
Rcirc: P = 81.7 for Rcirc = 0.5 cm, P = 99.4 for Rcirc =
1.0 cm, P = 166 for Rcirc = 2.0 cm, P = 258 for Rcirc =
3.0 cm, P = 386 for Rcirc = 4.0 cm, P = 568 for Rcirc =
5.0 cm, and P = 859 for Rcirc = 6.0 cm.

When Rcirc = 6.0 cm, the inner boundary of the torus
contracts to a point on the axis and the pressure field
exhibits substantially different dynamics. The shock
front converging to the axis is a concave surface with an
outward pressure gradient. Even though the pressure on
the converging front is minimal in the vicinity of the
axis, cumulation eventually gives rise to a high-inten-
sity shock wave with an amplitude higher than that of
the wave interacting with the torus by a factor of 30 (see
Fig. 4d).

An analysis of the shock-wave structure shows that
the peak pressure in the Mach disk moving along the
axis is a nonmonotonic function of the distance
between the disk and the torus (see Fig. 5). When the
torus geometry and initial bubble radius are held con-
stant, the pressure reaches a distinct maximum, which
increases with the gas volume fraction. The pressure in
the Mach-disk core rapidly grows with distance from
the torus in the near-field zone around it, and the wave
amplitude increases by six to seven times. For k0 =
0.01–0.1, the core pressure levels off at a distance of
20 cm from the torus, remaining higher than the ampli-
tude of the wave interacting with the torus (by a factor
of 2.0 to 2.5).

According to our computations, the cumulation of
the toroidal wave inside the torus follows a classical

100 20
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P, arb. units

1

3

4

2

Fig. 5. Peak pressure in the core of the Mach disk versus dis-
tance from the toric plane for Rcirc = 1 cm and Rtor = 6 cm:
1—k0 = 0.1; 2—k0 = 0.05; 3—k0= 0.01; 4—k0 = 0.001.
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scenario: an initial pressure decrease near the torus’
surface is followed by its increase as the wave
approaches the axis, and a maximum is reached when
at the focal point (see Fig. 6). Note that cumulation can
be interpreted as the second stage of wave amplifica-
tion. The initial stage (which is no less important)
involves processes taking place inside the toroidal clus-
ter, in which the refracted incident shock wave is
absorbed, transformed, amplified by focusing, and
reemitted into the ambient liquid. We define the focal
spot as the intersection of the focal region with a plane
parallel to the toric plane. The location of the spot
inside the torus and the degree of wave amplification
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Fig. 6. Pressure distribution in the converging shock wave:
1—k0 = 0.1; 2—k0 = 0.05; 3—k0 = 0.01; 4—k0 = 0.001.
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Fig. 7. Axial pressure distribution in the core of the Mach
disk for tori of equal volume: 1—Rcirc = 1.414 cm, Rtor =
3 cm; 2—Rcirc = 1 cm, Rtor = 6 cm; 3—Rcirc = 0.866 cm,
Rtor = 8 cm.
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depend on the value of k0, which determines the veloc-
ity of wave propagation in the cluster and, therefore,
both the curvature of the converging shock front and
pressure distribution over the front.

It is shown above that the torus volume (determined
by its radius) has a strong effect on the pressure in the
Mach-disk core. According to our computations, an
analogous effect can be obtained by varying the geom-
etry of the torus while its volume is held constant. Fig-
ure 7 shows the core pressure as a function of the axial
coordinate for three pairs of torus parameters: Rtor =
3 cm and Rcirc = 1.414 cm (curve 1), Rtor = 6 cm and
Rcirc = 1 cm (curve 2), and Rtor = 8 cm and Rcirc =
0.866 cm (curve 3). The pressure curves are similar to
those presented in Fig. 5. Figure 7 demonstrates that the
degree of wave amplification is the highest for the
smallest value of the toric radius combined with the
largest cross-sectional radius (curve 1). As the toric
radius is reduced by half (from 8 to 4 cm), the normal-
ized pressure increases by 40, and a further reduction
(from 4 to 2 cm) results in an increase by 200. When the
characteristic radii are equal, the generated wave has
the largest amplitude.

The variation of the core pressure amplitude with
increasing distance from the toric plane is analogous
for different incident wave amplitudes Psh (see Fig. 8).

4. CONCLUSIONS

We present the results obtained by using an axially
symmetric numerical model of pressure-field dynamics
developed and implemented for a shock wave interact-
ing with a toroidal bubble cluster in a hydrodynamic
shock tube.
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Fig. 8. Axial pressure distribution in the core of the Mach
disk for identical tori and different incident-wave ampli-
tudes Psh: 1—Psh = 120; 2—Psh = 30.
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The problem is formulated and analyzed for the first
time here. This is done in order to find out if this
method can be effectively used to generate strong shock
waves emitted in a certain direction before starting an
experimental study of the problem. As a result, we
found that the incident shock wave is substantially
amplified via the formation of Mach disks as it propa-
gates along the axis.

A numerical simulation of the interaction between a
shock wave and a “free” bubble system has shown that

(1) the convergence of the toroidal shock wave re-
emitted by the bubble cluster is a classical cumulative
process;

(2) the wave reflection from the symmetry axis is
irregular, and the Mach disk of finite thickness develop-
ing on the axis has a core in which pressure reaches a
maximum;

(3) the shock wave generated by the torus in the liq-
uid is characterized by a decaying sequence of pressure
peaks generated by the bubble system;

(4) the focusing of the wave results in successive
formation of a sequence of Mach disks on the axis.
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